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1. Introduction and statement of results 



DifFcomorphism groups of compact manifolds and their subgroups are prime examples of infinite 
dimensional Lie groups. There are many well known results concerning the Lie group structure of 
these groups, e.g.: A classical result states that each diffeomorphism group of a compact manifold 
is an infinite dimensional regular Lie group (see [46' ) . For the algebraic structure of these groups 
see More generally. Lie group structures on diffeomorphism groups of paracompact manifolds 
(even with corners) were constructed in [JS] (also cf. [53] for the special case Diff(]R")). Furthermore 
in [42 the diffeomorphism groups of manifolds were endowed with the structure of a regular Lie 
group in the "covenient setting of analysis". We remark that the "convenient setting of analysis" 
(see [42 ) is inequivalent to the setting of analysis adopted in this paper. Our studies are based on 
a concept of C'-maps between locally convex spaces known as Keller's C^-theory [38. (see [46^, [2^ 
and [30, for streamlined expositions, cf. also ||5|). The present paper generalizes the results on 
diffeomorphism groups of manifolds to diffeomorphism groups of reduced paracompact orbifolds. 

Orbifolds were first introduced by Satake in [52] as V -manifolds to generalize the concept of a 
manifold. Later on they appear in the works of Thurston (cf. who popularized the term "orb- 

ifold". One might think of an orbifold as a manifold with "mild singularities". Objects with orbifold 
structure arise naturally, for example in symplectic geometry, physics and algebraic geometry (cf. 
the survey in [1 ). It is well known that there are at least three different ways to define an orbifold: 
Orbifolds may be described by atlases of local charts akin to a manifold (see |T1|32]|13 ) . Further- 
more orbifolds correspond to special classes of Lie groupoids (see |48j or the survey Finally 
one might think of them as Deligne-Mumford stacks (cf. jS]). The author thinks that the first ap- 
proach is suited best to apply methods from differential geometry to orbifolds. Hence in the present 
paper we define orbifolds in local charts. Unfortunately this point of view makes it difficult to define 
morphisms of orbifolds. The literature proposes a variety of notions for these morphisms, e.g. the 
Chen-Ruan good map [IT, the Moerdijk-Pronk strong map [15^, or the maps in [B^. However, orb- 
ifolds in local charts are equivalent to certain Lie groupoids, whose morphisms are well understood 
objects. Thus orbifold morphisms should correspond to a class of Lie groupoid morphisms. The 
orbifold maps introduced by Pohl in [5T satisfy these requirements, since they were modelled to 
be equivalent to groupoid morphisms.^ Furthermore these maps allow a characterization in local 
charts, which is amenable to methods of differential geometry and Lie theory. Therefore in the 
present paper, maps of orbifolds will be orbifold maps in the sense of Pohl |51| (see Appendix lEl for 
a comprehensive introduction to these maps). 

To construct the Lie group structure on the diffeomorphism group of an orbifold we have to develop 
several tools from Riemannian geometry on orbifolds. These results are of interest in their own right 
and include the following: 

We discuss geodesies on Riemannian orbifolds and prove that they are uniquely determined by their 
starting values. Then a detailed construction for a Riemannian orbifold exponential map [expo^b] is 
provided. This map is an orbifold morphism in the sense of Pohl [51j . which generalises the concept 
of a Riemannian exponential map to Riemannian orbifolds (cf. respectively [T3] for Riemannian 
exponential maps on geodesically complete orbifolds). 



Other concepts of orbifold maps also satisfy similar properties, cf. [T] Section 2.4] 
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1 INTRODUCTION AND STATEMENT OF RESULTS 



The Riemannian exponential map on a manifold may be used to construct the Lie group structure 
on the difFeomorphism group of that manifold (cf. [46 ). The Riemannian orbifold exponential map 
allows us to follow this line of thought: We endow the difFeomorphism group of a paracompact 
reduced orbifold with the structure of an infinite dimensional locally convex Lie group in the sense 
of |50j . More precisely the main results subsume the following theorem (cf. Theorem I6.2.4p : 

Theorem A The diffeomorphism group Difforb {Q,U) of a paracompact reduced orbifold {Q,IA) can 
be made into a Lie group in a unique way, such that the following is satisfied: 

For some Riemannian orbifold metric p on (Q.U), let [expo^j^] be the Riemannian orbifold exponen- 
tial map. There exists an open zero-neighborhood Tip in the space of compactly supported sections 
of the tangent orbibundle, such that 

E-.-Hp^ Difforb [QM) , [d-] ^ [cxpo.b] ° [o-] 

induces a well defined C°° -diffeomorphism onto an open submanifold o/Difforb {Q,U)- The condi- 
tion is then satisfied for every Riemannian orbifold metric on {Q,U). If {Q,U) is a compact orbifold, 
then the Lie group Difforb {Q^l^) is a Frechet Lie group. 

This result generalizes the classical construction of a Lie group structure on the diffeomorphism 
group Diff(M) of a paracompact manifold. For such a manifold we may consider subgroups of 
Diff(M), whose elements coincide outside of a given compact set with the identity. It is known that 
these subgroups are Lie subgroups of Diff(Af) (cf. [25, Section 14]). Section IHH] contains a similar 
result for diffeomorphisms of orbifolds, which is a consequence of Theorem A: 

Proposition B Let {Q,IA) be a paracompact reduced orbifold. For each compact subset K of Q 
we define the group Difforb (Q, of all orbifold diffeomorphisms which coincide off K with the 
identity morphism of the orbifold. Let Difforb {Q,U)^ be the group of all orbifold diffeomorphisms 
which coincide off some compact set with the identity morphism of the orbifold. Then the following 
holds: 

(a) The group Diffoib (Qi^)c an open Lie subgroup o/Difforb (Q,^)- 

(b) For each compact subset K of Q, there is a compact set L D K such that Difforb {Q-M)l 
closed Lie subgroup o/Difforb {Q,U)- The closed Lie subgroup Difforb (Qj^)^ is modelled on 
the space of sections in the tangent orbibundle, which vanish off L. 

If {Q,U) is a trivial orbifold (i.e. a manifold), one may always choose K — L in (b). 

We remark that Lie group structures for diffeomorphism groups of orbifolds were already considered 
by Borzellino and Brunsden. In [6 and the follow up [7 , the diffeomorphism group of a compact 
orbifold has been turned into a convenient Frechet Lie group. The author does not know whether 
the orbifold morphisms introduced in [5^ are equivalent to the class orbifold maps considered in 
the present paper. If both notions were equivalent, the results of [6, 7J concerning the Lie group 
structure of the diffeomorphism group are subsumed in Theorem A. This follows from the fact that 
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in the Frechet setting both notions of "smooth maps" coincide (cf. [38^ and [42^, Theorem 4.11 (a)]). 
Hence Frechet Lie groups in the sense of [50j and "convenient Frechet Lie groups" coincide. However, 
we have to point out that the exposition in [3] contains several major errors (see Remark 16.2.91 for 
further information on this topic). 

We also mention that in the groupoid setting, topologies for spaces of orbifold maps have been 
considered. Chen constructs in [13 a topology on the space of orbifold morphisms whose domain is 
a compact orbifold, turning the space into a Banach orbifold (also cf. similar results in f35]). The 
exposition of the present paper is independent of these results. 

After constructing the Lie group Difforb {QM)i we characterize the Lie algebra associated to this 
group. It is instructive to recall the special case of the diffeomorphism group Diff(Af) of a compact 
manifold M . Milnor proves in |46] that the Lie algebra associated to Diff (Af) is the space of vector 
field X {M) on M . whose Lie bracket is the negative of the bracket product of vector fields. It turns 
out that an analogous result holds for the Lie algebra of the Lie group Difforb [QM)- To understand 
the result we need the following facts: 

A map of orbifolds [&]. which is a section of the tangent orbibundle is called an orbisection. With 
respect to an orbifold chart of Q, each orbisection induces a unique vector field on the chart domain, 
called its canonical lift. In particular each orbisection corresponds to a unique family of vector fields 
(cf. Section m for details). By construction, the local model for the Lie group Difforb {QM) is the 
space of compactly supported or bisections Xorb {Q)c- ^'^^ ^'^'^ ^ position to formulate the 
following result on the Lie algebra of the diffeomorphism group Difforb [QM] (^Theorem 16.3. ip : 

Theorem C The Lie algebra o/ Difforb (Q,^) is given by (Xorfo (Q)c i ['i '])• Here the Lie bracket 
[■,■] is defined as follows: 

For arbitrary [a],[f] G 3£orf) (Q)^; their Lie bracket [[a],[f]] is the unique compactly supported 
orbisection whose canonical lift on an orbifold chart {U, G, ip) is the negative of the Lie bracket in 
X (U) of their canonical lifts ajj and tjj ■ 

Finally we discuss regularity properties of the Lie group Difforb (Q, l^)- To this end recall the notion 
of regularity for Lie groups: 

Let G be a Lie group modelled on a locally convex space, with identity element 1 and r G No U {oo}. 
We use the tangent map of the right translation pg: G ^ G, x i-^ xg hy g € G to define v.g := 
TiPgiv) e TgG for V £ Ti{G) =: L{G). Following [Ml, EHI and [3D], G is called G'' -regular if the 
initial value problem 

77' (t) =l{t).Tl{t) 

ry(O) - 1 

has a (necessarily unique) ^-solution Evol(7) :— r/: [0,1] — > G for each C-curve 7 : [0,1] L{G), 
and the map 

evol: G''([0, l],L{G)) ^ G, 7 ^^ Evol(7)(l) 

is smooth. If G is G''-regular and r < s, then G is also G*-regular. A G°°-regular Lie group G is 
called regular (in the sense of Milnor) - a property first defined in f46j. Every finite dimensional Lie 
group is G'^-regular (cf. [50]). Several important results in infinite-dimensional Lie theory are only 
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1 INTRODUCTION AND STATEMENT OF RESULTS 



available for regular Lie groups (see f46'; [50', [29'; cf. also [42] and the references in these works). 
We prove the following result (Theorem 16.4. lip : 

Theorem D For a second countable orbifold, the Lie group Difforb(Q,^) *s C'' -regular for each 
A; G No U { cx) } . In particular this group is regular in the sense of Milnor. 

Notice that in general the orbifolds in the present paper are not assumed to be second countable. 
However our methods require second countability of the orbifold to prove that the evolution map 
evol is smooth. It is known that the approach outlined in the present paper may not be adapted to 
orbifolds which are not second countable. Hence we pose the following question: 

Open Problem: Let {Q,U) be a paracompact reduced orbifold which is not second countable. Is 
the Lie group DifForb {QM) ^ C""-regular Lie group for some r G No U { oo }? 

The present article commences with a brief introduction to infinite dimensional calculus, orbifolds 
and their properties (Section [5]). Our goal is to present a mostly self contained exposition of orbifolds 
and their morphisms. In particular Appendix E contains all necessary information about orbifold 
maps in the sense of [Sl^. However, the exposition avoids references to the groupoid morphisms 
after which these maps are modelled. The paper is organized as follows: 

In Sections [3] and |3] classes of orbifold maps are discussed in the setting of [51] • These include 

orbifold diffeomorphisms, partitions of unity and sections of the tangent orbibundle. Afterwards, 

we consider Riemannian geometry on orbifolds and develop important tools employed in the proof 

of the central results of this paper. Finally the main results are contained in Section |S] 

The less introductory material contained in the appendices should be taken on faith on a first 

reading. The presentation of this material in the text would have distracted from the main line of 

thought. 
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2. Preliminaries and Notation 

2.0.1 Conventions In the present paper we work exclusively over the field of the real numbers 
K. All topological spaces will be assumed to be Hausdorff. We write N :— {1,2,...}, respectively 
No :=NU{0}. 



2.1. Differential calculus in infinite dimensional spaces 

Basic references for differential calculus in locally convex spaces are . Basic facts on infinite 

dimensional manifolds are compiled in Appendix IC.ll For the readers convenience we recall various 
definitions and results, which may be looked up in |22ll23l[27] : 

2.1.1 Definition Let E,F be locally convex spaces, U C E he a, subset, f : U ^ F a, map and 
r G No U { cx) }. If J7 is open, we say that / is if the iterated directional derivatives 

yi, . . . , y^) := {Dy,Dy,_, ■ ■ • DyJ){x) 

exist for all /c G No such that k < r, x € U and yi,...,yk G E and define continuous maps 
S'^'^f: U xE'' ^ F. If / is C°° it is also called smooth. We abbreviate df := d^^'>f. 

2.1.2 Remark If Ei,E2,F are locally convex spaces and U Q Ei,V C E2 open subsets together 
with a C^-map /: U x V ^ F, then one may compute the partial derivative partial derivative dif 
with respect to Ei. These are defined as dif: U x V x Ei ^ F,dif{x,y;z) :~ limt^a t^^ {f {x + 
tz,y) — f{x,y)). Analogously one defines the partial derivative ^2/ with respect to E2. The linearity 
of df{x, y, •) implies the so called Rule on Partial Differentials for {x, y) G U xV, {hi, /12) S -Ei x £'2: 

df{x, y, /ii, /12) = dif{x, y, hi) + ^2/(2;, y, ^12), (x, y) £ U x V, (/ii, /12) e Ei x E2 (2.1.1) 

By [211 Lemma 1.10] f:U x 1/ — > F is if and only if dif and ^2/ exist and are continuous. 

2.1.3 Definition (Differentials on non-open sets) (a) The set U C E is called locally convex if 
every x £ U has a convex neighborhood V in U. 

(b) Let U C E he a, locally convex subset with dense interior. A mapping f:U F is called 
C" if /|[/o : U° F is C" and each of the maps d'^^\f\uo): U° x E^ ^ F admits a (unique) 
continuous extension d'^^^ f : U x E^ — > F. liU CM and / is C^, we obtain a continuous map 
f : U ^ E,f'{x) := df{x){l). We shall write ■§^f{x) ■= f'{x). In particular if / is of class 

C"', we define recursively -^f{x) — ( ^^-i f)'{x) for k G No, such that k <r where f^^^ :— f. 

Using these definitions one may define infinite dimensional manifolds as usual. We refer to Ap- 
pendix |C?T] for definitions and comments on the notation used. To discuss regularity properties of 
Lie groups, the notion of C"''' -mappings is useful. 
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2 PRELIMINARIES AND NOTATION 



2.1.4 Definition (C""^*-mappings) Let Ei, E2 and F be locally convex spaces, U and V open subsets 
of El and E2 respectively and r, sGNoU{(X)}. A mapping / : U x V ^ F is called a C"''*-map, if 
for all i,j e No such that i < r, j < s holds, the iterated directional derivative 

S''^^f{x, y,Wl,...,W^,Vl,..., Vj) := {D(^^^o) ■ ■ ■ ^(«;i,0)^(0,i>j) • • • ^(o,t;i)/)(a;, y) 

exists for all x U,y V,wi, . . . ,Wi d Ei,vi^ . . . ,Vj E2 and yield continuous mappings 
S'^^^f: U xV X E\x Ei^ F, 

{x,y,Wl,...,W^,Vl,...,Vj) H> (£'(t„,,0) • • •£'(«,i,0)^(0,i;j) ' ' ' ^(o,i;i)/)(a;, 2/) 

Again this concept may be extended to maps on non-open domains with dense interior: 

2.1.5 Definition Let Ei, E2 and F be locally convex spaces, consider locally convex subsets with 
dense interior U of Ei and V oi E2, and r,s £ No U { 00 }. We say that / : U xV ^ F is a, C'^-map, 
if f\u°xv° : U° X V° ^ F is 'A C'^'-map and for all i,j £ Nq such that i < r,j < s, the map 

d^*'^''(/|;7°xy°): U° xV° X Elx Ei^ F 

admits a continuous extension S^'^^ f : U xV x E\x E2 ^ F. 

For further results and details on the calculus of C'^-maps we refer to 

2.1.6 Definition Let U,V be locally convex subsets with dense interior of locally convex spaces 
Ei,E2 and be a locally convex space. For r, s £ No U { 00 } we define the spaces 

C"'([/, F) := {f: U ^ F\f is & mapping of class C } 
C'^iU X V, F) -.^ { f : U X V ^ F\f is a mapping of class } . 

Furthermore define C{U,F) := C'^{U,F) and endow C^{U,F) with the compact open C'-topology 
(see Section rC.2|) 



2.2 Orbifold I: Moerdijks definition 
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2.2. Orbifold I: Moerdijks definition 

In this section we introduce orbifolds as in the works of Moerdijk et al.. Our exposition follows |48| 
and for the readers convenience we restate the most important results: 

2.2.1 Definition (Orbifold charts) Let Q be a topological space. An orbifold chart of dimension 
n > is a triple {U,G,(f)), where [/ is a connected open subset of M", G is a finite subgroup of DifF(C/) 
and (f>: [/ ~> ?7 is an open map which induces a homeomorphism from the orbit space U/G ^ 4>{U)- 
If {U,G,(j)) is an orbifold chart on Q and S an open G-stable subset of U, the triple {S,Gs,<p\s) 
is again an orbifold chart called the restriction of {U, G, (p) on S. More generally, let {V, H, ip) 
be another orbifold chart on Q. An embedding X: {V,H,tp) — > (U,G,(j)) of orbifold charts is an 
embedding X: V U that (po X — ip. 

We say that two orbifold charts ([/, G, 4>) and {V, H, -ip) of dimension n on Q are compatible if for 
any z G <I>{U) f) ip{V) there exist an orbifold chart {W,K,9) on Q with u e 9{W) and embeddings 
between orbifold charts A: (W, K, 0) ^ {U, G, 0) and n: {W, K, 0) {V, H, iP) 



The invariance of domain theorem (cf. f34l, Theorem 2B.3]) asserts that any embedding of orbifold 
charts X: V ^ U has an open image, since U, V are n-dimensional manifolds. 

2.2.2 Proposition ( [48, Proposition 2.12]) Let Q be a topological space. 

(a) For any embedding X: {V,H,ijj) — > {U,G,(f)) between orbifold charts on Q, the image X{V) is 
a G-stable open subset of U , and there is a unique isomorphism X: H ^ G^(y) < G for which 
X{hx) = X{h)X{x). 

(b) The composition of two embeddings between orbifold charts is an embedding between orbifold 
charts. 

(c) For any orbifold chart {U^G^<pi), any diffeomorphism g G G is an embedding of {U^G^<p) into 
itself, andg{g') = gg'g^^. 

(d) IfX,fi: (V,H,(p) {U,G,<p) are two embeddings between the same orbifold charts, there exists 
a unique g (z G with X = g o fi. 

2.2.3 Definition (Orbifold I) An orbifold atlas of dimension n of a topological space Q is a 
collection of pairwise compatible orbifold charts 

W:={(C/„G„</),) W 

of dimension n on Q such that [J^^j (pii^^i) = Q- Two orbifold atlases of Q are equivalent if their 
union is an orbifold atlas. As for manifolds we may join all equivalent atlases to obtain a maximal 
orbifold atlas. An orbifold of dimension n is a pair O := {QoiUo), where Qo is a paracompact 
Hausdorff topological space and Uq a maximal orbifold atlas of dimension n on Qo . 
In general we shall not assume that Qo is a second countable topological space. For most of our 
results, second countability is not necessary, thus we chose to omit it here (contrary to |48| 1 . 
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2 PRELIMINARIES AND NOTATION 



2.3. Orbifold II: Haefligers definition 



We introduce an equivalent definition of Orbifolds as outlined in [32] (cf. |48L Proposition 2.13] 
for a proof of the equivalence). 

2.3.1 Definition (Orbifold II, [32j Let Q be a paracompact HausdorfF topological space. 

(a) Let n e Nq. A (reduced) orbifold chart of dimension n on Q is a triple (V, G, ip) where V is a 
connected paracompact n-dimensional manifold without boundary, G is a finite subgroup of 
Diff(T^), and ip: — >■ Q is a map with open image f^V) that induces a homeomorphism from 
V/G to (p{V). In this case (V, G, (p) is said to uniformize ip{V). 

(b) Two reduced orbifold charts {V,G,(p), {W,H,ip) on Q are called compatible if for each pair 
{x,y) G V X W with ip{x) — ip{y) there are open connected neighbourhoods of a; and Wy 
of y and a diffeomorphism : — > Wy such that -tp o h — ip\v^. The map h is called a change 
of charts . 

(c) A reduced orbifold atlas of dimension n on Q is a collection of pairwise compatible reduced 
orbifold charts 

of dimension n on Q such that [J^^j ^i{Vi) — Q. 

(d) Two reduced orbifold atlases are equivalent if their union is a reduced orbifold atlas. 

(e) A reduced orbifold structure of dimension n on Q is a (with respect to inclusion) maximal 
reduced orbifold atlas of dimension n on Q. or equivalently, an equivalence class of reduced 
orbifold atlases of dimension n on Q. 

(f) A reduced orbifold of dimension ri is a pair {Q,U) where is a reduced orbifold structure of 
dimension n on Q. 

2.3.2 Remark (a) The term "reduced" refers to the requirement that for each reduced orbifold 
chart {V,G,(p) in U the group G be a subgroup of Diff(V^). Hence the action of G on F 
is effective. As |48l Proposition 2.13] shows, the definitions Orbifold I and Orbifold II are 
equivalent. We will only consider reduced orbifolds (and maps between them) so to shorten 
our notation, we will drop the term "reduced" in the remainder of the paper. A "reduced" 
orbifold will thus simply be called an orbifold. 

(b) We will occasionally refer to the dimension of an orbifold as defined in 12.3.11 as the orbifold 
dimension. We shall prove later that as in the case of a manifold, the orbifold dimension is 
an invariant of the orbifold. More explitely two orbifolds may only be diffeomorphic to each 
other if they have the same orbifold dimension. We postpone these considerations until we are 
ready to define morphisms of orbifolds. 

(c) In general maps of orbifolds (see Section [EJ only admit local lifts in certain orbifold atlases 
contained in the maximal atlas of the orbifold {Q,U). Therefore we introduce the convention: 
An atlas V contained in the maximal atlas U of the orbifold {Q,IA) will be called representative 
ofU. 



2.4 The topology of the base space of an Orbifold 
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2.4. The topology of the base space of an Orbifold 



In this section we compile several facts about orbifolds which are well known in the literature 
(cf. [Il[6l[T4l|48] ) . Nevertheless we give full proofs for the readers convenience: 



2.4.1 Lemma For any orbifold {Q,U), the family of open subsets t^{V) {V,G,7r) £ Z// | 

a base for the topology on Q. 



IS 



Proof. Let p ^ Q and p £ U C Q a,n open set. Choose an orbifold chart {V,G,tt) G U, such that 
p G V = 7r(y). The map tt is given by the composition of the quotient map onto the orbit space 
with a homeomorphism onto an open set. Hence Lemma lB.1.4l shows that tt is continuous and open. 
The set Tr~^{U) is an open subset of V containing some element p € Tr^^{p). By Lemma FB.LSI we 
may choose a Gp-invariant open set S such that p G S C Tr~^(U) and (5, Gp^T^^^) is an orbifold chart. 
By construction p G 7r(5') C U proving our claim. □ 



To analyse the structure of the base space we need a well known fact from topology: 



2.4.2 Proposition If X is a Hausdorff space that is locally compact and paracompact, then each 
component of X is a -compact. If in addition X is locally metrizable, then X is metrizable and every 
component has a countable basis of the topology. 



Proof. By [T^, XL Thm. 7.3] each component is cr-compact. The space X is paracompact, locally 
metrizable and hausdorff, hence we may choose a locally finite closed cover consisting of metrizable 
subspaces. Then X is metrizable by [20, Thm. 4.4.19]). Each component C is Lindelof, by |19l XL 
Thm. 7.2]. We deduce from j20l Corollary 4.1.16] that G is second countable. □ 



2.4.3 Proposition Let {Q,U) be an orbifold, the topological space Q has the following properties: 

(a) Q is a locally compact hausdorff space. 

(b) Q is connected if and only if Q is path connected 

(c) Q is metrizable. 

(d) Every connected component C of Q is open, a-compact and second countable 
We remark, that Q is not necessarily second countable. 



Proof. (a) Q is Hausdorff by definition of an orbifold. Clearly being a locally compact space is a 
local condition, i.e. may be checked within 7r(J7), where (U, G,n) G U is an arbitrary orbifold 
chart. Lemma FB . 1 .41 shows that Tr{U) is a locally compact Hausdorff space, since every finite 
dimensional Hausdorff manifold U is such a space. 
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(b) The quotient map onto the orbit space is continuous f Lemma IB. 1.4[) and manifolds are locally 
path-connected. Thus Q is locally path connected, whence the assertion follows from general 
topology [ini V. Theorem 5.5]. 

(c) For every chart ([/, G, tt) G U the group G C Diff([/) is finite. The preimage 'K~^{y) of any 
y G 7r(C/) is finite (and thus compact). The manifold U is locally metrizable (since every chart 
is a homeomorphism) and a paracompact locally compact HausdorS^ space. By Proposition 
12.4.21 U is metrizable. The quotient map onto an orbit space is a closed-and-open map by 
Lemma IB. 1.41 Since metrizability is an invariant of closed-and-open maps by [20 , Theorem 
4.2.13], the space Q is locally metrizable. Summing up Q is a locally metrizable, locally 
compact and paracompact Hausdorff space. Again by Proposition 12 . 4 . ^ the metrizability of Q 
follows. 

(d) Q is locally path connected, which implies the openness of C by |19l V. 5.4]. We already know 
that Q is a Hausdorff space which is paracompact and locally compact. Every component of 
Q is then cr-compact and second countable by Proposition 12.4.21 

To prove the last remark, consider the following counterexample: Let {Q,IA) be an arbitrary 
orbifold modelled on a topological space Q and a set / with cardinality at least Ki. Construct 
the orbifold by defining the topological space Xqi := — Ujgj Xq as the disjoint union 
of copies of Xq and the orbifold charts on every copy of Xq as copies of charts in O. Then 
X^ is not second countable, even if Xq is. 

□ 



2.5. Local groups and the singular locus 

Let (Q, U) be an orbifold, (C/, G, tt) G W an orbifold chart of Q and x ^ U. Let z := Tr{x). We deduce 
from |48l Lemma 2.10] that the differential at x induces a faithful representation of Gx in Gl(n,M). 
The corresponding finite subgroup of Gl(n,M) will be called TGx- Since Ggx = gGxg^^ for any 
g G G, points in the same orbit of G have isotropy groups in the same conjugacy class of Gl(n, R). In 
particular TGx and TGgx are in the same conjugacy class of Gl(n, K). Let A : {V, H, ip) {U, G, tt) 
be an embedding of orbifold charts and y E V with A(y) ~ x. Observe that X{Hy) = Gx by 
Proposition 12 . 2 . 2l and thus 

TGx — TyXTHy{TyX) 

Thus the conjugacy class of TGx depends only on the point z and not on the choice of the orbifold 
chart ([/, G, tt) on Q or of x. Hence the following definition is justified. 

2.5.1 Definition (local group) Let {Q,IA) be an orbifold. For every z G Q, by the above there is 
a group Tz{Q) C Gl(n,R) which is unique up to conjugation in Gl(n,R). We call Tz{Q) the local 
group of z. In the literature T z{Q) is also called the isotropy group of z. We avoid this and reserve 
"isotropy group" for the subgroup of a group acting on a manifold, which fixes a given point. 



The singularities, i.e. points with non-trivial local group, generate a structure which distinguishes 
a non-trivial orbifold from a manifold. We claimed that orbifolds are manifolds with "mild singulari- 
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ties". To emphasise this point we shall investigate the singular locus (i.e. the set of all singularities). 
As a consequence of Newmans Theorem IB. 2. II the singular locus is a nowhere dense closed subset 
of the base space of an orbifold. In other words, the topological base space of an orbifold contains 
an open and dense manifold. A proof for this result is given in the rest of this section: 

2.5.2 Definition (Singular locus) Let {Q,U) be an orbifold. The singular locus of Q is the subset 

:-{^eQ|r,(Q)^{i}} 

In a chart {U, G, tt) one has Eg C\t:{U) = t:{Y,q), where Yiq is the set points with non trivial isotropy 
subgroup with respect to the action of G. An element x G Q is called singular point if a; G Sq and 
X is called non-singular li x ^ Eg. 

Since there are different orbifold structures on the same topological space, occasionally we have to 
indicate which one is meant. In these cases we shall write Tz{Q,U) resp. S(g_^), to avoid confusion. 

2.5.3 Proposition (Newman, Thurston) The singular locus Eg of an orbifold {Q,bl) is a closed 
set with empty interior. 

Proof. Let {U, G, tt) be any chart at some point p E Q. By definition Eg n tt{U) is the image of Eg. 
As G C Diff(?7) is finite, we deduce from Newmans theorem IB. 2. II that the set Afjj of non singular 
points in U is open and dense. Lemma IB . 1 .41 shows that the quotient map tt onto the orbit space is 
open, hence 

Sq = g \ U 7r(A/V) 

is a closed set. Each connected component C C Q is open by Proposition 12 .4. 3l To prove Eq = we 
check that Eg n C has empty interior for every connected component C of Q. The component G is 
second countable by Proposition 12.4.51 Hence we may choose countably many charts {Ui,Gi,TTi) e 
i G N whose images are contained in G and cover G. Proposition 12 .4. 3l shows that C is a locally 
compact hausdorff space, whence Cech-complete (cf. [20i p. 196]. The set EgflC = IJi^i '''(t^i)l^^Q 
has empty interior by the Baire category theorem |20l 3.9.3]. □ 
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2.6. Orbifold atlases with special properties 



In this section we construct orbifold atlases with properties. These atlases are needed later on, to 
construct chart for the diffeoniorphism group of an orbifold. 



2.6.1 Definition Let {Q,U) be an orbifold and V a representative of 14. We say that another 
representative W oiU refines V (or is a refinement of the atlas V) if for every chart (VF, G, f/;) G W, 
there is a chart {V, H,tt) g V and an open embedding of orbifold charts Xw,v ■ {W, G, ^p) {V, H, tt). 
Given another representative V' of U, we say that W is a common refinement of V and V', if W 
refines V and W refines V". 



2.6.2 Lemma For an orbifold {Q,hl) and two arbitrary representatives V, V ofU, there exists a 
common refinement W o/ V and V". 



Proof. Every a: G Q is contained in the image of some charts (V, G, tt) e V and {V',G',Tr') £ V". 
Since both definitions of orbifolds are equivalent, by Definition 12.2.11 there is {W, H,ip) together 
with open embeddings A: [W,H,^]) (V^, G, tt) and /x: {W,H,^) (F',G',7r'), such that x e 
'il}{W). For each x £ Q we may choose a chart with these properties and the charts chosen in this 
way form an atlas and a common refinement of V and V' by construction. □ 

2.6.3 Lemma Let {QM) (^n orbifold, for any representative V ofU, consider the families of 
orbifold charts 

U(s=V -.^{{U, iJ, (f) e U\3Xu,v ■■ {U, H, (j)) ^ {V, G, ijj) embedding, for some (V, G, V') e V } 
□ V I ([/, iJ, 0) e ^ (s V 4>{U) C i;{V) and \u,v{U) C Vis compact^ 

Then the families of open sets { (j){U)\{U, H,(j)) £Vl<s=V} and { (/)([/) |(C/, H,(j)) G U n V} are bases 
for the topology on Q. 



Proof. Consider an arbitrary open set ft C Q and some point x £ fl. The family V is an atlas 
and thus, there is some chart {V,G,ip) G V with x G ImV'. We already know that the open sets 
{(p{U)\{U, H, (p) gU} form a base of the topology by Lemma r2.4.1l Thus we may choose some chart 
{U, H, (j)) 6 U, such that x G Im (j> C ^l. Choose an arbitrary preimage 2 S (/)~^ (a;) C U. The atlas V 
is a representative of !J and by Definition 12.2.11 there is {W, K,tt) gU with embeddings of orbifold 
charts A: {W,K,it) {V,G,^) and 6: {W,K,it) — j> {U,H,(I>) such that z G ImO. By construction, 
(W, K, tt) belongs to W (s V. The embedding 9 assures x G Im tt = Im (pod C Im (f> C fl. Hence each 
a; G f2 is contained in Tr{W) C f2 for some {W, K,tt) gU V. As ft was arbitrary, this proves that 
the images of W <e V form a base of the topology. 

To prove the second statement observe that for {W, K, tt), the topological space W is locally compact. 
Hence there is a relatively compact ii'-stable neighborhood x G W C W. This neighborhood induces 
an orbifold chart {W , Kw' ,Tr\w') G ^- Combining continuity of tt and compactness of W the set 
tt{W') C tt{W') C ImTT C 17 is relatively compact. As {W,K,tt) e [/ d V, there is an open 
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embedding of orbifold charts A: {W,K,Tr) (V,G, V')- Thus tt{W') C Imi/j holds and Any' is an 
open embedding of orbifold charts by Proposition 12.2.21 fb). Using compactness of W, we conclude 
from standard topology (cf. |20l Corollary 3.1.11.]) that X{W') — X{W') is compact. Therefore 
A(T4^') is relatively compact. Again since x and fl were arbitrary, the second statement follows. □ 

2.6.4 Definition Let {Q,ll) be an orbifold. An orbifold atlas V := { (V^, G^, 7ri)|z e / } of {Q,U), is 
called locally finite orbifold atlas if the family {7ri(Vi)|« G / } is a locally finite family of open sets. 

2.6.5 Lemma Let {Q,U) be an orbifold. 

(a) There is a locally finite representative V oflA. 

(b) For each representative W ofU, there is a locally finite representative W", which refines W. 

(c) The refinement W" in (h ) may he chosen with the following property: 

For each {U^G^ijj) G W , there are {V,H,(p) G W and an open embedding Xu.v of orbifold 

charts, such that U ^ V is a compact set and Xu.v{U) ^ V is compact. 

Taking identifications, without loss of generality Xuy is just the canonical inclusion (of sets) and G 
is a subgroup of H . 

Proof. (a) The topological space Q is a locally compact HausdorfF space. For each q E Q pick a 
compact neighborhood Uq of q. Then {U°)q£Q is an open covering of Q. By paracompactness 
of Q there is a locally finite open refinement {Wj)ji^j of {U°)q£Q. Note that every Wj is 
compact. By PO I Lemma 5.1.6], there exists a shrinking {Oj)j^j of {Wj)j(zj, that is an open 
covering of Q such that Oj C Wj for each j G J. The family of uniformized subsets of Q, 
form a basis of the topology by 12.4.11 Thus for each j G J, the compact set Oj is covered 
by finitely many uniformized sets which are contained in Wj, say Oj C IJ^^j^ ^j,k- Since the 
family {Wj)j^j is locally finite, 

{Bj^k\j E J, fc = l,...,n} 

is a locally finite open covering of Q by uniformized subsets. The corresponding atlas V is 
thus locally finite. 

(b) and (c) We may argue as in (a), but replace the set of all uniformized subsets of Q by the set 
of all uniformized subsets, which are images of W (e W (resp. images of W IZ W for (c)). Since 
Lemma [2.6.31 assures that these sets of images are bases of the topology, no further changes in 
the proof are needed. For the last statement identify U and Xu.v{U) resp. G with A(G). 

□ 

2.6.6 Lemma Let {Q,U) be an orbifold and W a locally finite orbifold atlas, such that for each 
(V, H,ip) G W the uniformized subset ip(V) is relatively compact. Consider a refinement W" as in 
Lemma \2.6.5\ (c) indexed by a set I. There exists a map a: I W , which associates to each i a 
chart (Va^i), Ha(i), ^a(i)) which {UijGijTpi) embedds (as an orbifold chart) via an embedding of 
sets Ui — !■ Va{i) ■ Furthermore ly := a^^{V, H,(p) I is finite for each (V, H, ip) G W. 
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Proof. Lemma 12.6.51 (c) assures that for each i ^ I, there is at least one chart in W, such that 
{Ui^Gi,il)i) embedds into this chart via the inclusion of sets. Choose a chart (V^(i), ^fQ(i), </'Q,(i)) 
such that Ui C Va{i) is compact, Gi C and ipi — 'fa(i)\Ui holds. We obtain a map a: / — > W 

with the desired properties. For each {V,H^Lp) G W, the uniformized subset (p{V) is relatively 
compact. Since W is locally finite there is only a finite subset of /, such that ipi{Ui) D f{V) ^ 0. 
Therefore ly a^^{V, H, (p) is finite for each {V, H, Lp) eW. □ 

2.6.7 Proposition Let {Q,U) be an orhifold, V CU some orbifold atlas and D a discrete subset 
of Q. There exist locally finite atlases A '■= { {Ui, Gi, '4'i)\i G I } ,B := { {Wj, Hj, ipj)\j G J } ^U, 
such that each the following conditions are satisfied: 



(a) the charts in A,B are relatively compact, i.e. if {U,G,ip) is such a chart, the set ipiU) is a 
compact subset ofQ, 

(b) the atlas A refines B and B refines V as in Lemma \2.6. 5\ (c), 

(c) For z £ D, there are unique G I,jz G J with z G V'i(^i) (resp. z G ipj{Uj)) iff i — iz (resp. 
3 = jz), 

(d) // Q is a-compact and D is countable, the sets I, J are countable 

Proof. The space Q is a metrizable locally compact space by Proposition 12.4.31 Let d be the 
metric which induces the topology on Q. Since D is discrete, for each z G D there is a unique 
rz '■= sup { r > 0\Br{z) D D = {z}} (where Br{z) is the metric ball of radius r centered at z). We 
claim that the balls Br^{z), z D are disjoint. Assume that this were not the case and let y, z e D 

3 

with y ^ z and x & Bry (jj) n Br^{z). From the triangle inequality we deduce the contradiction 

3 3 

d{y, z) < d{y, x) + d{x, z) ^ \{ry + rz) < ^d{x, y). 

As Q is locally compact, we may choose for each z G -D a compact neighborhood £i z C Br^iz). 
Each pair of such neighborhoods is disjoint. By Lemma r2.6.3l for each z there is a pair of relatively 
compact orbifold charts {Uz,Gz,il'z), {Wz, Hz,(pz) G Z// IZ V such that Uz C Wz and z G 4'z{Uz) ^ 
fziWz) C _L° ^ holds. Furthermore the inclusion of sets induces an embedding of orbifold charts. 
Again by local compactness, we may choose for each z compact neighborhoods z G ^2,2 i'ziUz)- 
The set ^2,2 is contained in Li_2- Since the sets Li^z are disjoint, the family {L2.Z }z(=d locally 
finite. The set L := Uzgd -^2,2 is thus closed by [20, Cor. 1.1.12] and we may consider the open 
subset Q' := Q\ L. Now Q' is locally compact and as Q is metrizable by Proposition 12.4.31 the 
subspace Q' is paracompact. Furthermore the set of charts TZ := { {V, H,tt) G W C V\tt{V) C Q' } is 
a basis for the topology on Q' . Using an argument analogous to Lemma 12.6.51 (c) there is a locally 
finite orbifold atlas B' C TZ for Q', such that each chart {W,H,(p) G B' is relatively compact and 
embedds into some member of V as in Lemma 12.6.51 (c). Another application of Lemma 12.6.51 (c) 
yields a locally finite orbifold atlas A' := { {Ui, Gi, %lJi) for Q' , which is a refinement of B' with 
properties as in 12.6.51 (c). Notice that by construction none of the charts in B' and A' contain 
elements of D. 

For each z G D the set Lz ■— ^1,2 H Q \ tpziUz) C Q' is compact. The atlases B', A' are locally finite 
and thus there are finite subsets C J' (resp. C /') such that ^Pj{Wj) n ^2 7^ iff j G (resp. 
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tpi{Ui) n 7^ iff i G I'z). Assume that P is the image of an orbifold chart in A' resp. B' which is 
contained in 

0:=Q\\J L, = i\J MU.)) U \ y ii,.. 
zeD zeD zeD 

As each Li^^ is a closed set and the family { Li^z} ^^j^ is disjoint, whence locally finite, the union of 
the sets Li^z is closed by |20l Cor. 1.1.12]. Therefore O is an open set and by construction 



y MUz)np\ u (pnQ\ [j l,,A 

zeD / \ z<£D ) 



is a disjoint union of two open sets. As orbifold charts are connected, we deduce that their images 
are located as follows: 

Either the image is contained in Q \ Uzgd o^' i* intersects at least one of the L^, z G D, or it 
is contained in Uzeu ^z{Uz)- Discarding the charts, whose image is contained in IJzg-D ^z{Uz), we 
obtain subsets 



J" y U J G J 



zG-D 



zeD 




^,(c/,) n y Li„ 



zeD 



of /', J', such that the families B" := { {Wj,Hj,Lpj)\i G J" } and M' := { {U^,G^, e I" } cover 
Q \ UzGD i^ziUz)- It is easy to check that the construction forces A" to be a a refinement of B" 
with the properties described in Lemma 12.6.51 (c) . 

Set / := /" ]J D and J J" ]J D. The sets index orbifold atlases A := A" U { ([/^, G^, ■(/'z)|z € D} 
resp. B £?" U { {Wz, Hz, i4}z)\z G -D }. By construction ^ is a refinement of B with the properties 
of Lemma 12.6.51 (c) . 

It remains to prove that A and B are locally finite: As A!' and B'" are locally finite atlases, it 
suffices to check the following condition: For each z ^ D, only finitely many charts in A!' (resp. B") 
intersect the image of {Uz,Gz,ipz) (resp. {Wz,Hz,(pz))- 

For each z d D the charts indexed by z are contained in Li^z and by construction only a finite 
number of charts in A" (resp. B") intersect Li^z- Thus at most finitely many images of charts in A 
resp. B intersect a given L° ^, z G D, whence A and B are locally finite. 

We claim that if Q is cr-compact, the atlases A' and B' are indexed by countable sets. If this were 
true and D is countable, the construction above yields countable atlases since /", J" are countable 
as subsets of the countable sets /' and J'. Hence the assertion (d) holds. 

Proof of the claim: If Q is a-compact, then it contains at most countably many connected 
components. Thus by Proposition 12.4.31 fd). Q is second-countable as disjoint union of at most 
countably many second countable spaces. By [19, Theorem 6.2 (2)] each subspace of Q is second 
countable, whence a Lindelof space. As open subsets of locally compact spaces are locally compact, 
we conclude that Q' is a-compact by [Tp] Theorem 7.2]. By definition there are compact sets 
C„,n G N such that Q' = lJ„gpjC„. The atlases A' and B' are locally finite, whence each compact 
set Cn intersects only finitely many charts in B' and B'. Clearly this forces the atlases to be indexed 
by countable sets J' resp. J'. □ 



The following technical Lemma will allow us to control the local behavior of sections into the 
tangent orbifold. 
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2.6.8 Lemma Let {Q,U) be an orbifold and W — { {Vi,Hi,(pi)\i £ 1} be a locally finite orbifold 
atlas. For each i € I let there be a compact subset Ki QVi. Then for each i £ I there is an open 
cover I of Ki C Vi such that 

(a) the sets Z^ are Hi-stable for i E I, 1 < k < Ui, 

(b) for each j E I with Z\ n -ftT^ H ip^^(pj{Kj) ^ there is an embedding of orbifold charts 
A^. : ^ V, with A,^.(Zf n X. n ^rV,(^,)) C Hj.Kj. 

(c) The covering | Z^ }i<k<n '"^'^V chosen such that for each i E 1,1 < k < Ni there is a 
Hi-stable set open set Z\ , such that Z^ is a compact set, contained in Z\ and each embedding 

is the restriction of an embedding on Z\ . 

Proof. The set Ki :— ipi{Ki) is compact and since W is locally finite, there is a finite subset J-i of 
W, such that Ki n ip{V) 7^ if and only if (V, H, ip) E J-i. In particular there is a finite set j G J^, 
such that Kij := Ki n (pj{Kj) 7^ iff j S Ji. The compact sets Kij are contained in Vi. By Lemma 
IB. 1.41 the quotient map to an orbit space is a proper map, whereas the following sets are compact 

K,j ■.=K, n 'p:[\K^j) = K, n ip;\ip^{Ki) n ipjiKj)) = k, n ip-^ip,{K,) n ipi^ipjiK^) 

^K, n H,.K, n (^rVj(ifj) = K, n ^r^cpj{Kj). (2.6.1) 

For each j & J the set Kij is contained in ip~^ipj{Vj). Thus each Kij may be covered with open 
ifi-stable subsets A^^ of Vi such that there is an open embedding of orbifold charts A[^ : ^ V, . 
Since Kij is compact, for each j there is a finite family | A^^ |l < r < mj } which covers J^ij . A.S tJ i 
is finite, we obtain for each x ^ Ki an open neighborhood 

xel^l- \ j^.J.,xg:Kij J 

Choose a iJ^-stable connected open neighborhood a; G Z^ C N^. Each y G Z^ is contained in Kij 
only if a; is contained in Kij as well. For each j G J, such that a; G Kij the open embeddings defined 
on K^j restrict to an open embedding of orbifold charts on . Since Ki is compact we may select a 
finite open cover {Z'=*'\xk € K„ I < k <n} of K,. Observe that Z'^'' nKin(p~^ipj{Kj) = Z^^nX^j 
holds by (|2.6.ip . If this intersection is non-empty, we derive Xk G Kij. By construction there is an 
embedding of orbifold charts on Z^*" which satisfies (b). Hence the family { Z^'" \xk G Ki, 1 < k < n} 
satisfies all properties of assertion (b) . 

(c) follows directly from (b) and local compactness of each Vi : Before selecting a finite covering of 
the Z^, we set Z^ := Z^ and choose for each x a compact neighborhood x G C^: C Z^. The Tfi-stable 
sets form a base of the topology and we may select a new iJ^-stable subset x G C C° C . By 
compactness of Ki we may select a finite covering from the family {Z^^^^Ki which satisfies (c). □ 
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2.7. Examples of Orbifolds 



This section collects several well known examples from the literature to illustrate the definition of 
an orbifold. We introduce the following class of (trivial) examples to fix some terminology for later 
use: 



2.7.1 Example Every paracompact smooth finite dimensional manifold A4 without boundary is an 
orbifold. An orbifold atlas for Ai is given by the following set of charts: 

{ (C, { idc } , idc)|C C Ai a, connected component } 

We call the orbifold structure induced on the manifold M the trivial orbifold structure . 



2.7.2 Example (A mirror in [531^ 13. 1.1, 13.2.2]) Consider together with an action of the 
linear diffeomorphism 7 : R^, {x, y) y). The map 7 fixes the points (0, y), y gM.. 

An orbifold structure is induced on the quotient R^/ (7) ^ H .= { (x, y) e |a; > } : 
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The boundary of the half plane contains the singular points, while points not on the boundary are 
regular points. This example can be generalized in the following way: 

Let M be a (smooth) manifold with boundary dM glue together two copies of M along dAI to 
obtain the double dM of M which is a manifold without boundary. Again the diffeomorphism 
which interchanges both halves of the double generates a finite group F. By construction the 
orbifold dM /T is isomorphic to M. Hence every manifold with boundary is in a natural way an 
orbifold, whose singular locus is the boundary of the manifold. 



2.7.3 Example (Symmetric products [1, Example 1.13]) Suppose that M is a smooth manifold. 
Consider the symmetric product X„ :~ M"/Sn, where Af" is the n— fold cartesian product of M 
and Sn the symmetric group of n letters which acts on M" by permutation of coordinates. Tuples of 
points have non trivial isotropy groups if they contain a number of repetitions in their coordinates. 
The diagonal of A/" is fixed by each element of the finite group Sn- 



2.7.4 Example (Orbifold structures on the 2-sphere) The following examples are all modelled on 
the 2-sphere i.e. the topological space of each of the orbifolds is the 2-sphere with the topology 
turning it into a smooth manifold. Examples of this type first appeared in [53 . We give a detailed 
construction which follows [32 : 

Let N be the north pole and S the south pole of Endow the sphere with the usual topology 
turning into a smooth manifold. Define charts around N respectively around S as follows: 
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Let X, := Bf (0), i = 1,2 be the open disc of radius |7r centered at in K^. We describe points 

in polar coordinates {r,9),0 < r < jTT, < < 2tt. Recall that the geodesies connecting N and 
S on are the great circles connecting N and 5. To construct the charts pick a great circle C 

connecting N and S. Every great circle connecting N and S can uniquely be identified by an angle of 
rotation < < 2tt. Furthermore each a; on \ { 5 } is uniquely determined by a set of coordinates 
{r,0), < r < Tr,0 < < 27r. Here r is the length of the geodesic segment between x and N. 

Analogously we may identify each point .t in \ { X } by a pair (tt — r, 0), < r < tt, < ^ < 2n, 
where tt — r is the length of the geodesic segment between x and N. We obtain charts 

i>i:Xi^§^, (r, 0) ^ (r, 0), ^2 : ^2 ^ §^ (r, 0) ^ (ir - r, 0) 

for the manifold These charts turn §^ into a smooth compact manifold in the usual way. 
We construct an orbifold structure on Let rii G N for i — 1,2. Define the subgroup Gi C Diff(R^), 
which is generated by a rotation (Ti of order rii, i.e. ai.{r, 0) := (r, + ^). Consider the quotient map 
Pi'. Xi Xi, (r, 0) (r, ni0). A computation shows that this map is an n-fold covering of Xi, which 
identifies two points if and only if they are in the same Gi orbit. The maps tpi are diffeomorphisms, 
whence we obtain orbifold charts {Xi, Gi,qi), i = 1,2 with qi := tpi o pi. A computation shows that 
Aij := q^^{lmqj) = {{r,6) € Xi\j <r< ^ } is an open annulus and furthermore the identities: 

Tij ■■= ° Qj ■■ Aji ^ Xi, {r,6) ^ - r,"^^- 0^ , i ^ 3 & {1,2} (2.7.1) 

The maps Tij are local diffeomorphisms which commutes with the orbifold charts, i.e. ftTjj = 
<Zi Idom , « 7^ i € { 1, 2 } holds. Locally the restrictions of the maps Tij thus yield change of chart 
morphisms. Since we obtain change of charts for each x G Aij, the orbifold charts are compatible 
and induce the structure 

0(ni, 712) := (S', { {Xi, Gi, qi)\i = 1,2}) 

of a compact orbifold on S^. As a topological space, the base space of 0{ni,n2) coincides with 
with the usual topology. We distinguish the following cases: 

ni, 722 = 1 In this case we have = t/Ji, i = 1,2 and thus C(l, 1) is just the C°°-manifold S^. 

ni > 1,712 = 1 We obtain a cone shaped singularity of order Tii in A'^, while <§ is a regular point. 
The orbifold 0{ni, 1) is called Zm-teardrop. 

712, 7ii, 7i2 > 1 We obtain an orbifold with two cone shaped singularities of order tii respec- 
tively 7i2- An orbifold of this kind is called Z„j — Xn^-football. 

7ii, 7i2 = 71 > 1 Consider an action of a finite group of diffeomorphisms F c Diff(S^) generated by 
a rotation of order 7i on S^. The group F acts smoothly, effectively and almost free on Hence 
the orbit space S^/F is an orbifold using the global orbifold chart tt: — > §^/F. By construction 
the orbifold structure of this orbifold agrees with 0{n,n). 
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2.7.5 Example ( |51l Example 2.4J) Let Q '■= [0, 1[ be the topological space with the induced 
topology of K. The map f : Q Q, x is a homeomorphism. Consider the map p: ] — 1, 

Q,x i-> 1x1. Let p: M — > M be the reflection in 0. Then p induces a homeomorphism ] — 1, 1 [/(/?). 
We derive orbifold charts Vi :— Q — {p),p) and V2 '■— (] ^ 1, 1[, (p)) / ° p)- 

We claim that these orbifold charts are not compatible. Assume to the contrary that they are 
compatible. Since / o p[0) = = p{0) there exist open connected neighborhoods Ui, U2 of 
in ] — 1, 1[ and a diffeomorphism h: Ui — > U2 such that f o p — p o h. This equation leads to 
h{x) e { ±a;^ }. By continuity we have the following choices for h: 



hi{x) :— x^ 



h2{x) : 



= —X' 



.2 





Since none of the above is a diffeomorphism, the two charts are not compatible. 
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3. Maps of orbifolds 

In this section we will discuss maps of orbifolds as defined in [Sl^. For the readers convenience, we 
repeat the definitions and constructions of [51 in Appendix [E] Our goals in this section are as follows: 
We obtain a characterization of orbifold diffeomorphisms. Then several tools and constructions (such 
as open suborbifolds and orbifold partitions of unity) for later chapters are provided. 

3.1. Orbifold Diffeomorphisms 

In this section let {Qi.,Ui), i = 1,2 be arbitrary orbifolds. Obviously diffeomorphisms of orbifolds 
are the isomorphisms in the category of reduced orbifolds: 

3.1.1 Definition A morphism of orbifolds [/] G Orb {{Qi,Ui), {Q2M2)) is called orbifold diffeomor- 
phism, if there is [g] G Orb((Q2, ^^2), {Qi,Ui)), such that id(Q^^;^^) = [g] o [/] and id(^Q^^u^) = [/] o [g] 
hold. In this case, we also write [f]^^ [g]. 

By Difforb ((Q2, (Qi, ^i)) we denote the set of orbifold diffeomorphism in Orb(((32,^2), QiMi)- 
To shorten our notation Difforb {{QM), {QM)) will be abbreviated as Difforb [QM)- 



To construct a Lie group structure on the diffeomorphism group of an orbifold, we need an 
alternative characterization of orbifold diffeomorphisms. 

3.1.2 Proposition Let [/] G Orb(((5i,Wi), ((52,^/^2)) be a diffeomorphism of orbifolds. Each rep- 
resentative f — {f,{ fi } , [Pf, Vf]) satisfies the following properties: 

(a) the map f is a homeomorphism and 

(b) every local lift fi of f is a local diffeomorphism. 

Proof. We first notice that since [/] o [f]^^ resp. [f]^^ o [/] are the respective identity morphisms, 
the maps /: Qi — ^ Q2 and /^^ : Q2 — )• Qi (where /^^ is the underlying continuous map of [/]^^) 
are homeomorphisms since composition yields the identity on Q2 resp. Qi. Hence the first assertion 
is true. 

Two representatives of the class [/] are related via lifts of the identity. Lifts of such mappings 
are local diffeomorphisms, whence locally lifts of different representatives of [/] are related via 
diffeomorphisms to each other. Thus the definition of [/] shows that it suffices to prove the second 
assertion for any representative / of [/] . 

Choose a non-singular point p G Qi. The complement of the singular locus is open (cf. I2.5.3P 
and by Lemma 12.4.11 there is some chart (y,G,Tr) G Ui, such that p € V '.= Tr{V) Q Qi\ Sq^ 
and G = Tp = {idy }. The map / is a homeomorphism, therefore f{V) C Q2 is an open set and 
since the non-singular set is dense and open in Q, there is a 5 G f{V) which is non-singular. We 



22 



3 MAPS OF ORBIFOLDS 



may again choose an orbifold chart {W,H,ip), such that q ^ W := V'(W^) ^ /(^) H Q2 \ Sq2- 
Without loss of generality we may assume H = Tg = {idw}- Now the group action on V and 
W is trivial and thus tt and are homeomorphisms. We have constructed an open embedding 
ip~^fTT: V 3 {fTT)^^{ip{W)) — ?> W. Composing with suitable charts of the manifolds V and W, this 
yields a homeomorphism of an open subset of M"^™ ^ onto an open subset of M'^'"^ The invariance 
of domain theorem (cf. [34, 2B.3]) now forces dimV = dimT4^. In particular the dimensions of the 
orbifolds must coincide. 

Choose and fix representatives V { (V^, Gi, Tri)\i G / } of Ui, U { (C/j, Hj. G } oi U2 
and a range atlas W { (W^, L/c, (/3fe)|fc G X } C Ui, such that the maps [/] and [/]~^ possess 



representatives / G Orb(V,Z//), respectively / 
be the unique maps, such that the lifts fi resp. 



e Ovh{U,W). Let a: I ^ J and 13: J ^ K 
f^^ are local lifts w.r.t. the charts (T^i, G^, tt^) 



and {Ua(i),Ga{i),Tl'a(i)) resp. local lifts w.r.t. (Uj,Gj,^j) and (W^q), G^q), </7/3^-). To shorten the 
notation set Vi :— T^iiV) and derive for every i S / a commutative diagramm: 



V, 



V, 



Composition in the lower row induces the identity idg^ ^^(yi)- In particular for every v ^ Vi we 
have 7ri{v) = ^pa{i){f~^i-^fi{v)). By compatibility of charts, there exists a restriction [V'^H^x) of 
(Vi, Gi, TTi), such that v and there is an open embedding A : {V , H, x) — > (W^/3a(i) 1 Gpa{i) 1 Vi3a{i)) 
with A(i;) = 

By continuity, there is an open _ff-stable neighborhood S* of d with S C (/^^(i)/;)^^!^!^')) ^ ^i- 
Let g :— f^(\)fi\s '■ S V he the induced lift. By construction it is a local lift of idg^. 
Using |48l Lemma 2.11] the map g is a diffeomorphism and the identity \ o g — /^(^-j/ils shows 
that fi\s is injective with a continuous inverse given by (A o g)~^f~(^iy In particular fi\s is a 
diffeomorphism onto its image and by the invariance of domain theorem the image has to be open, 
since we have already shown that the dimensions of the orbifolds coincide. □ 



3.1.3 Corollary Two orbifolds {Qi,Ui), i — 1,2 which are isomorphic have the same orbifold di- 
mension. Thus every orbifold has a welldefined dimension and the orbifold dimension is an invariant 
preserved by orbifold diffeomorphisms. 



3.1.4 Definition Consider an orbifold map [/] G Orb ((52, ^2)) together with a corre- 

sponding representative of orbifold maps / = (/, { /i } , [P/, i/j]). We say that [/] preserves lo- 
cal groups if /: Qi — > Q2 maps every element p of Qi onto some element f{p) of Q2 such that 

rp(Qi) — r/(p)((52)- 

This property may be interpreted as preservation of the local structure of an orbifold. In particular 
one would expect that this is a natural property of orbifold diffeomorphisms. Indeed this is true, as 
the following proposition shows: 
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3.1.5 Proposition Let [/] : (Qi,Ui) {Q2,i^2) be a map of orbifolds, with a representative f = 
{f,{fi}^^j,Pf,i>f), such that f is a homeomorphism and each fi is a local diffeomorphism. Then 

[/] preserves local groups. In particular every orbifold diffeomorphism preserves local groups. 

Proof. Fix a representative / and some representative (Pj^Vf) of [Pf,i>f]. Let p be in Qi. There 
are orbifold charts (V, G, tt) S Ui and {U, H, iji) £ U2 together with a local lift fv'.V^Woif, 
such that p £V , q'.— f{p) S U . Fix some preimage p S 7r~^(p) and denote by q :— fv{p) its image. 
It suffices to show, that the isotropy group of p is isomorphic (as a group) to the isotropy group of 
q. Then the same holds for the local groups of p resp. q. 

Since Gp is finite, there is an open connected neighborhood oi p'mV , such that for every 7 e Gp, 
there is some /i^ G Pf with 7I0 — /i-yln- Thus one obtains 

fv{l-x) = Vf{^i^)fv{x) Va; e f^,7 e Fp 

Shrinking Vl if necessary, we may assume to be a G-stable open connected subset with Go = Vp 
and /y |si is a diffeomorphism onto an open subset of U (the second property follows from Proposition 
I3.1.2p . The map i^/(/z-),)|j(q) : f{^) U is a, smooth map defined on an open connected subset of 
the manifold U . For a; G f2 we compute 

^{i^f{l^i)fv{x)) = ipfv{l-x) = fT^{l-x) = /7r(a;) = tpfvix) 

Thus Vf{^y)\f(Q) satisfies the identity tp{i'f{fij){y)) = tp{y), My & f{fl) and by ^\ Lemma 2.11] 
there is a unique hj G H with ^.71/(0) = ^filJ"y)\f{fi)- Furthermore since every 7 S Gp fixes p, every 
has to fix q. We derive a map 

9: Gp ^ -ff(j,7 ^ ^7 

Consider two elements 7, 7' G H, such that germ^ 7 = germj, 7' for some y € U. As the germs are 
equal, there is an open (connected) subset on which 7 and 7' coincide. Hence |,48l Lemma 2.10 and 
Lemma 2.11] imply 7 = 7'. Observe that every element of H is uniquely determined by its germ 
at an arbitrary point. Consider "f,ri,p G Gp such that 7|r2?7|si = p\n- Property (R4c) in definition 
ETlyields germ^^(,,(^)) '^fil^j) ■ germ^^(^) '^/(m^) = germ^^(^) i^fil^-p), Vx € f7 or in other words 

germ^v(a;) ^7 ° N = germ^^(^(^)) ■ germ^^(^) h.^ = germ^^(^) /ip, a; G 17 

As the germs coincide, our previous observations imply ■ — hp. Now 9('j ■ rj) = 9{p) = hp = 
h^ ■ h^i = 0(7) ■ 9(ri) and since j^rj, p £ Gp where chosen arbitrarily, is a group homomorphism. We 
claim that 9 is injective. To see this choose a; G \ Sg (which exists, since is open) and observe 
that "f.x — rj.x if and only if 7 = 77 for all 7, 77 G G. Since fv\n is a diffeomorphism onto its image 
and r2 is Gp invariant, we derive for j,r] G Gp: 

hy.fv{x) = fv{l-x) ^ fv{v-x) = h^.fv{x) 

and thus /i-y 7^ /i^ if 7 7^ rj. This proves that 9 is an injective group homomorphism. We claim that 9 
is surjective: Let h G Hq be arbitrary. Since h fixes q = fv{p), the set h.fv{^) H fv{^) is open and 
non-empty. Newmans theorem IB . 2 . 1 1 assures that there is an element y G h.fvi^) H fv{^) whose 
isotropy subgroup Hy is trivial. We compute TT{{fv\{2^^^)^^ih^^-y) = f^^il^ih^^-v) = f^^i^iu) — 
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'^ifv\(i''^'')~^{y)- The elements (/y|n)~^(y) and {fv\n)~^ih^^ -v) are in O and in the same G-orbit. 
By G-stabihty of fi, there is a 7 £ Gp with '^{fv\n)~^{h'^ -u) = {fv\n)~^{y)- Thus h^h~^.y = y 
holds and since Hy is trivial we derive = h. In conclusion is a group isomorphism, whence Gp 
and Hq are isomorphic. □ 

3.1.6 Remark The proof of proposition 13.1.5] does provide more informations about an orbifold 
map which satisfies the prerequisites of this proposition. Reviewing the proof, for the local lifts 
fi w.r.t. {VijGijTTi) and [Wi, Hi,ipi) of such a map and x G Vi, there is an arbitrarily small open 
subset fix with the following properties: 

(a) fi\n^ is a diffeomorphism onto an open set ^fi{x) '■— fii^x), 

(b) the set fix is G^-stable with G^^o^ = Gi^x, 

(c) for each 7 G Gi,x the restriction 7|si^ is an element of Pj 

(d) the set ^f-(x) is i?i-stable with Hi^Q^^^^ — Hij.(x) 

In particular (JlxjGi^xTT^iln^) and {nf.(^x)yHi f.(^x),'4'i\nf ^^-)) are orbifold charts contained in Wi resp. 
Locally we may therefore always construct lifts which are diffeomorphisms. 



It is possible to construct a charted orbifold map from a family of local lifts as given in the last 
remark: 

3.1.7 Lemma Let /: Qi — > Q2 be a homeomorphism and {fi\^i a family of local lifts of f with 
respect to charts V and W, such that each fi is a local diffeomorphism. Assume that V satisfies 
(R2). Then there exists a pair (P, v) such that (/, { fi j^^^ , P,!^) G Orb(V, W) is a representative of 
an orbifold map in Orb ((Qi, ^i), {Q2,i^2))- The pair {Pyv) is unique up to equivalence. 

Proof. Let V := { [Vi, Gi, 7ri)|i £ J } be the representative ofUi, such that every fi is a map fi'.Vi^ 
Wi for some {Wi,Hi, V'i) G ^2- As / is a homeomorphism, W := { {Wi, Hi,ipi)\i G / } is an orbifold 
atlas. Define F :— fi. Consider the set 

P := { /i G SE'(V)|/i is a change of charts and F|dom/i, ^^Icod/i are smooth embeddings } . 

Clearly P is a quasi-pseudogroup which generates *(V). Construct a map v: P ^ ^{W) as 
follows: For A G P there are i,j G /, such that domA C Vi and cod A C Vj. P|domA — /i|domA is a 
diffeomorphism onto an open set U\ 'Z Wi. We may now define 

z.(A) := f,\f,\^l: C/A->/,(codA) 

The set /j(codA) is open since fj is a local diffeomorphism. Following the definition of P, i^(A) is 
a diffeomorphism. We compute ■0ji/(A) = ipjfjXfi^^ = f^^j^f^^ = fT^ih\ul = ff^^'^ilux = V'jIc/ai 
which shows ^{X) G '4'(W). In addition F o X = fj°X = zy(A) o fi = v{X) o P|domA- Thus we 
have constructed a quasi-pseudogroup P and a well-defined map i/: P — > '4'(W) satisfying property 
(R4a) of definition IE. 2. 31 Reviewing (R4b)-(R4d) of the same definition, clearly these properties 
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are satisfied by v. In conclusion (/, { fi , P, v) is a representative of an orbifold map. 
To prove the uniqueness, assume that there is another pair {P',i>') turning (/, { /i , (^", i^')) 
into a charted map. Pick A G P, /i G P' such that x G dom A H dom/i with germ^ A = germ^ /i. 
Assume that x G Vi, F{x) = fi{x) G Wi and fi{x) = X{x) G Vj. Choose a stable subset F{x) G 
S C domj/(A) n domv'di), such that i/(A)|s, !^'(/i)|s are embeddings of orbifold charts. Then there 
is 7 G Hj with j.iy{X)\s = J^'(/i)|s- By Newmans Theorem IB. 2. II we may pick a non singular 
y G f~^{S) n dom fi Ci dom A such that fi{y) = X{y) follows from germ^ A — germ^ /i. By definition 
we have ^.v{\)ft{v) = v'{n)Ji{y) = fjf ijy) = fjX{y) = v{X)fi{y). Each fi maps non-singular points 
to non singular points by Proposition 13.1.51 and thus v{X)fi{y) is non singular, whereas 7 = \Aw 
holds. We conclude germ^j-^-) v{X) = germ^(-^-| and thus (P', v') G [P, v] by definition IE. 2. 5 1 □ 

Combining remark IB . 1 .61 with Lemma [3. 1.71 we obtain the following corollary: 

3.1.8 Corollary Let f '■ Qi ^ Q2 be a homeomorphism and a family of local lifts of f 
with respect to atlases V' and W , such that each gi is a local diffeomorphism. Assume that V' 
satisfies (R2). There exist orbifold atlases V which refines V' indexed by some J and an orbifold 
atlas W which refines W' and a family of lifts fj w.r.t. (Vj,Gj,iJjj) G V, (W^q) , iy9^(j)) G W" 
such that each fj is a diffeomorphism. In addition there is a unique equivalence class [P, u] with 
P = Chv and v{X) := fkXfjlJ^^^^^^^^^^ for X G Chy^y^, {Vr,Gr,ipr) G V, r = j,k such that 

f (/, { |J e J } , [P, e Orb(V, W). 

3.1.9 Lemma Let V { {Vt,Gi,'ipi)\i G / } and W := { {Wj,Hj,ipj)\j £ J} be atlases for orb- 
ifolds {Qi,lAi) resp. (Q2,^2)- Consider a charted map of orbifolds f :— {f,{fi\i G /},[P,i']) G 
Orb(V, W) with the same properties as the map f in corollarv \3.1.8l Then the following holds: 

(a) For each Gi-stable subset £7 C V^; the set fi{VL) is a Hpi^iystable subset ofWp^i) with isotropy 
group -ff/3(i)j,(n) = Gi,o 

(b) After possibly shrinking V and we may assume that the map^ (5: I ^ J is bijective, 

(c) If P is bijective then v: Chy — > C/ivv is a bijection, 

Proof. (a) Let C be a G^-stable subset with isotropy subgroup Gi^Q. Then each j £ Gi 
induces a change of charts morphism 2/(7) = fi"/f~^: Wp(i^ — )> Wp(iy By [48, Lemma 2.11] 
there is h^ G -^^(i) with = 1^(7). Vice versa, an analogous argument may be given to 
associate to each h G Hpii) a group element gh ■— f^^hfi G Gi . By Gi-stability of fl we observe 
that hy G IIfi(i)ji(n) holds for each 7 G Gi_ri and obtain a map 9: Gi^n — >■ -ff^(i),nj7 ^ ^7- 
As ^(7) o 0{ri) — o hri\f.(^n) — fi'yrjf^^ — h^or-i = ^(7 ° v) conclude that is a group 
homomorphism. The map fi is a diffeomorphism which implies that 0(7) = 9{ri) forces ^ = rj 
and therefore 6 is injective. We are left to prove that fi{il) is _ff^(j)-stable and 9 is surjective. 
To this end consider h G Ilfs(i) such that h.fi{il) fl fi{^) is non-empty. Choose x,y £ ft 
with h.fi{y) = fi{x) G h.fiiVl) n fi{VL) and compute gu.y = f~^{h.fi{y)) = x e ft. Now by 



■^which assignes to each index i an index /3(i) £ J such that gi : — )■ W/3(i) holds. 
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Gi-stability of il. gh G Gi^a and therefore h = 9{gh) G Hpi^i^ j.^p^y We conclude that is 
iJ^(j)-stable and its isotropy group is isomorphic to Gi^n- 

(b) Assume there are i,j G / with — I3{j), we obtain a diffeomorphism fj^^fi'- Vi Vj. 
A quick computation shows that i^jf^^fi = f^^'Pp{j)fi = and thus fj^^fi is an open 
embedding of orbifold charts. Reversing the roles of i and j, also f^^fj is an embedding of 
orbifold charts. Therefore we may ommit one index of the pair i,j with /3{i) = j3{j) and the 
set of orbifold charts indexed by the reduced set will again be an orbifold atlas. The axiom 
of choice allows us to shrink V to obtain an orbifold atlas (which by abuse of notation will 
also be called V) such that /3 is injective. Clearly since / is a homeomorphism, the set of 
charts { {Wj, Hj,(pj) G W\j = for some i G / } is an orbifold atlas. Thus by replacing J 
with /3(/), we may assume that /3 is surjective, hence bijective. 

(c) It is obvious that v is injective. Let A G Chw^^Wi be any change of charts morphism with 
{Wr, Hr,(pr) G W, r = k,l. There are unique i,j G / with = k and = I and 
we optain a diffeomorphism /i(A) := .fj'^^fi\fr^(dom\)- f^^i'^^^^^) ^ fj~^{cod X). A quick 
computation leads to 'ipjuiX) = VM/i|y-i(dom a) ^ /"VV'ildomA = V^ildomA which proves 
that /x(A) G Chy.y.. By construction zy(/i(A)) — A holds and thus v is a. bijection. 

□ 

The next proposition is the converse of Proposition 13 . 1 . 2l i.e. we shall prove that the characteriza- 
tion of orbifold diffeomorphisms in Proposition 13 . 1 . ^ is equivalent to the categorical definition. The 
leading idea is to use the local properties of the lifts (i.e. that every lift may locally be inverted) to 
construct a family of lifts for /^^. In general a given lift may not be inverted globally. Nevertheless 
it is possible to construct smaller charts and induced lifts, which may be inverted globally. 

3.1.10 Proposition Let f :== (/,{/;}, [P, i^]) G Orb(V, W) be an orbifold map. If f is a 
homeomorphism and fi : Vi — Wa(i) is a local diffeomorphism for each i I , the orbifold map 
[f] G Orb ((QijZ^i), ((52,^2)) is a diffeomorphism of orbifolds. 

Proof. Combining Corollary 13.1.81 and Lemma 13.1.91 there are orbifold atlases V' indexed by J and 
W" indexed by K together with a representative g (/, [gj }j £ J, [P, ^ Orb(V",>V') of [/], 
such that each lift gj : Vj WfiU) is a diffeomorphism and the map /?: J if is a bijection. We 
use the computation from the proof of Lemma [3. 1.91 The inverse g~^ : Wp(_j-) — Wj of gj is a local 
lift of f^^ w.r.t. (VF^(j), Hpi^j-^, fpU)) ^^'^ V'j)- Since / is a homeomorphism, the family W 

is an atlas for Q2 indexed by K. As each gj^ is a diffeomorphism, by Lemma [3 . 1 . 71 there is a pair 
P C ^(W') and z/: P ^ *(V') such that h := (/-\ { gj^ ] .^^^ ,P,v) ^ Orb(yV, V). 

Consider the compositions hog and goh: The local lift for every j € J o{ g has been constructed as 
inverse maps of the local lift of g w.r.t. {Vj, Gj^ij^j) and (W^q), ii^(j), vj/3(j)). Thus the composition 
of both representatives gives a lift of the identity and we derive 

[/] ° [g] g] = id(Q2.W2) [.9] ° [/] = [.9 id(Qi,Wi) 



□ 
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Observe that the proof of the last proposition yields the following fact: Assume that each member 
of the family of local lifts for an orbifold map is a diffeomorphism. Then this family uniquely 
determines the orbifold map. In particular each orbifold difFeomorphism is uniquely determined by 
its family of local lifts: 

3.1.11 Corollary An orbifold diffeomorphism [/] G Orb [[Qi,Ui)^ {Q2,i^2)) is uniquely determined 
by the family of local lifts { fi\i & 1} where (/, { fi , P,i^) G [/] is an arbitrary representative. 

Summarizing the results in this section one obtains: 

3.1.12 Corollary For an orbifold map [f] E Orb {{Qi,Ui), {Q2M2)) the following are equivalent: 

(a) [/] is an orbifold diffeomorphism, 

(b) each representative (/, { fi , P,!^) G [/] satisfies: f is a homeomorphism and each fi is a 
local diffeomorphism, 

(c) there is a representative f = {f,{fi}ii^j,P,v) of [f], such that f is a homeomorphism and 
each fi is a local diffeomorphism 

(d) there is a representative f = {f, { fj t Pt^) G Orb(V, W) of [f], such that f is a homeo- 
morphism and each fj is a diffeomorphism. Furthermore the assignment a : V — > W such that 
fi is a local lift w.r.t. {Vi,Gi,(pi) and {Wa(^i^,Ga(i),4'a{i)) bijective. 

Let f be as in (d), then a representative of [f]^^ is given by (f^^, { fj^^ } , [i'{P), 0]) G Orb(yV, V). 
Here 6: i^iP) — > "^{V) assigns to X G v{P) with domA C Wa(i) and cod A C W^q) the map 



3.2. Open Suborbifolds and restrictions of orbifold maps 

As an application we define the notion of an open suborbifold. Any subset of a metrizable space 
with the induced topology is again a metrizable space. Every metrizable space is paracompact 
and HausdorfF by |20l Theorem 5.1.3]. Since the base space Q of the orbifold {Q,U) is metrizable 
by Proposition 12.4.31 each of the subspaces in the following constructions will be a paracompact 
Hausdorff space. 

3.2.1 Definition (open suborbifold) Let {Q,U) be an orbifold. An orbifold {X,X) is called open 
suborbifold of {Q,U) if there is a map [l] ~ [(t, { ik J^ei ; [Pi H)] ^ Orb {{X, X), {Q,U)), such that 

(a) i is a topological embedding with open image, 

(b) every ik is a local diffeomorphism. 

A map b with the properties (a) and (b) is called open embedding of orbifolds. 
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3.2.2 Definition (Restriction of an orbifold map to an open subset) Let {Q,U) be an orbifold and 
C Q be an open subset. The subset Un { {V, G, ij}) G U\ip{V) C } is an orbifold atlas of il, 

turning the inclusion lq: ^ Q into an open embedding of orbifold. Define the restriction [f]\n of 
[/] G Orb HQuUi), {Q2M2)) to n via 

[f]\n [/]oM 

3.2.3 Definition (Corestriction of an orbifold map) Let {X,X) be an open suborbifold of {Q,U) 
together with open embedding of orbifolds [t]. Consider another orbifold (Q', V) and a map [/] G 
Orb ((Q', V), {Q,U)) with representative / = (/,{ fk }kei ) (P^ ^ [/]; such that Im/ C Imt. 

For fc G / let the lifts be given as fk - Vk Ua(k) where {Ua(k)iGa{k)i'4'a(k)) is an orbifold chart. 
Then Im/^ C ip~^^^(lva. l) holds. As Im/fe is connected it is contained in a connected component of 
the invariant set 4'a(k) '')■ "^^^ connected components of an invariant set are G'Q(fc)-stable subsets 
of Ua(k)- Hence these connected components can be made into orbifold charts for the subset Imi. 
Using these charts, Lemma fE.4.21 shows that there is a representative g G Orb(V',W) of [/], such 
that each lift gk : Uj, of g satisfies fiUj.) C Imi. Define the corestriction of [/]: 

[/]r":= GOrb((Q',V),(Imi,Z^|i^0) 

In particular we obtain a unique map ([t]P™')^^ o [/]|^™' G Orh {{Q' ,V), {X, X)) into the open 
suborbifold. By definition of the equivalence relation IE.4.3[ the class [/]|^™'^ does not depend on 
any choices made in the construction. 

3.2.4 Remark 

(a) An orbifold {X,X) is an open suborbifold of {Q,U) if and only if there is an orbifold diffeo- 
morphism from {X, X) to an orbifold which arises as the restriction of U to an open subset. 

(b) Consider an open subset C Q and the representative / = (/, { /fc j^^gj , [-P, i^]) of [/] G 
Orb {{Q,U), {Q', yV'))i such that there is J C / with the following properties: 

Vn { (VS, G,, vr,) C and n = U^^j ^jiV,) hold. 

Define Pj '■= PnC/iVo and set i/j :— v\p,. The composition in Orb is induced by composition 
of suitable representatives of these maps. Hence a computation with the representative above 
yields [/]|n = [h], where h := (/|o, { fj , [Pj, lyj])- 

(c) Let {X,X) be an open suborbifold with open embedding of orbifolds [I]. By construction 

[/]|lm£= [/]o[qo(i]|I-0"' holds. 

(d) In section |4] tangent spaces of orbifolds and the tangent orbifold are defined. As those objects 
are defined via an arbitrary orbifold chart, analogous to the manifold case, for each open 
suborbifold {X,X) of {Q,U) the tangent spaces T^X and are canonically isomorphic. 
If the open suborbifold is an open subset we shall identify the tangent spaces later on. 
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3.3. Partitions of unity for orbifolds 

3.3.1 Definition Let {Q,U) be an orbifold, V ■— {{Vi,Gi,TTi)\i S /} a representative of U and 
endow R with the trivial orbifold structure (i.e. the one induced by its manifold structure). 

A family < {xi, \ xi ( i[Pii '^j]) r — Orb(V, { idg }) is called smooth orbifold partition of unity 

subordinate to V if the set of continuous maps { Xi is a partition of unity subordinate to the 
open covering { n.iVi) i.e. 

(a) supp Xi ^ Vi for all i G /, 

(b) the family {suppxi j^g/ is locally finite, 

(c) > 0, yi e I and J2iei — 1 for each x e Q 

3.3.2 Proposition (Partition of Unity) Let {Q,U) be an orbifold then there exists a smooth parti- 
tion of unity on hi. In particular, for each representative VoflA there is a smooth orbifold partition 
of unity subordinate to V. 

Proof. Each representative of U allows a locally finite refinement by Lemma 12.6.51 (b) , thus the 
assertion will be true if the existence of a smooth orbifold partition of unity for an arbitrary locally 
finite representative of lA can be verified. 

Let V := { (C/q, Gq., 7rQ,)|a G / } be a locally finite representative and V := { iTiiUi) be the family 
of open images of the charts in V. Since Q is a paracompact HausdorfF space, applying |20l Lemma 

5.1.6] twice, there is a locally finite family of open sets C C C C ^^{110) such 

that I W^^ a £ / 1 covers Q (here the closure means closure in Q). Let W^^ :— T^a^{W^), i = 1,2. 

Observe that since C Im tTq, it is closed in the subspace topology. On ImTr^, we identify 
tTq, with the quotient map onto the orbit space of the Ga-action on This map is surjective 
continuous, open and closed by Lemma lB.1.41 Hence for i = 1,2 |19l IIL Theorem 8.3 (5) and 

Theorem. 11.4] imply 7Ta(Wl) = and Wl C tt^HW^)- Vice versa p, III. Theorem 11.2 (2)] 
yields = tt"^ (^^a^ ■ By construction, every set is Ga-invariant by construction. 
The manifold Ua is a smooth connected paracompact (hence second countable by Proposition 12.4.2] ) 
and finite dimensional manifold. By the smooth Urysohn Lemma (cf. |15i Corollary 3.5.5.]) for 
manifolds, there is a smooth map /" : C/q — ?> [0, 1] such that /"|pj7T = 1 and supp/" C W^. Define 
an equi variant smooth map with values in [0, 1] by averaging over GqI 

Notice that C supp da ^ still holds by Gc-invariance of these sets. In particular the map 
vanishes outside of . Define a map for every /3 G / as follows: 



Up ^ [0,1], 



9a{T:-^7rpix)) Ti-^^fi{x)^% 
7r-i^^(x) = 
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By construction the Ga-equivariance of 9^ implies that Oa^p is a well-defined G^-equivariant map. 
We claim that Oa^p is smooth: To see this note that for each x € 7rJ^(Im7rQ) there is an open 
neighborhood Vx C [/^ of x and a smooth change of charts morphism A : Vx Ua- On the open 
set Vx, the map daj3 is a composition of smooth maps: 9a.i3\v^ — 9a o \. Hence on n^^ (limTa) the 
map 9a_p is smooth. 

By construction supp^Q C Si Ua holds, i.e. we obtain 7r^(supp C Wa C ImTTo,. The above 
shows that 9a, is a smooth map on the open neighborhood 7rJ^(Im7rQ) of its support. Outside of 
this set the map vanishes and in conclusion 9a, i3 is smooth. 

Notice that by construction 9a.a ~ ^a holds. Since the family V is locally finite, for x E Q there are 
only finitely many a E I, such that 7r^^(a:;) ^ 0. Define another G^-equivariant smooth map on Up: 

Xa,/j: f//3 ^ [0, 1],Xq,/3 ^"'^ 



s/3 



The map Xa,a satisfies Xa,a\u \yy2 = 0. Since every chart map is an open map, the map Xa,a 
descends to a continuous map on Q: 



Xa-Q^ [0, l],a;t-^ 



Xa,aT^a^{^) X £ Ua 

xeQ\Ua 



By construction suppXa ^ T^a{Ua)- For every a G I the smooth map Xa.a is a lift of Xa hi the chart 
{U^, Go-, tTct) £ V. The family V covers Q and we have constructed a family of continuous maps with 
smooth lifts in every orbifold chart of V. As [0, 1] is a trivial orbifold, the following data completes 
the construction of an orbifold map: Choose the quasi-pseudogroup P := Ch\> which generates *(V) 
and take v. Ch\> '^'(R), / H> idR. These choices lead to a map (xq,, { Xa,a } , [P, v\) which clearly 
satisfies the requirements of definition IE. 2. 51 (cf. IE.2.6|) and { Xa '■— (Xqi { Xq,o- } i [^"1 H) lag/ ^ 
Orb(V, {idR }) is a family of charted orbifold maps. 

The construction of Xa shows C suppxa ^ TiaiUa) and the sets Wa cover Q. Thus the family 
{ supp Xa leg/ covers Q and since V is locally finite, this family is locally finite. A quick computation 
now shows for x £ Q: 

The family { Xa }a^i therefore is a partition of unity subordinate to V. In conclusion, the family 
{ Xa }aei * smooth orbifold partition of unity subordinate to V. □ 



3.3.3 Notation Let {Q,U) be an orbifold and { Xq } an orbifold partition of unity subordinate to 
the locally finite orbifold atlas V indexed by I as in Proposition 13.3.21 For any pair (a,/3) £ I x I, 
the lift of Xa on Up will be abbreviated as Xa,i3- 



4. Tangent Orbibundles and their Sections 



In this section we construct an analogon to tangent manifolds and tangent maps for an orbifold. 
Tangent orbifolds are well known objects (cf. [TJ Proposition 1.21]). However the bundle map 
associated to a tangent orbifold turns out to be a map of orbifolds. This allows us to define 
orbisections, i.e. maps of orbifolds which are sections of the bundle map. In chapter 16.11 these 
orbisections will be the model space for the diffeomorphism group of an orbifold. Furthermore it is 
possible to construct a tangent endofunctor for the category of reduced (smooth) orbifolds. For the 
rest of this section let {Q,U) be an orbifold. We begin with the construction of tangent orbifolds: 

4.1. The Tangent Orbifold and the Tangent Endofunctor 

4.1.1 Construction (Tangent space of an orbifold) Let p e Q ^^nd {Vi,Gi,TTi) G 14, i = 1,2 
arbitrary orbifold charts with p e T:i{Vi). Consider pairs {'Ki,Vi), i = 1,2 where Vi G T^-Vi with 
Xi G TT~^{p). Notice that by compatibility of orbifold charts, there exist open neighborhoods Xi G 
Ui C Vi and a change of charts morphism X: Ui U2, such that X{xi) = X2- Identify the tangent 
spaces Tx^Vi with the corresponding tangent spaces of the open submanifolds Ui CVi. Since every 
change of charts morphism is a diffeomorphism the tangent spaces T^^Vi and T^^^ V2 are isomorphic. 
Introduce an equivalence relation on the set of all possible pairs of this kind: We declare two pairs 
to be equivalent (7ri,wi) ~ {7^2,^2), if there are open subsets Xi G Ui C Vi and a change of charts 
morphism A: Ui U2 such that TX{vi) = V2- Here TX: TUi — )■ TU2 is the tangent map of A. Since 
T : Man — > Man is a functor (Man being the category of smooth manifolds) , the relation ^ is an 
equivalence relation. The equivalence class [tt, v] of one of the above tupel is called formal orbifold 
tangent vector and define the set of all formal orbifold tangent vectors at p TpQ- 
Consider xi,X2 £ 7r^^{p), {U,G,Tr) G U. The isotropy subgroup Gx^ acts on T^-U via the linear 
diffeomorphisms 7.W := T^-^.v. Every 7 G G is a self-embedding of orbifold charts, whence 



Let ii G Tx^U/Gxi be the equivalence class of u G Tx^U for xi G n ^{p)- We obtain a bijective map 



Endow TpQ with the unique topology making the bijection fc^^ a homeomorphism. The space TpQ, 
is called tangent space of Q at p. We claim that the topology on TpQ does neither depend on the 
choice of charts nor on the preimage in any given chart. Choose some chart ([/, G, tt). As a first 
step, we prove that the topology does not depend on the choice of the preimage in this chart: 

Step 1: Choose another X2 G tt~^{p). There is some 7 G G with j.xi = X2- The isotropy 
groups of xi and X2 are thus conjugated via ^.Gx^'y^^ — Gx2- The derived actions of Gxi on 
Tx-U, i — 1,2 are conjugated via the linear isomorphism Tx-^y, which induces a homeomorphism 
Tx-^"/: Txj^U/Gxi TX2U / Gx2- For v G Tx^U let v be its image in Tx^U/Gx^ and compute 



(tt, u) ^ {■n,Ty.v) V7 G G. 



(4.1.1) 



K^:Tx,U/Gx,^TpQ,K'{i) :=T7r{v) := [n,v]. 



{k:^r'[7T,Tx,j.v] = TxMv). 



32 



4 TANGENT ORBIBUNDLES AND THEIR SECTIONS 



Since T^^^ is a homeomorphism, so is (fc^^) -'^fc^^ : T^^U /Gx^ — >■ T^^jCx^- In conclusion the topology 
on TpQ does not depend on the choice of Xi G 7r~^(p), whence the index of /c^* will be omitted. 



Step 2: Consider another chart (W^, if, ■0) with p G -(/'(W^) and pick y G By compatibility 

of charts, there are open subsets x € Vjj Q U, y € Vw Q W and a change of charts homomorphism 
A: V[/ — > Vw with X{x) = y. Shrinking the open sets Vu, Vw, we may assume that (Vu, Gx, i^Wu) is 
an orbifold chart and A an open embedding of orbifold charts. This map conjugates the G^r-action 
on TxU to the i/j^-action on TyW again inducing a homeomorphism Tx\'. TxVjj /Gx — > TyVw / Hy. 
As in step 1 a well-defined homeomorphism is given by 

o fc-1 : TxU/Gx ^ Ty/Hy, i ^ TX{i). 
Therefore the topology on TpQ is independent of the choice of charts. 

4.1.2 Remark Let {U,G,tt) be an orbifold chart with p £ ImTr. The homeomorphism TpQ = 
TxU/Gx for X G 7r^^{p) allows us to think of TpQ as an orbifold. In particular locally (i.e. in 
a suitable chart of the manifold used to define the tangent space) the tangent space TpQ may be 
identified with a convex cone. In contrast to angent spaces of manifolds, the tangent spaces of an 
orbifold will not be vector spaces. Nevertheless, each orbifold tangent space contains a zero element 
Op := [tt, Ox], where (U, G, tt) is a chart with p = tt{x) and O^; G TxU the zero element. 

In the manifold case, our definition boils down to: The tangent space of a manifold (i.e. trivial 
orbifold) at p is the tangent space of the manifold at p. 

4.1.3 Definition (Tangent Orbibundle) Consider the set TQ '■— [Jpi=Q%)Q- Since the tangent 
spaces are mutually disjoint, we derive a well-defined map 

TiTQ : TQ Q, [ip, v] M> 'ijj{x), where v ^ Tx domip. 

Let {U,G,iIj) G W be an arbitrary chart, then G acts on TU via the derived action j.X :— Tj{X). 
Define 11: TU — ?> TU /G to be the quotient map to the orbit space with respect to this action. Using 
the notation of Construction 14. 1 Tl we obtain a map for {U, G, ip) G U: 

Tip-.TU ^ TQ,v^ 

In particular, each v G TxU is mapped to some [tj:, v] G T^(x)Q- We equip TQ with the final topology 
with respect to the family { Tip }(^u q ti>)eu- 

This topology induces a canonical orbifold structure on TQ- An atlas for this orbifold is given by 
the family {TU, G, Tip), where ([/, G, ip) runs through U. The G-action of the chart {TU, G, Tip) is 
the derived action of G, i.e. j.v :— Tj{v). With respect to this structure ttiq induces an orbifold 
map. Its lifts are given by the bundle projections TU — U, for {U, G, tt) G U. 

We define the tangent orbibundle (or tangent orbifold) T{Q,IA) of {Q,IA). It is the unique orbifold 
derived from {TQ, B-ru), where Bfu is the maximal atlas induced by TU. A detailed proof for the 
details of this construction will be given in the next Lemma. 



4.1 The Tangent Orbifold and the Tangent Endofunctor 
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4.1.4 Lemma Let (Q,U) he an n- dimensional orbifold. Using the notation of Definition ]^- 1^ the 
following statements hold: 

(a) Let (U,G,'>p), {V,H,ip) g U and X: U ^ W W CV a change of charts. Its tangent map 
TX: TW — > TW' is a difjeomorphism with TtpTX = Tiplxw- 

(b) For any chart {U, G,ip) E U we set U := tpiU) and TU ImTijj. Tehn TU is an open set in 
TQ and Tip is an open map. 

(c) TU ■■= { {TU, G, Ti;)\{U, G,ip) €U} is an orbifold atlas for TQ. 

(d) The map ttt-q : TQ — >■ Q, [t/',!'] i— >■ ip{x), v € T^U is continuous and TQ is a Hausdorff 
paracompact space. In conclusion T{Q,U) is an orbifold. 

(e) TTfQ induces a morphism of orbifolds tt-j-i^q^u) ^ Orb {T{Q,U)i [QM))- 

(f) The topology on TQ induces on each TpQ the topology constructed in Construction [T^XTj 

Proof. (a) For the change of charts A, the tangent map TX: TW TW' is a diffeomorphism. 
It suffices to prove the commutativity for each element of TrW, where r G W is arbitrary. 
Since A is a change of charts. (pX = ^|domA holds. The definition of Tji,(^j.^(Q,L{) yields [ip, v] = 
[ip,TX{v)]. We obtain for v G TW: 

TipTXiv) = [^,TA(«)] = [i^,v] = T^{v) 

(b) The space TQ is endowed with the final topology with respect to the mappings Ttt. To prove 
the assertion we need to show that (T7r)~^(T'(/'(T^)) is an open set for every {W, H, w) and each 

V C TU open. Define the set of change of charts from U to W: 

Chjj^w := { A : U ^ dom A — > cod A C T4^| A is a change of charts } 
Then one computes its preimage as 

(r7r)~i(rv;(y)) = {w g tw\[tt,w] e TtP{v)} 

= { w G TW\3X e Chu,w,w = TX{v) for some v eTV} 
= [j TA(dom XnV) C TW. 

Each TX is a diffeomorphism onto its (open) image, whose domain is an open set. Thus every 
TA(domrA fl V) is an open subset in TW . This proves {T'iT)~^{Tip{V)) to be an open set, 
whence Tip is an open map with open image TU in TQ. 

(c) Let {U,G,(j)) G be an arbitrary chart, then T(f) has an open image by (b). Consider the 
map T(f): TU/G — > lmT(f),v i— >■ [(f>,v]. Combining Proposition \'2.'2.'I\ with the definition of 
the equivalence relation in Construction 14.1.11 this map is a well-defined bijective map. We 
may factor Tcj) as T0 — Tcp o 11, where 11 is the quotient map to the orbit space associated 
to the G action on TU. Since quotient maps and T(j) are continuous, T(f> is continuous. Let 

V C TU/G be an open set, then 11^^ (V^) is an open set. Since Tcj) is open by (b) the set 
T'4>{y) = r0n-i(F) is an open set. Thus is an open map and in conclusion T<j) may be 
factored as the quotient map to the orbit space associated to the group action composed with 
a homeomorphism. In particular, the family 

TU := {{TU,G,TTr)\{U,G,Tr) eU] 
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is a family of orbifold charts on TQ. In (a) we constructed a family of maps which are change 
of chart maps, for TU. Using this family of change of charts, the definition of the tangent 
spaces TpQ shows that each pair of orbifold charts in TU is compatible. Furthermore every 
element of TQ is contained within the image of some chart. Thus TU is an orbifold atlas 
inducing a unique orbifold structure of dimension 2 • dim((5,W) on T{Q,U). 

(d) The definitions of tt-j-q and TQ together with the compatibility of orbifold charts yields 
TT^Q{tp{U)) = Tip{TU), for every {U,G,ip) G U. The images of orbifold charts in U form 
a basis of the topology by Lemma r2.4.1l whence tt-tq is continuous by [20, Proposition 1.4.1.]. 
The space TQ is a Hausdorff space: Let x, y G TQ be distinct points. 

First case: t^tq{x) "'TqIj/)- There are orbifold charts {Ux,Gx,'4'x),{Uy,Gy,ipy) £ U such 
that n-rQ{x) G ipx{Ux), T^TQiv) £ ^v{Uy) and ipx{Ux) <^ ^Jy{Uy) — hold. As the images of 
those charts do not intersect, the set Chjj^^^jjy is empty. By construction of the equivalence 

relation, Tipx{TUx) nT-tpyiTUy) = 0. Hence x £ T^rq^'^^^^^)) ^^^^ V ^ '^rqi'^yiUy)) ^^e 
contained in disjoint open sets. 

Second case: 7r7-Q(a;) — Ti--fQ{y). Choose any orbifold chart {U,G,iIj) with Tr-T-Q{x) e ip{U). 
Then x,y d '^j-q('^(^^) ~ Til)(TU). Both x and y are contained in Til;(TU), which is home- 
omorphic to the orbit space TU /G. This space is Hausdorff by Lemma IB. 1.41 and there are 
disjoint open subsets x £ Vx,y Vy of T%l]{TU). As T%l}{TU) is open, both points are con- 
tained in disjoint open subsets of TQ- In conclusion the space TQ is a Hausdorff space. 
The space TQ is paracompact: Connected components of TQ are closed, therefore [20, Theo- 
rem 5.1.35] implies that Q will be paracompact if each connected component of TQ is para- 
compact. We claim that each connected component C of TQ is second countable. If this were 
true, paracompactness of a component is assured by the following observations: The quotient 
map to an orbit space preserves locally compact spaces by Lemma [8.1.41 Thus TQ is locally 
compact, whence a regular space. Combining Theorem 3.8.1] and [20| Theorem 5.1.2] 
second countability of a component implies paracompactness of that component. 
Proof of the claim: Every component C" C Q is second countable (cf. Proposition 12.4.3")) . 
The continuous map ttt-q maps C into some component G' C Q. Since G' is second countable, 
there is a countable base B of the topology on G' . Orbifold charts with images in G' also form 
a base of the topology by Lemma r2.4.1l Thus without loss of generality B contains only (open) 
images of orbifold charts {Ui,Gi,TTi) £ U. By construction of tttq, the countable family of 
open sets TB := { T7r,{TU^)\{U„ G^, tt^) G B } covers C. Observe that TU, = TU,/G, and TU, 
is the tangent manifold of a connected paracompact manifold hence itself connected paracom- 
pact and thus second countable by Proposition 12.4.21 The quotient map to the orbit space is 
continuous and open by Lemma [B . 1 .41 which implies that TUi is also second countable. As a 
countable union of open and second countable spaces, the component G is second countable. 

(e) The map ttt-q is continuous by (d) and we have to construct lifts for tt'tq'- Consider an 
arbitrary orbifold chart {TU, G, Tip) G TU. Let tttu '■ TU — > [/ be the bundle projection of 
the tangent bundle. This map is smooth (as a map of smooth manifolds), and we obtain a 
commutative diagram: 

Tlh 

TU >TU 



TTTU 



4.1 The Tangent Orbifold and the Tangent Endofunctor 
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Define the quasi-pseudogroup Ptttq •= U(c/w)gWxw {^'^I''^ ^ Chjj^w }. We have to show that 
this quasi-pseudogroup generates ^{TU). Let G ^{TU) and pick an arbitrary v G domt/j. 
Then there are (T{7, G, Ttt), {TV, H, Tijj) G and an open set w G 17 C TU , such that ip\nis 
a difieomorphism onto an open set 17' C TV which contains w := (f{v). Since Tip{w) = Tn^v) 
holds, the equivalence relation shows that there are open sets x ^ W C U, y G W C V and 
a change of charts morphism A: — > W such that v G T^W, w G TyW' and T\{v) — w. 
Shrinking W and W^' we may assume, that T\ : TW — ?• TW' is an open embedding of orbifold 
charts. Thus on TW the maps TA and (p\tw are embeddings of orbifold charts. By Proposition 
12.2.21 there is a /i G i?™ such that h.TX — ^p\tw- The definition of the group action on charts in 
rU yields lp\tw = h.TX = T{h.X). Thus h.X G impliesr(/i.A) G -P7rr(Q,„)- In conclusion 

Pn-^Q generates '^{TU). Define the map 

^-TQ-Pr^TQ ^ 'i!{U),TX^X. 

By construction this map satisfies (R4a)-(R4d) of definition IE. 2. 31 and therefore 

T^T(QM) — {TTTQA^Tu\{U,G,Tr) eU},[P^^,^,v^^Q]) G OTh{TU,U) 

is a representative of an orbifold map. We call t^t^q^u) the bundle projection of the tangent orbi- 
bundle. By abuse of notation, we let 'r^-T(Q,u) be its equivalence class in Orb(7"((3, W), {Q,U)). 
(f) Choose some orbifold chart {U,G,ip) G U such that tttq{p) G V'(t^)- Shrinking the chart, we 
may assume {z} = V'^^(^Tq(?'))) i-S- G = r.^^Q(p). By construction TpQ C Tip{TU) holds. 
Recall from (c) that Tif; = Tip o 11, where 11 is the quotient map to the orbit space with respect 
to the G-action on TU and Tip is a homeomorphism. Observe {Tip)^^{TpQ) — Il{TzU). Notice 
that for manifolds the subspace topology of T^JJ C TU coincides with the usual topology of 
T^U. As the quotient map to an orbit space is open, \19, VI. Theorem 2.1] proves that the 
subspace topology of {Tip)^^{TpQ) and the quotient topology on Il{TzU) = T^U/G coincide. 
In construction 14.1.11 TpQ has been endowed with precisely the same topology. Hence the 
induced topology on TpQ coincides with the one from definition 14.1.11 

□ 

Notice that for any trivial orbifold (i.e. for a manifold), the tangent orbibundle coincides with the 
tangent bundle of the manifold. For a non-trivial orbifold, an explicit example of a tangent orbifold 
will be computed in Example 14.3.81 

Mappings into the tangent orbifold admit representatives, which are charted maps whose range atlas 
is contained in Th(. Thus orbifold maps into the tangent orbifold always posses representatives which 
may be computed in the canonical orbifold charts of the tangent orbifold. 

4.1.5 Lemma Let [/] G Orh {{Q,U),T{Q,U)) be an arbitrary orbifold map. There is a represen- 
tative f G [/], such that the range atlas of f is contained in TIA. In other words f is a charted 
orbifold map with f G Orb(V,TW), where V is some representative ofU. 

Proof. Let [/] be as above. Consider the bundle projection ttt{q,u) from Lemma [4. 1.41 We may thus 
compose i^q-^q^u) o [/]. Reviewing Lemma |51l Lemma 5.17], the composition in Orb is induced by 
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the composition of representatives of the equivalence classes. Hence there are representatives V, V" 
oiU resp. a representative V' of Bj-u, together with charted orbifold maps g S Orb(V, V") such that 
g £ [f] and h e Orb(V", V") induced by the representative t^t^q^u)- the composition is given as 
TT-r(Q,u) ° [/] = ° 5])- Let V" be indexed by J. Again by the proof of jH] Lemma 5.17], for every 
chart {Uj,Gp^j) e V, there is an open embedding Xj: {Uj,G'j,ijjj) -)• {TV,H,TTr) for some chart 
{TV, H, Ttt) G TU. Let V be indexed by /, then g = (f, {g^\^ € I } , [Pg, i^g]) where gt: U, ^ U'^f^^. 
We define a new set of lifts via fi := \a{i)gi- Set Pj :— Pg and let 

Vj-. Pg = Pj. *(rW),7 Ku)Vg{l)\J^,y dom7 C [/j, cod7 C Ui 

Clearly each Xa(j)Vg{^)\^^^^^ is a well-defined change of charts map in "^{TU) and satisfies the 
requirements (R4a)-(R4d). Therefore / := (/, { /i , [f^, i^j]) £ Orb(V,TW) is a representative 
of [/] with the desired properties. □ 

4.1.6 Remark 

(a) Let V be a representative of the maximal atlas U of an orbifold {Q,U). The group action 
on a chart in V acts on the tangent chart via the derived action. Since the tangent func- 
tor T: Man — > Man (where Man is the category of smooth (not necessarily finite dimen- 
sional) manifolds) is functorial, Proposition 12.2.21 (e) and the definition of the tangent man- 
ifold imply that T*(V) :— {TA|A G '4'(V) } is a quasi-pseudogroup which generates ^{TV). 
Furthermore, if P is some quasi-pseudogroup which generates 'S'(V), the quasi-pseudogroup 
TP := {TA|A eP} generates *(rV). 

(b) Let A,/i G Chv,w be change of charts and X G doniTA n domT/i such that germj^- TA = 
germjsf Tfi holds. Furthermore let Ux '~= TV be an open X neighborhood with TX\u^ — T^\u-^ . 
This implies \'nTv\ux — fJ-''^Tv\ux- Since tttv is an open map, HTviUx) is open and contains 
-KTviX), thus germ^^^(^) A = germ^^^(^) ^ holds. 



The observation made in the last remark, allows us to introduce tangent orbifold maps: 

4.1.7 Definition Let {Qi,Ui), « = 1, 2 be orbifolds and [/] G Orb[(Qi,Z//i), ((32,^2)] be amorphism 
with representative / = (/, { /, , [P, ly]) G Orb(V, W). 

Furthermore let V { {Vi, Gi, G / } and W ;= { {Wj,Hj, (pj)\j G J }. For two change of charts 
TA = Tfj. is satisfied iff A = a^, whence Tv.TP^ *(rW),rA H- Tv{\) is a well defined map. 
Here TP is the quasi-pseudogroup of some (P, v) in the class [P, v] as in remark 14.1.61 (a) . The 
class [TP, Tv] does not depend on the choice of (P, v) in [P, v] by the definition of equivalence (cf. 
Definition IeT5|) . 

Combining remark 14.1.61 fb) and the properties (R4a)-(R4d) of Definition IE. 2. "3] for the map v w.r.t. 
F := Yiiei fi' T'^ satisfies properties (R4a)-(R4d) with respect to P' := Uie/'^/i- particular 
we derive TLpa(i)T fi{T\.x) = Tip^^j-^T fj{x) for each A G Chy^yi- Thus there is a well-defined 
continuous map T f : TQi TQ2,Tf{x) T(pa{i)T fiT^~^ (x) , x G ImP'f/'i. 
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In conclusion, a charted map of orbifolds is given by 

ff := (T/, { Tf,\t el}, [TP, Tu]) e Orb(rv, TW) 

The map Tf is a representative of the orbifold tangent map [Tf] of [/] . We have to check that the 
construction of this map is functorial. 

4.1.8 Lemma The assignment T: Orb Orb, {Q,U) ^ T{Q,U), [/] i-> [7~/] is a Junctor, i.e. 

(a) If e — (idg, { Ji j^g^ , [P, v]) G Orb(V, W) is a /z/^ of the identity id(Q ^^6*^ 7~e is a /i/t o/ 
the identity idq-{^Q u) 

(b) Lei f^{h\j^^ [Pf.vf]) e Orb(V, W) and g = G J},[Pg,v,]) G Orb(>V,i^) 
t/ten Ti? o / = T5 o 7"/ holds. 

(c) Two representatives /i,/2 0/ [/] G Orb ((Qi, Wi), (Q2,^2)) induce equivalent charted orbifold 
maps, i.e. \Tfi\ — \Tf2]- The map \T f] is called orbifold tangential map. 

(d) [7W] = [fg] o [Tf] holds for [/] G Orb((0i,Wi),(Q2,W2)), [g] G Orh i{Q2,ll2), (QsM)) ■ 

Proof. (a) For each i G / let the lifts fi'. Vi — > W^Q,(i) be given with respect to the charts 
{Vi,Gi,'ipi) and (VF^ji), iJ^ji), iy9Q,(i)). Here «:/—>■ J is the map which assigns to fi the 
chart WQ,(i). Each fi is a local diffeomorphism by Definition IE. 3. 51 Using functoriality of 
T, again Tfi is a local diffeomorphism. By Proposition IE. 5. 31 the assertion will be true if 
Tidg — id-y-Q holds. Consider x G TQ with x G ImTipi for some i E I. Choose G TVi 
with Tipi(zx) = X and observe that by Proposition IE. 3. 21 we may choose orbifold charts 
{Sx,Gx,ipx[Sj:) and (5*4, Gfp, V'z:|sx)' with Tr^y. (x) G 5*0; such that fi induces the identity on 
Sx with respect to idg^ and (.fils^)^^- Hence fi\s^ is a change of charts map, which implies 
TidQ(a;) = T idQ{Ttl;i{zx)) = TLpa{i:)T fi{zx) = Tipa(i)T{fi[sJ{zx) = x. 
(b) Define /i^ := ga{i) ° fi and h — go f . Then go f is given hy h = (h, { hi[i e I } , [Ph, i^h])- From 
Definition 11X71 we infer T^goJ) = {Th, {Th,\i e I } , [TPh , Tv,,]) . 

By construction one has Tf G Orb(TV, TW) and Tg G Orb(7'W, TU). These charted orbifold 
maps may therefore be composed as in construction IE. 4. II The charted orbifold map Tf o Tg 
is given as hj- := [Tg o Tf, { Tga{i) o T fi[i G / } , [Phr^ ^hr])- By functoriality of T we have 

hi — T{ga{i) o fi) — Tga{i)Tfi for i G /. Hence the lifts of T{g o f) and hr coincide for each 
i <E I. We conclude Th = Tg o Tf. 

If {TPh,Tvh) ^ (PfiTi'^hT) holds, both maps will be equivalent as charted orbifold maps. By 
construction of the quasi-pseudogroups this indeed follows directly from the functoriality of 
T and property (R4b) of Definition IE. 2. 31 However, since quasi-pseudogroups work with the 
germs of maps, the computation has to be carried out on the germ level. Here are the technical 
details: 

Let X, fi G Chvi,VjThi G /, A G TPh, f- G Phr and X G domAndoni/x with germj,;- A = 
geinix /i. To assert the equivalence, we have to prove the identity 



S^^^^Th^ix) Tvh{\) = germj,^^(_Y) ^hAl^)- 



(4.1.2) 
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Set X := TTTVi{X). By definition of the quasi-pseudogroups of / and g (combine Remark l4.1.6l 
and Construction IE.4.1|) , we obtain the following data: 

1. ?7, p e Pf, X 6 Urj,x,Up^x open and Jyk^.x > Plc/p.x £ Ph with A = Tr]\u,^ ^ and geiuix H = 
gernix Tp, 

2. £,r,,x, ^p,x e Pg with i^hivlu^.J = i^g('?r,,2:) and germ^^(^) = germ^^(^) i//(77), respec- 
tively for Vh{p\u,,J = Vgiip^x) and gerniy^(^) ^p^x = germ^,(a:) '^/(p) 

3. e TPg with Vhriy) = Tvgi^f^.x) andgCTnij,^.(^) ^^^x = gernij,^.(^) Tvf{Tp). 

For (pyip d Pf and z G doni0 n domip remark [4. 1.61 (b) implies germ^ = germ^ ip if and only 
if germ^ Tc/) — germ^ TV' for some X e Tz^i- Exploiting property (R4b) for Vf we obtain 
gerniy^(^) = germ^^(^) whence germy^^(x) Ti^f{T(f>) = germj,y^(x) Tvf{T%l;) holds. 

Analogously the same holds for Ug and i^^ by 1. and 2.: 

germT/^.(x) Tj^^IA) = germj,,,^(x) Tvhiv\u„.J = germj.^^(x) Tvgi^rt^x) 

We already know germ^j- T77 = germ^^ A = germj,^- p = germj,^- Tp and by remark 14.1.61 (b) 
germ^ 77 = germ^ p follows. Using property (R4b) for Vf and 2. one obtains germj.j-^^ ^^^a; = 
germ^,(x) '^fiv) = germ^,(x) ''fip)- 

Together with 3. this yields germy^^(x) ^C^y.^; = S'iT^'^Tf,{x)Tvf{Pp) = S'^^^Tfiix) ^fj^.x- 
Again by 3. and property (R4b) for Tvg we derive: 

Sermrp^^^x) Tvh{\) = germj.^^(x) Tvg{T£,n,x) = germ-r;,^(x) Tj^gfe,^) = E^^'^tk(x) VhAp) 

Since X, \,p were arbitrary, {TPhiTvh) ^ (PhTT^hr) holds and we conclude T{go f) = 
TgoTf. 

(c) We already know by (a) and (b) that T is functorial on charted orbifold maps. Hence we may 
apply T to the diagramm ()E.4.2p which defines the equivalence of charted orbifold maps (cf. 
Definition IE. 4. 31 and the assertion follows. 

(d) This is just the combination of (b) and (c). 



□ 
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4.2. Orbisections 

In this section we study sections of an orbifold into its tangent orbibundle. These maps will be 
called "orbisections" and may be thought of as an analogon to the vector fields on manifolds. In this 
section {Q,U) will be an orbifold. 

4.2.1 Definition A map of orbifolds [a] e Orh {{Q,U),T{Q,U)) is called orbisection if it satisfies 

7i'r(Q,t/) ° [^] = id(Q,w) 

Its support supp[a] is the closure of {x S Q\a{x) ^ 0^ }, where 0^ G TxQ is the zero-element. We 
define the set of all orbisections Xorh {Q) of the orbifold {Q,U). 

An orbisection [a] G Xoih {Q) with suppfa] C K for some compact subset K C Q,is called compactly 
supported (in K). 

For K C Q compact define the set Xorb {Q)k '•— { [^] ^ ^Orb (<3)|supp[(T] C K} of orbisections 
supported in K. Let Xorb {Q)c be the set of all compactly supported orbisections in Xorb (Q)- 

If M is a trivial orbifold (i.e. a manifold), orbisections are vector fields on the manifold. In this 
case, it is often advantageous to consider the representative of a vector field X: M ^ TM in pairs 
of charts. For a manifold chart ^ of M, this representative is defined to be Xxs, := o X o 
These representatives are invaluable for the study of vector fields. It is possible to obtain lifts of a 
similar kind for orbisections on arbitrary orbifolds. 

4.2.2 Definition Consider [a] € 3£orb {Q) with a := (u, {cTj }^^J ,Pa,ycr) S Orb(V,7~^'). If every 

(Tj is a map (7^ : 1^ — > TVi, such that tttVi ° (^i = idy. holds, the family { ctj j-^j is called family of 
canonical lifts for the orbisection [a] with respect to V. If there is no risk of confusing which orbifold 
atlas is meant, we will also say that {ai is a canonical family for [a]. 



Representatives of orbisections with canonical lifts with respect to a given atlas are unique: 

4.2.3 Lemma Let [f] 6 Xorb (Q) o,nd V C U be an arbitrary orbifold atlas, such that there exists 
a representative h = {f,{ fi , Ph, Vh) € Orb(V, TV) whose lifts form a canonical family for [f] . 
Then h is unique, i.e. if there is another representative of [/] whose lifts form a canonical family 
with respect to V, then the members of this family must coincide with { fi 

Proof. Let g = (/, {gi\i G 1} ,Pg, Vg) G Orb(V, TV) be another representative of [/] whose lifts form 
a canonical family with respect to V. For each chart {Vi,Gi,tpi), i & I we have nxVifi = i^TViQi- 
On the other hand Qi and /, are lifts of /, thus for every point x &Vi, there is 7^ G Gj, such that 
T^xfi{x) = 'Jx-fiix) = gi{x). Combining these observations, we derive 



X = TTTVifiix) = -KTViQiix) = -KTViT^xfiix) = Jx-X 



(4.2.1) 
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Thus for each x G Vi\ (i-e. x is non-singular), we derive 7^; = idy^ and fi{x) = gi{x). The 
continuous maps fi and gi coincide on the dense set Vi \ and therefore ft = gt. □ 

It turns out that analogous to vector fields on manifolds, one is able to construct a canonical 
family for each or bisection with respect to any given orbifold atlas. At first we have to assure that 
there is at least some canonical lift for a given or bisection: 

4.2.4 Lemma For every orbisection [f] £ Xorb iQ) there is a representative V of U indexed by 
some I and a representative of an orbifold map g — {f,{fi}, [Pg, i^g]) G Orb(V, TV), such that 

(a) g e [/], 

(b) { fi is a canonical family for [f] with respect to V. 

Proof. Following Lemma 14.1.51 we choose an orbifold atlas W indexed by /, such that there is a 
representative h = (f, {hij.^j ,[Pf^,iyf^]) G Orb(W,r^^) of [/]. For i £ /, {Vi,Gi,ip^) G W and 
(TUa(i), Ga(i),'^a{i)) ^ TL{ its Hfts are given as hi: Vi ^ TUa(i)- By Lemma |4. 1 .51 the composition 
h\ := 7rT£/„(.) o /ij : Vi — >■ Ua(i) is a local lift of idg, since TT-r{Q,u) ° [h] = id(Q,;^). For each v G Vi 
there is an open Gi -stable set V^" by Proposition IE.3.21 such that hjlyv is an open embedding of 
orbifold charts. 

Thus Vi may be covered by a family | Vf J G Ji | of open Gi -stable subsets, such that h]\yj is an 

embedding of the orbifold chart (Vi ,Gyj ,tpi\yj) into Wa(i)- Define an orbifold atlas V C U via 

V := I (Vi ,Gyj ,ipi\yj) i e /, j e Ji |. Since hj is invertible on each V^/, j G Ji one may construct 
a family of lifts for / as follows: Set 

fr^Tih^\y^)-'oh,\y^:V^ ^TV^. 

Since h] is a local lift of the identity, so is Thj (cf. Lemma [4.1.81 (a)). The f^ are induced by hi 
with respect to the inclusion of and the open embedding Thjlrpyj. Thus f^ is a lift of /, such 

that TTrpyj o f^ — idyj holds. The members of := | i G /, j G Ji | lift / with respect to V. 

We proceed to construct a pair (P, v), such that / := (/, T, [P, v]) G Orb(V, TV) is a representative 
of [/]. Choose a representative {P^,v^) of [P^,;/^]. There are well-defined maps s,i: Pj J, such 
that for each A G P^ we have dom A C Vg^\) and cod A C Vt(^x) . The sets V^s(a) , ^t(A) are covered 
by the open sets V^^-yyj G Js{\) resp. V^^^^yk G ^t(A)- For every \ E Pg using corestriction and 
restriction of A, we define a family | /^^(A) j G Js(x), k G ^i^t(A) | of change of charts morphisms via: 

We claim that P := |/i*^(A) A G Pj^j G Js(x)ik G A't^ | is a quasi-pseudogroup generating ^(V): 
Observe that Pf^ is a quasi-pseudogroup generating 4'(VV) and P was constructed by restricting 
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elements of Pj^ to open sets. Each chart (V]^ ,Gyj ,ipi\yi) is embedded as an open set in Vi. A 

change of charts t: 12 U V C thus induces a map in ^'(W). Locally r may therefore be 
represented by elements of P^. We conclude that P generates ^{V). 

Since dom fij{X) is an open subset of V^/, rdom/i^(A) may be identified with an open subset of 
TV^ . Thus a well-defined a map v: P ^ \J'(TV) is given via the assignment 

Consider the map F := IJjg/jg/. //• A computation yields 

Thus 1/ satisfies (R4a) of Definition IE. 2. 3 1 Since i'^ satisfies (R4b)-(R4d) of Definition IE. 2. 31 these 

properties also holds for i' and we have constructed a representative / := (/, T, [P, f]) £ Orb(V, TV) 
with the required properties. □ 

4.2.5 Proposition Orbisections preserve local groups. 

Proof. Consider [/] € Xorb (Q) together with a representative / — {f,{fi}^^j,Pf,i'f), such that 
{ fi }^^J is a canonical family with respect to some orbifold atlas V. Consider x d Q together with 
an orbifold chart {Vi, Gi, ipi), such that x G 'ipi{Vi). Recall fi^X (Vi), i.e. it is a vector field on Vi. 
Choose z with ij^ii^) — We have to prove that coincides with Gf.(^z)- To this end consider 
7 £ G f.^^y By definition 7 acts on TV via the derived action j.v :— Tj{v). One computes now: 

z = T^TViMz) = TTTv^il-fiiz)) = TTTv^T-yifiiz)) = '^.TTTVifiiz) = -y.z 

Thus every 7 6 Gf.(^z) is an element of G^. Hence ^: Gf.(z) ~^ ^2,7 1— > 7 is an injective group 
homomorphism. We claim that 9 is surjective. To prove this, consider 5 £ Gz. Observe that every 
(5 e is a change of charts (even an open embedding of orbifold charts) and there is g £ P together 
with an open (connected) neighborhood £7^ C ^ of z, such that (5|o^ = g\Q,^ holds. The map Vf{g) 
is a change of orbifold charts of TV into itself. Restricting to the open connected component G of 
domv f{g) which contains fi{z), |48l Lemma 2.11] implies that there is a unique 7 e G, such that 
i'f{g)\c — 7|c- the open set fl^ fl f~^{G) the identity 

•^^ °'^|o,n/-i(C) = ^fi9)h\n,nf-\c) = 7-/»ln,n/-i(C) (4-2-2) 

holds. The set n /r^C") is a non-empty open set and by Newmans theorem IB. 2. II there is a 
non-singular y £ il^ri fj^^{C). Specializing to y, equation (|4.2.2p yields: 

M^-y) = l-Mv) = T^fi{y) =^ S.y = TTTvJi{S.y) = TTrViT-y fi{y) = -y.y 

Then S^^j.y = y and y being non singular forces j — 5. Applying this to (|4.2.2p we obtain: 

Mz)^ f,{S.z)^T5.f,{z)^5.Mz) 



In other words 6 fixes fi{z) and thus S is an element of the isotropy subgroup Gf.i^z)- Thus 9 is 
surjective. We conclude that 9: Gz Gf^(^z)il >-->■ 7 is an isomorphism of groups and the local 
groups Tz and ^ f(z) isomorphic. □ 
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4.2.6 Proposition Let [f] be an orbisection and V C U an orbifold atlas. Furthermore let 
f ~ (/; { /i lie/ I [^/j i^/]) G Orb(V,7~V) be a representative of [f] such that { /i is a family 
of canonical lifts. For each element (f> of the set of change of charts Chy ofV (cf. Notation \E.2.4^ 
with doni0 C Vi and cod0 C Vj, (Vq., Gq, t/'q) G V, a = i,j, the identity 

/j0 = ?"0/j|doin0 (4.2.3) 

holds. The pair {Ch\;, v), where Chy is the quasi-pseudogroup of all change of charts with 

v. Chv^ <b{TV),(j)^T(j3, 

is a representative of [Pf, Vf]. 

Proof. Pick an arbitrary change of charts morphism cf) as above and choose a representative (P/, Vf) 
of [Pf,Vf]. It suffices to prove the identity (|4.2.3p on small neighborhoods of arbitrary points in 
dom0. Let G dom0 be such a point. Since Pf generates ^'(V) there is an open neighborhood 
Uxo — dom0 C Vi together with G Pf. such that ^xo\U:ca — 't'lu^g definition we obtain 

a local lift of /: 

fAu.o = fntiu.^ = ^f{lt)fAu.o ■ (4.2.4) 

On the other hand, T(/)/j|(7^^ is a well-defined map, since fi\u^g G '^{Uxo)- By Lemma [4.1.41 fal. 
T0 is a change of charts morphism of TV and thus T(j)fi\ij^^ is a local lift of / on Uxq- For every 
y G Uxo '^^ obtain 

T^jMit)My)^T4',Tcj,fdy) 

Thus there is a unique group element gy G Gj, such that gyVf{'^to)fi^V) ~ '^'t'liiv) holds. In 
Proposition 14.2.51 we have seen that orbisections preserve local groups, whence they preserve non- 
singular points. Therefore lifts of orbisections map non-singular points to non-singular points. The 
set Uxo is ^ non-empty open subset of Vi and by Newmans theorem IB. 2. II the non-singular points of 
the Gi-action on Vi are dense in Uxo ■ Using (|4.2.4p for non-singular y G Uxo obtain the identities 

T(l)f,iy) = 9yVf{lto)f^iv) = 9yh4>{y) = Tgy{fj(j){y)) 
^ (/)(y) = TTTV,T(l)f,{y) = TrTvTgy{fj(j){y)) = gy.(j){y). 

As change of chart maps preserve non-singular points and y is non-singluar, gy — idy. follows. 
The maps Vf{'-y'^^)fi and T(j)fi therefore coincide on the non-singular points of Uxo- The non- 
singular points are a dense in Uxo both continuous mas coincide on this set, whence T(j)fi]^u^ = 

The quasi-pseudogroup C/iy generates '^'(V) and our previous considerations show that v (as defined 
above) satisfies property (R4a) of Definition IE. 2. 31 The functoriality of T implies properties (R4b)- 
(R4d) of Definition IE. 2. 31 for {Chy, v). Notice that we did not change the family of lifts { /,; 
Thus h := (/, { fi , [Ch, v] G Orb(V, TV) is a charted map, such that [/] = [h]. □ 

4.2.7 Remark Let M,N be smooth manifolds and f : M ^ N he a, smooth map. Recall that 
a G j£ (A/) and r G X{N) are called f -related if Tf o a = t o f holds. Hence Proposition shows 
that canonical families of an orbisection are families of pairs of /-related vector fields, where / runs 
through the change of charts of the domains of the pair. 
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4.2.8 Lemma Let [f] be an orbisection and V be an arbitrary representative of U. There is a 
refinement V' of V and a representative h := (f, {hi}^^j ,[P,iy]) G Orb(V",7~V') of [f], such that 
{ hi is a family of canonical lifts for [f] . 

Proof. By Lemma 14.2.41 we may choose a representative W oiU indexed by / and a representative 
^ = (/; { 9i J [P^ € Orb(W,T>V) of [/], such that {gi is a canonical family. Choose a 
common refinement V" of W and V. The refinement V' induces a common refinement TV of TV and 
TW, since open embeddings of orbifold maps are mapped to open embeddings of orbifold charts via 
the tangential functor T. Let V" be indexed by J and a: J — >■ / be the map, which assigns to j g J 
the codomain of the open embedding of orbifold charts Aj : {V ,G' ,ti') —> {Wa{j)THa{j),i^a{j))- The 
family { gi j^^^ is a canonical family, therefore 

5a(i)Aj(V"/) = g„(j)(ImAj) C TlmAj 

Define the maps hj {T\j)~^ga(^j-^\j : Vj — ?> TVj. Then Lemma [£.4.21 assures that there is a pair 
(P, i^), such that ft, (/, { hj , [P, i^]) is a representative of [/]. A computation yields 

for each j G J. Li conclusion { hj } ^ j is a canonical family and the domain atlas of /i is a refinement 
of V. ^ □ 

The results obtained so far show that each orbisection possesses representatives, whose lifts form 
canonical families for suitable refinements of U. We will now prove a converse: For each orbisection 
and an arbitrary orbifold atlas, there is a representative, whose lifts form a canonical family with 
respect to the given atlas. This result is quite surprising since in general maps of orbifolds need not 
have lifts on an orbifold chart chosen in advance. 

4.2.9 Proposition Let [/] G Xor6 (Q) and W be an arbitrary representative of lA indexed by 
J. There exists a representative g — (/, { 5i , [P, i^]) G Orb(W, TW), such that {f^ij^gj is a 
canonical family with respect to W . 

Proof. Lemma 14.2.81 allows us to choose a refinement V of W indexed by / and a representative 
h := (/, { fvi , [P, 1^]) G Orb(V, TV) of [/], such that { /y^ is a family of canonical lifts for 
[/]. Let {Wj,Gj,i/jj) G W be an arbitrary orbifold chart. We have to construct a local lift of / 
on {Wj,Gj,tpj). This will be achieved by an application of Zorns Lemma (cf. |20l L4]): Recall the 
notation introduced in Lemma 14.1.41 2.: 

Chvi,Wj := { A : Vi ^ dom A cod A C Wj\ \ is a change of charts } . 

Consider the set Loc{Wj) of all smooth maps h: Wj ^ C/ — s- TU C TWj on arbitrary open and 
connected sets U C Wj, such that Ttpjh = /V'j|domh- 

h{W^) := \he Loc{Wj) 



V(T^j,Gi,7rj) e V and VA e Chy^Wj, /i|cod Andom/i = T^M>^i^l^xndomh 
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In order to use Zorns Lemma, we have to verify various facts: First of all L(lVj ) is non-empty. To see 
this, simply choose {Vi, Gi, Tii) € V, such that 7Ti{Vi) Dip j{Wj) ^ 0. Pick x € Vi, with Tri{x) € ipj{Wj) 
and observe that by compatibility of charts, there is a change of charts map A^^ : Vi D fl]. H.^ C Wj. 
The hft ■ Vi — TVi induces a lift on ft^ via 

This map is smooth and Q.^. is a connected open set. A computation shows Tipjf^^j = ftpjl^j and 
thus /qj G Loc(Wj). Considering /i £ Chv^.,Wj, k £ I, we have to check that f^j satisfies the 
defining identity of h(Wj). As il^ is open, on every connected component C of cod^ H Sl^j,, we 
obtain a change of charts A|^^/i|^-i(c) G Chy^.v^- Without loss of generality P = Chy holds and v 
is the map constructed in Proposition 14 . 2 . 6l A computation then leads to: 

Since was arbitrary, f^j is an element of L(VKj). The set L(VKj) is thus non-empty and the 
construction shows that for y G Wj, there is an element gy G L(M^j), such that y G domgj,. Define 
a partial ordering on L(Wj) via 

g < f domg C dom/ and J\doxng = 9- 

We have to prove that {L{Wj),<) is inductively ordered. Let S be an arbitrary chain in 'h{Wj). 
If S is the empty chain, every element of L(Wj) is an upper bound of S. If S is non-empty, e.g. 
S ^{gr Irgfl define 

domG^ := domg^ and G5 : domGg — TdomGg, Gs [J 5r- 

The set domGg is open. Since [20, Corollary 6.1.10] implies that the union of an ascending chain 
of connected sets is again connected, domG^ is connected. The map G5 is smooth and satisfies 
T^jGs — ftpj\domGs' since every gr is a map with these properties. Consider a change of charts 
A G Chv^,Wj and the set A :— cod Afldom Gg- This set is covered by the domains dom^^ and on each 
domain the map Gs coincides with some gr- As each gr G L(Wj), G5 satisfies Gs\a — TXfvk'^^A ^ 
whence G5 is in h(Wj). By construction G5 is an upper bound of S and thus {h{Wj),<) is 
inductively ordered. Zorns Lemma shows that there is a maximal element fw G L(Wj). 
Arguing indirectly we assume that domfw ^ Wj. Hence there is 2; G d dom fw , where ddomfw 
is the boundary of the open connected set dom fw in the connected manifold Wj. There is an 
element fz G L(Wj), such that z G dom/^. Without loss of generality, we may assume that 
fz = TXfv^X^^l^j.-^ holds, for some {Vk,Gk,nk) G V and a lift /^^ G {fv, Since dom/^ is 

open and z G ddomfwj, dom/2 n dom fwj 0- Again by [20, Corollary 6.1.10] dom fwj U dom/2 
is open, connected and properly contains dom fw - On dom fw H dom/^ the definition of fz and 
fw, e UWj) yield: 

fz I dom f„. ndom /, = TXfv^: A" | dom fiVj ndom cod Andom fw dom fiVj ndom • 

In particular fz U fwj ■ dom fz U dom fwj T{domfz U domfwj) is a well-defined smooth map, 
with Tipjfz U fwj = /'0j|dom/,u/n,'. ^hc open connected set dom /via U dom/2. An analogous 
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argument as in the construction of the upper bound for a chain in L(Wj) shows fz U fwj G 
This contradicts the maximahty of /vy , whence dom/w — Wj holds. 

Observe that fw is a vector field, since each /y. is a vector field and fw G L(VFj). Repeating the 
construction for every chart in W, we obtain a lift of / in X (Wj) for each {Wj,Hj, e W. 
Set : Ch\) '4'(TW), h n> Th. We have to show that the pair (C/iy, i^v) together with the family 
{ f^j }w satisfies property (R4a) of Definition IE . 2 . 3) To this end, pick an arbitrary change of charts 
h G Ch\! and let dom/i C Wr-, cod/i C Wg for some charts (PKi, Gq,, tTq,) £ W, a = r, s. It suffices 
to prove the identity /n/^, h = Thfwr on an open covering of dom h. Let x £ dom h and choose a 
chart {Vi, Gi, tt^) e V and a change of charts A: Vi ^ U C dom/i, with a: G il. By construction 
fwr\n = rA/v^A^^lfj holds on il and since hX G C/iy^.M/^, the construction of fw^ implies 

J^vWfwAn = Thfw,h = r/iTA/v.A-i|o = T(/iA)/v.A-i;i-i/i|n 
^ T{hX)fvAhX)-^h\n ^ fwMn- 

This proves property (R4a) for the pair (C/iv,^'v) and the family of lifts { /vy^. | (Wj, ifj, tTj) gW}. 
By Proposition I4T61 we obtain a map g := (/, { /w, | (W^j , Gj, V'j) G W} , [C/iv,J^v]) e Orb(>V, T>V) 
and the family { fw^ }yy is a canonical family for [g]. 

The atlas V is a refinement of W, thus for every z G /, there is an embedding of orbifold charts 
Ai : (V'i,Gi,7ri) (M^a(i)i GQ,(j),'0Q(i)). By construction we obtain fi = TX~^ fw^^i^Xi and therefore 
every lift fi is induced by a suitable lift of Following Definition IE. 4. 31 we have g ^ h and the 
classes [g] and [/] coincide. Thus the lifts are a canonical family of [/] with respect to W. □ 

Proposition 14 . 2 . 51 shows that every orbisection may be identified in every given atlas with a unique 
family of canonical representatives. In particular, orbisections satisfy analogous properties as G°°- 
sections into the tangent bundle in the sense of [14, After Remark 4.1.8]. 

4.2.10 Remark 

(a) A family of vector fields on an orbifold atlas V, which satisfies equation (|4.2.3p . induces a 
continuous map F: Q ^ TQ (cf . the proof of Proposition 14.3.11 for the explicit construction) 
such that 

- (F, J", [Chv,v]) G Orb(V,rV) with v. Chy ^ *(rV), A ^ TA, 

- is a canonical family . 

Vice versa, if (/, { fi\i G / } , [P/, Vf]) is a representative of an orbisection, whose lifts form 
a canonical family with respect to an atlas V, the above construction for G / } yields 

the map /. Lemma 14.2.31 implies that an orbisection is uniquely determined by its family of 
canonical lifts with respect to any atlas V. This induces a one to one correspondence between 
the set of orbisections and families of vector fields for some orbifold atlas V. which satisfy 

(b) Notice that (a) implies: For [/] G Xorb [Q) and ([/, G, V') G W there is a unique vector field 
/c/ G X (C/), such that for / = (/,{ G /} , [F, v]) the identity T^fu = /?/' holds. 

(c) The canonical lift of the zero orbisection with respect to some orbifold chart ([/, G, -0) is the 
zero-section in X {U). If [/] G Xorb (Q) is an orbisection and [U, G, -0) G W is some chart, such 
that '0(C/) n supp[/] = 0, then the canonical lift of [/] on U is the zero section in X([/). 
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4.3. Spaces of Orbisections 

In this section spaces of orbisections are studied. We shall endow them with the structure of a real 
topological vector space: 

4.3.1 Proposition The set Xorb {Q) of orbiseetions is a real vector space with pointwise vector 
space operations. The zero element Qorb G ^Orb{Q) of XorbiQ) is called the zero orbisection. 
Endowing XorbiQ) with this vector space structure, the sets XorbiQ)^ — ^OrbiQ)c ^ ^OrbiQ) 
become linear subspaces. 

Proof. Let [/] , [g] G Xoib (Q) and choose an arbitrary representative V of the maximal orbifold atlas 
indexed by some set /. By Proposition 14.2.91 we may choose unque representatives of orbifold 
maps / = (/,{ e /} , Pf, Vf) e Orb(V, TV) of [/] and g =(<?,{ ff.N e /} , Pg, Vg) € Orb(V, TV) 
of [g], such that the families of lifts are canonical families. Without loss of generality Pf ^ Pg ^ Ch\> 
and J^/(A) = i'g(A) = TX hold by Proposition I4.2.b1 By construction for each i G I the lifts are 
vector fields fi,gi G X (Vi). Recall from [15, 2.7] that the vector space structure on X (Vi) is induced 
by pointwise operations. We define the vector space operations on Xorb {Q) via the following 
construction: 

For z G M consider fi + zgi: Vi — > TVi G X{Vi). Remember that tangent maps act as linear maps 
on each tangent space. For every change of charts A G ^(V) with domA C Vi and cod A C Vj we 
obtain: 

(/, + zg^)\{p) = f,(\(p)) + zg,{\{p)) = Vf{\)f,{p) + zvg{\)g,{p) 

= Tpm(p)) + zXpX{zg,{p)) = TpX{f,{p) + zg,{p)) (4.3.1) 
= : Vf+^g{X){fi{p) + zg,{p)) 

Define the quasi-pseudogroup Pf+zg '■— Ch\! together with i^/+2g: Pf+zg ^ ^{TV), X i-> TX. The 
pair {Pf+zg, i^f+zg) and the family {fi + zgi\iGl} satisfy properties (R4a)-(R4d) of Definition 
IE. 2. 31 We have to provide a continuous map f + zg : Q ^ TQ, such that every fi + zgi is a local 
lift for this map. 

Observe that for (T^^, Gi, V'i) G V the action of Gi on TVi is the derived action. Thus 7 G Gi acts 
via the linear map Tp7 on the tangent space TpVi. Specializing (|4.3.ip one obtains [fi + zgi)(^.x) = 
Tj.{fi{x) + zgi{x)). Define for each chart (VijGijipi) G V a map on ^pi(Vi) by: 

/ + zg\^^{Vi) ■ i^iVi) Tiji{TV),x ^ o (/j + zgi)tp''^{x) 

This map is well-defined, since for every choice in Tp^^{x) the assignment yields the same image. To 
see this choose p,p' G ip~^{x), there is some 7^ G Gi such that ji.p — p' holds. As T^i is a change of 
charts, we deduce TVjC/j + ^9i){v') = T'^Afi + zgi){j.p) = Tip^Tj{f^ + zgi){p) = Tipi{fi + zg^){p). 
The maps Ttpi, {fi + zgi) are continuous and tpi is open as a composition of the quotient map to an 
orbit space with a homeomorphism. Thus / + zg|^.(v'.) is continuous and fi + zgi is a lift for this 
map. We claim that for every pair (i,j) E I x I the maps / + Z(7|^.(y.) and / + zg\^.(y.'f coincide 
on V'j(^) l~l ^i[Vi). If this were true, then f + zg: Q ^ TQ,x f + Z(7|^.(y.)(a;), Vx G ipi{Vi) is a 
well-defined continuous map. We obtain a charted orbifold map 



/ + zg := if + zg, { f^ + zg,\i e I } , Pf+zg, i^f+zg) e Orb(V, TV), 
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such that each lift fi + zgi is a vector field. Hence { /i + zgi\i S / } is a canonical family with respect 
to the atlas V and [/ + zg] £ Xorh {Q) holds. Proof of the claim: Consider x € H ipj{Vj). For 

every pair ya £ V'a^(a;), a e {i,j}, there is a change of charts morphism X: Vi ^ U ^ V Vj, 
such that X{yi) = yj. Again by (|4.3.ip . the claim follows as 

/ + zg\^jiv,)ix) = TiJ)j{fj + zgj){yj) = TtPjif^ + tgj){\{y,)) 

= Til)jT\{f, + zgi){yi) = TV'j(/, + zg,){p) = f + zg\^^(^v,){x) 

It remains to show that the construction does not depend on the atlas V. Let V" be another 
representative of U and /' resp. g' be representatives of [/] resp. [g], whose families of lifts form 
canonical families with respect to V". By Lemma 12.6.21 we may choose a common refinement of V 
and V' . The definition of equivalence of orbifold maps implies that the classes will be equal if the 
induced lifts on this refinement coincide. Without loss of generality we may assume that V" refines 
V: Let V = { {Wk,Hk,4>k)\k & K} and a: K ^ J he the map, which assigns to fc G if an element 
of /, such that there is an embedding of orbifold charts : {Wk, Hk,4>k) {Va(k),Ga(k),'^Pa{k))- 
The atlas TV for TQ is a refinement of TV. In particular TXk is an embedding of (TWk, Hk,T(pk) 
into (rt/„(fc),ii„(fe),TV'„(fe)). Let /' = (/, { /^[fc e if } , P}, i^}) and g' = {g,{g'^\k e K} .P'^^v'^). 
Withoput loss of generahty P'^ ^ P'^ = Chw and f'/iX) = v'g{X) = TX, VA e C/iyy hold. Since 
{ fi\i G i } and { gi\i G i } are families of vector fields, we obtain induced vector fields TX^^ fa{k)^k 
and TX'f^'^ g^(^k)^k- These induced lifts are canonical lifts for [/] resp. [g] with respect to W by 
Lemma 14.2.81 As canonical lifts are unique by Lemma 14.2.31 we obtain 

f'k = ^fa{k)^k, g'k = TXj^ ^ga(k)^k- 

Constructing /' + zg' G Orb(V',TV') as above, the lifts of this map satisfy: 

TX'^^{fa{k) + zga{k))>^k = TX'^^fa{k)>^k + zT X^^ ga{k)>^k = /(■ + zg'f., \fk e K 

From this observation readily f + zg ^ f + zg' follows. A vector space structure on Xorb (Q) is 
thus defined via the assignment: 

[/] + z[g] := [TT7g] 

Clearly Oorb G j£orb {Q)k — -^Orb (Q)c holds, whence these subsets are not empty. The last claim 
follows from the definitions: For G Xorb (Q)c with supp[/] C K and supp[g] C L with 

K,L C Q compact, one obtains supp([/] + z[g]) C supp[/] U supp[5] C_ KU L. Therefore Xorb {Q)k 
and Xorb (Q)c ^re linear subspaces. □ 

Our goal for the remainder of this section is to topologize the vector spaces Xorb (Q) and 
Xorb (Q)c- If Q is a compact topological space, then Xorb (Q) will be a Frechet space. 



4.3.2 Lemma Let {Q,U) be an orbifold and V an arbitrary representative of U indexed by I. 
There is a bijection identifying each [/] G Xor6 (Q) with a unique representative /y, whose lifts 
\ fUi {Ui, Gi, ipi) G V > form a canonical family for [/] with respect to V. 
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(a) The map 



Ay: XorbiQ) Y[X{U.,),fv ^ {fu,)iei 



lei 



is a linear injection into a direct product of topological vector spaces ( cf. Section \C.3\ for 
information on X {U) ), whose image is the closed vector subspace 



VA e C/iv, domA C t/,,codA C Uj, f'\ = T\f,\ 



dom A 



(b) If V is a locally finite atlas, the map 



Ay: Xorb{Q)c ^^{Ui) Jv ^ {fu,)iei 



is a linear injection into the direct sum of topological vector spaces (cf. 13 7, 4^-3]). Taking 
identifications, its image is the closed vector subspace H H ^ -^^j X (Ui) . 



Proof (a) For [/] G Xorb (Q), we let { fu. 



i £ / 1 be the family of canonical lifts with respect to 

V. Proposition 14 . 2 . 6l shows that ImAy is contained in H. Remark 14.2.101 fa) implies that Ay 
is injective and Im Ay — H holds. The vector space operations of Xorb (Q) are defined via 
poitnwise operations for families of vector fields. Hence by definition, Ay is a linear map. 
We have to show that is a closed vector subspace. Consider A € C/iy and gx : X (dom A) — >■ 
X (cod A) , X TA oX o\^^ . The map g\ is well-defined and we claim that g\ is continuous. 
To prove the claim several facts about the topology oi X{U) from Section IC.3I 
Consider the change of charts A: Kj(a) 2 domA cod A C T^fA)- Its domain and codomain 



are open submanifolds of Kj(A) resp. Vt(A)- Choose an arbitrary atlas G 7^ } of cod A 

as an open submanifold of Vt{\)- Since A: domA — > codA is a diffeomorphism, {^/ifcAjfe G -ftT} 
is an atlas of domA. The topology on X(domA) resp. X(codA) is the initial topology with 
respect to the family {6jpf,\)k£K , resp. {0^^)k£K by Lemma IC.3.21 Thus g\ is continuous iff 
the composition 0^,^ o gx is continuous for each k G K. The canonical lifts considered are 
A-related vector fields, whence for k € K we obtain a commutative diagramm: 



X (dom A) 

C-(A-i(C/^J,M") 



9A 



C°°(A"\R") 



X (cod A) 



-^C-(C/v„,K") 



The map in the lower row is a puUback by a smooth map, which is continuous by 
3.7]. The map O^^x is continuous and we conclude that 



Lemma 



ogx^C°^i\-\R'')oe^,X 
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is a continuous map. Since k was arbitrary gx is continuous as claimed. By [251 Lemma F.15 
(a)]^ the map reSj^^j^^'^ : X (f/s(A)) ~^ ^ (dom A) , which sends vector fields to their restriction, is 

(A)) — > X(codA), whence 



continuous. We obtain a continuous map G\ := g\ o res^^'j^'^)^ : X {U, 



the subspace 



Ax ■■= { (/.) e n 

{Ui,Gi,i>,)&A 



res„ 



(/t(A)) - Ga(/s(a)) 



is closed. The space H is the intersection H = [\ 



Ax and thus ff is a closed subspace. 
(b) The atlas V is locally finite and thus only finitely many charts intersect a given compact set. 
In particular Ay is well defined. The canonical injection /: ®jg/X(C/i) Yiiei'^iUi) 
continuous by [37, 4.3.1] and I^^{H) = H D ®jg/X(C/i) is a closed subset of ®jg/X(C/i). 
Again by Proposition l4.2.6l Im Ai; is contained in I~^{H) and by remark l4.2.10l Av is injective 
and ImAv = I-\H) = H n^^^jXiU,). 



□ 



4.3.3 Definition 

(a) As usual U is the maximal atlas of the orbifold {Q,U). Endow Xorb (Q) with the locally 
convex vector topology making the linear map 

A : Xorb (Q) -> n ^ ('^) ' ^ ifu)(u,G,mu 
{u,G,ip)eu 

a topological embedding. Here we have used the unique lifts fu constructed in remark r4.2.10l 
We call this topology the orbisection topology and note that it is the initial topology with 
respect to the family of maps T[/ : Xorb (Q) X (U) , [/] >-> fu, {U, G, ^p) £ U. 

(b) Let V := { {Vj, Hj,ipj)\j e J } C W be a locally finite orbifold atlas, such that each chart in V 
is relatively compact. Endow Xorb {Q)c with the locally convex vector topology making 

Av : Xorb (g), ^ X (F,) , [/] ^ {fv,),ej 

from Lemma [4. 3. 21 fb*) a topological embedding. We call this topology the compactly supported 
orbisection topology (or c.s. orbisection topology). 

With respect to this topology, the linear maps ry. : Xorb {Q)c ~^ (^ ) j [/] ^ fv are contin- 
uous for each (Vj, Gj, ipj) G V. 



^The article | 25| use an other concept of differentiability in locally convex vector spaces which is adapted to non- 
discrete topological fields. However as [5| Proposition 7.4] asserts, this concept of differentiability coincides with 
the one from Definition 12 . 1 . 1 1 on open sets of locally convex vector spaces over the field M. As we are only intersted 
in this case we may use the results of 1251 without restriction. 
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As in the manifold case, it suffices to work with any atlas for the or bisection topology respectively 
the c.s. orbisection topology does not depend on the choice of locally finite atlas. To prove the 
independence of the compactly supported orbisection topology from the choice of the orbifold atlas 
relatively compact charts are needed. Hence the additional requirement in Definition l4.3.3l is needed. 

4.3.4 Lemma Let W — { (Wi, Gi, 4>i)\i E 1} be an arbitrary orbifold atlas for Q. 

(a) The orbisection topology is initial with respect to the family (TvKi )(VFi,ff^,<^^)eW■ 
(b) Let W be locally finite such that each chart in W is relatively compact. The c.s. orbisection 
topology 0\} with respect to V and the c.s. orbisection topology Oyy with respect to W coincide. 



Proof. (a) Let T be the initial topology on Xorb (Q) with respect to iTWi)(Wi,Gi,ci>i)£W- The 
topology T is clearly coarser than the orbisection topology. Fix {U, H, "0) € U, we have to 
show that Tu : (Xorb (Q) jT) ^ X (U) is a continuous map. 

The family of open sets ^Vi U H Wi i € I ^ is an open cover of U. Define Vi Tp^^{Vi) 

to derive an open cover of U. By |25l Lemma F.16] the topology on X{U) is initial with 
respect to the family (resy.)ig/. Since every Vi satisfies ip{Vi) C by compatibility of 

orbifold charts, there is a family of change of charts maps {\ik)keKi Q Chwi,u, such that 
Ufceifi cod Aife = Vi. 

Another application of [25, Lemma F.16] implies that the topology of X{Vi) is initial with 
respect to i^^s^od x ^^keKi- Using transitivity of initial topologies, tu will be continuous with 
respect to T if we can show that every 

f^k ■= T^Gs'^odX.k Xorh (Q) ^ X(codAife) 

is continuous for i ^ I^k <E Ki. But |25l Lemma F.15 (a)] implies that res^jj^^,^: X{Wi) 
X(domAifc) is continuous. Thus the proof of Lemma 3321 shows that each g^.j, is continuous. 
We conclude from fi^ = g\ res^^ ^ TWi that tu is continuous with respect to 7" for every 
{U,G,ip) eU. Thus T is finer than the orbisection topology, whence both topologies coincide, 
(b) Consider V — {{Vj, Hj,ipj)\j 6 J}. Combining Lemma [2.6.21 and Lemma [2.6.51 (c) we may 
choose a locally finite refinement 72. of V and W such that each chart in TZ is relatively compact, 
embedds into some charts in V and W and the closure of the embedded images are compact 
subsets of the orbifold charts. As we can interchange V and W it is clearly sufficient to prove 
that the c.s. orbisection topologies induced by V and TZ coincide. To keep the notation under 
control, without loss of generality W is a refinement of V with the properties described above 
(i.e. the ones from Lemma [2.6.51 (c)). In particular for each i e / the set Wi is a Ha^iystable 
relatively compact subset of Va(i). 

Step 1: The topology Ow is finer than Oy Let a: I ^ J he the map which assigns to 

{Wi,Gi,cj)i) e W the chart {Va(i),Ha(^i),'ipa{i)) G V, such that the inclusion Wi C Va(^i) is 
an embedding of orbifold charts. As the charts are relatively compact, by local finiteness of 
the atlases, a^^(j) must be a finite set for each j £ J. Since a~^{j) is finite, we obtain a 
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well-defined linear map 



Qw otherwise 



For a ^{j) — 0, pj is continuous as a constant map. If a ^(j) ^ 0, we may rewrite pj as a 
composition: 

iea-^{j) iei 

Here the second map is the canonical embedding and p* :— i"ces^,)i^a~^{j) is the obvious 
combination of restriction maps. As each component of p* into the direct product is contin- 
uous (see [25! Lemma F.15 (a)], the map is continuous and therefore pj is continuous. We 
obtain a continuous linear map p: ^j^ j X {Vj) ^.^^j X {Wi) , {Xj)j^j M' X^jgj Pj(-^j)- 
The topologies Oy and Ow are induced by the maps Ay: Xorb (<9)c resp. 
Aw : Xorb {Q)c ^ ®ie/ ^ (^O- Obviously p satisfies po — Ayy and thus Ow Q C'v- 



Step 2: Neighborhoods in X{Vj) induce neighborhoods in (Xoib {Q)ctOw) 

The atlases V and W are locally finite and the charts in each one are relatively compact. 

Hence for each i G I resp. j € J there are finite sets Ji C J (resp. Ij C /) such that 

MW^) n MVk) 7^ if and only if k e J„ 
tpj (Vj-) n MWr) 7^ if and only if r e Ij . 

For j e J the topology on V-j is induced by an embedding : X(V,) Ilfce-Lj ^"^([/ks^ , K'^), 
where {U^.^,, Hk) is a locally finite atlas of relatively compact manifold charts (this follows from 
Lemma IC.3.21 by local compactness of the finite dimensional manifold Vj ) . Each open set in 
X{Vj) may be obtained as rj^{U) for some open set U C H/tei C!°°{Uk^,R'^). By defini- 
tion of the product topology, a base of the topology is is given by the products of families 
of open sets, which differ from C°° ([/«&, K'') only for finitely many k. Let U a set in the 
base of the product topology, such that Ajj C Lj is the finite set which indexes the compo- 
nents which differ from C°°{U^^,R'^). To f/ C HfeGL associate the relatively 
compact set Pjj := IJfeeAr/ ^i^k- We construct a neighborhood in (Xorb (Q)^ i ^w) induced 
hy V — rj^{U) C X{Vj). By construction, there is an open set V C X{P[j) such that 
V = (reSp^)-i(F) holds. 

Consider the compact sets Kjj :— Pjj and Kjj := ipjlKjj) C -(/;j(Vj). The set Ku is covered 
by UiG/ 4'i{Wi) since W is an atlas and 4>k{Wk) n i^jiVj) 7^ iff fc G Ij. For each i G Ij 
we obtain compact sets Kjj fl V'Q!(i)(W^i) ^ "00(1) (^Q(i)) H ?/'j(Vj). Since the quotient map to 
an orbit space is a proper map, the set Ku{i) :— 'tpJ^{Ku n t/jilWi)) fl Ku is compact. By 
construction these sets satisfy Ku{i) C ip~^(lm'(pa(i)) and if^/ = Uie/ Ku{i). Notice that 
(|>^iW,) = iJa{^)iW^) C i^„(,)(T^) and ibj{Pu) C i^^/ imply Pu n i/;/ ^ (Im ) C i^[;(i). 
Using compactness of Kjjii), by compatibility of orbifold charts, there is a finite family 
i^ij)i<k<Nu i of embeddings of orbifold charts A^^- : Vj D domA^!j — > Va{i) such that Kij{i) C 
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[Jk=i domAfj . For any x G Pu Ci ipj ^{Im 4>i) C Ku{i) there is some X^j with x G domA*j-. 
Since those maps are embeddings of orbifold charts, 'ipa(i)Xij{x) = ipj{x) G (j)i{Wi), hence 
X'ljix) € H„(,).W^. Enlarge the family (A*J,)fc: 

Restrict each ^oX'y-. 7 e -ffQ,(i) to the open (possibly empty) subset of 0^.^ C P^/ n?/'~^(lm0i) 
such that 7 o Afj (0-y_fe) C Wi. Collecting all non-trivial maps, by finiteness of Ha{i) we obtain 
a finite family of open embeddings : Pu n ijjj^ (Ira 3 dom/i^^- Wi, 1 < r < My^^. As 
Pc/ n ^^^(Im./),) C indeed Pu n ^^'(Imf^,) = Ur=i' dom^[^. holds. 

The open sets P[/n'0^^(Im0i), j £ /, cover Pjj, whence the topology on X [Pu) is initial w.r.t. 
the restriction maps res^^ i £ /, by 125, Lemma F.lGl. For each i G /, the topol- 

^ Punip- (Im0i)' J J I < I J I: 

ogy on X (^Pjj DipJ^O^^'Pi)) is initial with respect to the restriction maps res^^j^^^' '■^'"'^'^^ 
r — 1,. . . jMjj^i- By transitivity of initial topologies, the topology on X{Pu) is initial with 
respect to the family of restrictions reSj^^j^ , r = 1, . . . , Mij.,i G Ij. Oberve that each 

arises as restriction of j.X^j to 0^,k for suitable 7 G and A^^ . Hence the canonical lifts 

satisfy 

<^w^^^lj = o-Kv(,) |wi(7Ajj)|o-,,fc = r(7A*j)|To^_^crv^ \o^_^ = T^i^^av^ Idom^tr- (4.3.2) 

Each is an open embedding onto an open subset of Wi. Hence an argument as in the 
proof of Lemma 14.3.21 fa) shows that 0^^^ : X (domyLt^^) — > X (im/x^^) , a ^-^ Tfj.^^ o a o (^[j)~^ 
is an isomorphism of topological vector spaces. Define Eij :— Y[i<r<Mu ('^od ) . Direct 
products in the category of topological vector spaces are functorial, whence we obtain an 
isomorphism JliG/ ni<r<Mj/ ^ (dom/i^^) = Ilie/ ^ij- The identity (|4.3.2p implies, that the 
-image of the restriction of a canonical lift to dom/x[^ is the restriction of a canonical 
lift of the same orbisection to cod . The open sets cod /i^^ are contained in Wi and by 
continuity of the restriction maps res^^^r , open sets in Eij induce open sets X{Wi). The 
topology on X{Pu) is initial with respect to the restrictions to the open sets dom^^j, i G 
Ij, ^ ^ r < Mjji- Summing up, for each V = T~^{U) = (reSp^)~^(V^) there is a family of open 
zero-neighborhoods V'^ C X{Wi) ,i € Ij with the following property: Let [a] G Xorb {Q)c with 
canonical lift <tv on Vj and on Wi ,i G Ij. Then cry. is an element of V if and only if 
aw, G Vi G I J . 

Step 3: The countable case We shall assume for this step only that the atlases V,W are 
indexed by countable sets /, J. 

Consider the vector spaces (®jg/ X (Vi))box respectively (©^gj X (Vj))box endowed with the 
box-topology. Since /, J are countable, the box topology coincides with the locally convex 
direct sum topology by |37l Proposition 4.1.4]. A typical neighborhood in ^j^j X (Vj) is 
given by U := ®j(zjUj, where Uj C X (Vj) is an open set. By Step 2 we may associate to each 
Uj a finite family Uj C X (Wi) ,i & Ij and thus an open subset Ui := PljeJ — i^i)- The 
box U := ®i^iUi is an open set in (® X (Wi))box- Following the construction in step 2, 
we obtain the following conditions for an orbisection [a] with families of canonical lifts {(7Wi)i 
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with respect to W and {(JVj)j with respect to V: 

[a] e Ay\u) ^ Av([<t]) eU (Vj e J) ay, e Uj ^ (Vj e J)(Vi e /j) ctw^, e 

^ (Vi e /) aw, e f]uj^ ^w{[^]) eU^[a]e A^iU) 

jeJ. 

This proves Ay^{U) = A^{U), whence Oy C Oyy holds. In particular an isomorphism of 
topological vector spaces is given by pjj™^^ — A[|^^^ o (Ay™'^^)"-'^) : ImAy — > ImAw- If 
both atlases are countable this completes the proof, as a combination of Step 1 and Step 3 
yields Ov^Ow 

Step 4: The general case In general neither V nor W will be countable (since the orbifolds 
we consider are not cr-compact). Orbifold charts are connected, whence each chart is contained 
in exactly one connected component. Let C be the family of connected components of Q and 
for C S C and an atlas A define Ac ■= { {V, H, ip) G C C }. The subset Ac is an atlas 

of orbifold charts for the component C. We may split the atlases V, W into disjoint unions 
V = UcGC resp. W — \_\cec ^c- By construction Wc still is a refinement of Vc with the 
properties described in Lemma [2. 6. 51 (c) for each C S C. Decompose the direct sums 

0X(T4^.) = 0( ^iW)] 0X(y,) = 0| X{V) 

iei cec \{w,G,<t>)GWc J ie.-' cec \{v,H,ti,)(£Wc 

and observe that the maps Ay and Ayy decompose as Ay — (Avc)cgc E^nd Ayy — (Awc)cec- 
Every connected component C C Q is cr-compact by Proposition 12.4.31 (d). Since Wc 
and Vc are locally finite, both atlases have to be countable. Step 3 yields for each con- 
nected component C an isomorphism — A^'^^^"'"^ (Ay^)l^™'^^c : ImAy^ — > ImAw^- 
Taking direct sums in the category of topological vector spaces is is functorial. Therefore 
®CecP|imAvc ■ ®cgc^^^Vc ~^ ®cec-'^'^^Wc is an isomorphism of locally convex topo- 
logical vector spaces. Observe that the families of canonical inclusions (of vector subspaces) 
Lc: ImAvc ^ ®(y,H,^)eWc respectively : ImAwc ^ ®(w,G,0)e>Vc induce 
continuous linear maps l :— ©ceC-c respectively, l' := ©cec'-'c- By [lOj II. 6, Prop. 8] the 
subspace topology on Im l turns l into an isomorphism of topological vector spaces and the 
same holds for the subspace topology on Imt' and t'. We deduce that 

PlSmA^ = Awl^'"''- o {Ay\'"^^-)-' = ^' ° (Awcl'"^^^ ° (AyJ'^^-c)-^) o 

cec 

is an isomorphism of topological vector spaces. Thus Oy Q holds and by Step 1, we finally 
obtain Oy = Ow- 

□ 



4.3.5 Theorem Let (Q,U) be a second countable orbifold, i.e. Q is a second countable space (or 
equivalently Q is a a -compact space). The topological vector space Xorb (Q) is a Frechet space. 
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Proof. As Q is second countable, there is a countable orbifold atlas { (J7i, G;, V'l) Iign ^'^^ Q- 
Lemma 14.3.41 the orbisection topology is initial with respect to the maps 

TU, : Xorb (Q) X {U^) , [f] ^ fu,. 

In particular Lemma 14.3.21 yields a linear topological embedding 

A: Xorb (g) -^l[xm , [/] ^ ifu.hei 

onto a closed subspace. The manifolds Ui are finite dimensional, connected and paracompact man- 
ifolds. Thus by Proposition 12.4.21 every Ui is cr-compact and second countable. The space M" 
is a Frechet space over the locally compact field M. Combining these observations with IC.3.21 
and |25i Proposition 4.19],X(C/i) with the topology defined in definition IC.3.11 is Frechet space for 
each i G /. The countable product of Frechet spaces is a Frechet space (cf. [19i IX. Corollary 7.3 
and XIV. Theorem 2.5 (4)]) and thus Yiiei i^^) ^ Frechet space. Combining Lemma [4.3.21 and 
Lemma 14.3.41 Xorb (Q) is homeomorphic to a closed subspace of the Frechet space Yiiei^^^i)- 
Thus Xorb (Q) is a Frechet space. □ 

4.3.6 Corollary 

(a) The spaces Xorb (Q) with the orbisection topology and Xorb {Q)c with the c.s. orbisection 
topology are Hausdorff topological vector spaces. 

(b) // {Q,Vl) is a compact orbifold, then the locally convex vector spaces Xorb (Q) o-nd Xorb {Q)c 
coincide. If Q is compact both spaces are Frechet spaces. 

(c) Let V be a locally finite orbifold atlas for Q. The family {ry|(y,G,'0) G V} as in Definition 
\4.3.3\ (b) forms a patchwork for Xorb iQ)c' turning it into a patched locally convex space. The 
topological embedding is given by Ac (cf. Definition \C.3.4^ . 

Proof. (a) We endow the space of vector fields on a finite dimensional manifold with the topology 
introduced in Definition IC.3.11 Since direct products and direct sums of Hausdorff locally 
convex vector spaces are again such spaces by [37. Proposition 4.3.3], the assertion follows 
from |25L Remark F.8] by definition of the topology. 

(b) For finite index sets products and direct sums are canonically isomorphic. As locally finite 
coverings of compact spaces are finite together with 14. 3751 this proves the claim. 

(c) Follows directly from the definition of the compactly supported orbisection topology 14.3.31 

□ 

4.3.7 Lemma Let K C Q be a compact subset and endow Xorb {Q)k — ^Orb {Q)c with the subspace 
topology. The space Xorb{Q)x is a closed subspace of Xorb {Q)^- 

Proof. Choose an arbitrary locally finite orbifold atlas V { {Vi, Gi, G l^\i ^ 1} for [QM]- By 
Lemma [4.3.41 ih). there is a topological embedding Ay: Xorb (Q)^ ^ whose image is 
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closed. For each i I we obtain a (possibly empty) subset Ui := i/'i ^{Q\K). li Ui = 9 holds, define 
Ai :— X{Vi). Otherwise consider x E Ui and a manifold chart {W^,ip) for Vi such that x € W^. 
The evaluation map ev^ : C°°(VK^,R'^) W\£, ^ ^(x) is continuous by EH Proposition 11.1]. As 
the topology on X (Vi) is initial with respect to the maps 9^ : X {Vi) C°°(W^, K'^), X i— > X.ff, the 
point evaluation ev^; : X{Vi) — > IR'*,ct i— ^ ev^ o O.^ia) is continuous. Hence we derive a closed set 
A, := flajGfy, ev^HO)- From [10, II.5 Cor. 1] we conclude that A := ®^^IA^ = H^g/ A,f]@^^^ X {V{) 
is closed. By construction each orbisection in Ay^(yl) vanishes off K. whereas its support must be 
contained in K. We deduce Ay^(yl) — Xorb {Q^)k' whence Xorb {Q)k ^ closed set. □ 

The results in this section suggest that orbisections behave in many ways as vector fields for 
finite dimensional manifolds. Before we end this section we have to point out that in some ways 
orbisections do not behave like vector fields. There may be formal orbifold tangent vectors which 
are not contained in the image of any orbisection. In the manifold case this may never occur. The 
following example was first considered by Borzellino et al. (see |6l Example 43]) in the context of 
their notion of orbifold maps: 

4.3.8 Example Consider M, with an action induced by the linear diffeomorphism 7: R — s- K, a; i-> 
—X. Set G := (7) and let ijj-.K.-^ R/G be the quotient map to the orbit space. The quotient is 
isomorphic to Q := [0,oo[ (as a subspace of R). By abuse of notation we obtain an orbifold atlas 
U := { (R, G, V') } for Q. Now {Q,U) is an orbifold and the local groups are trivial for every point 
except (where it is isomorphic to G). We may thus compute the tangent spaces of Q at x G Q in 
the following way: 

For X we have TxQ = R and 7oQ = [0, oo[. An atlas for the tangent orbibimdle is induced by the 
orbifold chart {TM.,G,TiIj), where G acts on TR via the derived action. Taking identifications we 
obtain TR = R^. The group G acts via elements of 0(1) on R. Hence its action on TM is induced 
by the linear map T7: R^ K^, {x,y) h->- (—x,—y). The topological base space of the tangent 
orbibundle is thus TQ = M^/G. The zero vector is the only fixed point of the derived action of 
G. Since orbisections preserve local groups by Proposition 14.2.51 every orbisection maps S Q to 
£ M^/G = TQ- Thus all orbisections in Xorb (Q) must vanish in S Q and 

Q':= y im/crg 

},P,.)GXo,b(Q) 

Is the topological subspace Q' at least an orbifold? We shall prove that the answer to this question 
is negative. Indeed it will turn out that Q' is not locally compact. 



Claim: Q' = { (0, 0) } U { ]0, oo[xR } C R^ with the subspace topology. If this were true, then the 
assertion follows from the next argument: In the subspace topology on Q' a neigborhoods base of 
(0,0) is given by We = Bf (0) fl Q', where e > is arbitrary. Arguing indirectly, we assume that 
(0, 0) has some compact neighborhood G(o,o) in Q'- There is an e > such that We C G(o,o)- Hence 
We has to be a compact set. Choose a sequence converging to some (0,r) e Bf (0) C R^, r ^ 0, 
then this sequence contains no subsequence which converges in Q' . This contradicts the compactness 
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of We, since Q' is a metric space. Therefore Q' is not locally compact, whence it may not support 
an orbifold structure by Proposition 12.4.31 

Proof of the claim: Remark 14.2.101 shows that every orbisection is uniquely determined by a vector 
field ^ e X (M), such that T-f^ = ^ o 7 holds. In other words: Vx e E, -£,{x) = i{-x). A vector 
field in X (M) is uniquely determined as ^ = (idR,/^) for some smooth map /j: R ^ R. Thus an 
orbisection is uniquely determined by its associated smooth map. We will show first that every 
tangent space TpQ for p 7^ is contained in Q' . Obviously this will be true, if for every pair 
{x,v) G M \ { } X M, there is a smooth map i^^ : M — > R, such that 

Fy{x) = V and F^{-w) ^ ~Fy{w) \/w eR (4.3.3) 

holds. We now construct such a map for arbitrary {x,v) S R \ { } x R: 

Choose an arbitrary smooth bump function ft.: R — >■ [0, 1], such that h{x) = 1 and supp h C ]0, oo[ if 
a; > resp. supp/i C] — cx), 0[ if x < (a smooth function with these properties exists by [36l Sect. 
2.2]). Define the smooth function 

F^:R^M.,t^ (h(t) - h{~t)) ■ v. 

Then = w = ~F^{-x) and F„(-i) = -F^(t) holds for each t G M. Hence for p e Q \ { } the 

inclusion TpQ C Q' holds. A computation proves ([0, oo[xR)/'^ — ri/)([0, oo[xR) = R^/G, where 
X ^ x' ii and only if both elements are in the same G-orbit: x = T^.x' (respectively x — x'). 
The map Tip restricts to a continuous surjective map q := T'(/'I[o,oo[xr on [0, oo[xM C R^. By Lemma 
IB. 1.41 (b) Tip is a closed map, whence we deduce from [19, III. Theorem 11.4] for A C [0, oo[xR: 

^ = TVP) C TV(A) = q(A) 

The last identity follows since the closure A with respect to is contained in the closed subset 
[0,oo[xR. Another application of |19l III. Theorem 11.4] shows that q is a closed mapping. Fur- 
thermore q^^{Q') = { (0,0) }U]0, oo[xR holds. The closed quotient map q restricts to a quotient 
map '?l^-i(Q') by |19l VI. Thm. 2.1]. This restriction of q is an injective quotient map. Hence we 
obtain a homeomorphism Q' = { (0, 0) } U]0, cx)[xR C R^, thus proving the claim. 



5. Riemannian Geometry on Orbifolds 



In this section the notion of a Riemannian orbifold metric is introduced. Our approach follows 
the construction of Riemannian metrics on manifolds (cf. ^ITj Ch. 1.2, Proposition 2.10]). The 
corresponding construction of such an object for an orbifold is well known (see for example |48l 
Proposition 2.20], we also recommend the survey in [T¥l, Appendix 4.2]). Nevertheless the results 
are repeat here for the readers convenience and to fix some notation. 

5.0.1 Definition (Riemannian orbifold metric) Let {Q, U) be an orbifold and consider some orbifold 
atlas V :~ { (V^, G,, V'i)!* G 1} for {Q,U). A Riemannian orbifold metric on Q is a collection 
p — {pi)i^i, where pi is a Riemannian metric on the manifold Vi, such that the following holds: 

(Compatibility) For {i,j) £1x1, and each open Gi-stable subset S C Vi, every embedding of 
orbifold charts A: (S, {Gi)s, V'lls) ~^ i^j, Gj, ipj) is a Riemannian embedding, i.e. 

Pj{TxX{v),Tj:X{w)) ^ Pi{v,w), \fv,w eTxVt, x e S. 

Let {Q,U) be an orbifold endowed with a Riemannian orbifold metric p. The triple (Q,U,p) is 
called Riemannian orbifold. 

5.0.2 Remark Consider a Riemannian orbifold metric p on some orbifold {Q,U). For a chart 
{V, G,ip) G V the group G acts by open self-embeddings of orbifold charts. If V is endowed with a 
member pv of p, each element of G thus acts as a Riemannian isometry with respect to pv- 

5.0.3 Proposition ( [15', Proposition 2.20]) An orbifold {Q,U) admits a Riemannian orbifold 
metric p. 



Proof. By Lemma [2.6.51 there is a locally finite representative V := { {Vi,Gi,ipi)\i & 1} oiU. Let 
{Xi be a smooth orbifold partition of unity subordinate to V, which exists due to Proposition 
13.3.21 Recall from [XX^ that for every pair (i,j) G I x I, there is a smooth lift Xi,j of Xi to 
{Vj,Gj,ijjj). For i e / choose some Riemannian metrics m*^*^ on Vi (cf. |43l VII., §1, Proposition 
1.1]). As Gi acts by diffeomorphisms, we obtain a puUback metrics on Vi. Averaging over Gi, on 
every tangent space there is a positive definite bilinear form: 

(u,t«)W := -L- m'^ghTpg.v,Tpg.w), \lv,w G TpV^, p € Vi 

such that the family (— , — := ((— , —)p ^)p£Vi defines a Riemannian metric on Vi. By construction 
each element of G; is a Riemannian isometry with respect to (— , —}^-^K 

Define a Riemannian metric pi on Vi as follows: The atlas V is locally finite, whence 4>i{p) with 
p G V^i is contained only in finitely many members of V. Therefore there is an open G^-stable subset 
p G Sp <^ Vi such that for y £ Sp, ijji{y) G suppx^ holds only if 4'i{p) G suppx^ for k E I. Shrinking 
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Sp, without loss of generality for each k (z I with G suppxfc there is an embedding of orbifold 

charts : {Sp, {Gi)sp,ipi\sp) Vk- If V'i(l') ^ suppxfc simply set A^ = and define for v,w & TpVt: 

Since the Xj,i ^re the lifts of an orbifold partition of unity, {pi)p is a well defined positive definite 
bilinear map on TpVi x TpVi. The definition of {pi)p neither depends on Sp nor on the choice of A^: 
To prove this claim, consider another Gi stable set p ^ Sp with embeddings pf^. Since we are only 
interested in the tangential map at p (which may be computed in an arbitrarily small open subset), 
we restrict pFj, and A|! to an open and G^-stable subset S Sp C] Sp which contains p. Proposition 
12.2.21 fd) implies that there is a group element g ^ Gk, such that p^^^g = g./\F^g. By construction 
every g g Gk is a Riemannian isometry with respect to (— ,— )^'^'). Thus every choice induces the 
same map. 

The maps A^, Xfe.i ^'fe smooth and for each fc G /, (— , — ^C^) is a Riemannian metric, thus the family 
Pi '■= {{Pi)p)p£Vi defines a smooth map on each open set TSp © TSp C TVi © TVi. By construction 
the map does not depend on the set Sp and thus pi is smooth on TVi® TVi. Hence it is a Riemannian 
metric on Vi. 

We claim that the family {pi)i£i satisfies the compatibility condition of Definition 15.0.11 Con- 
sider arbitrary i,j € I together with an open G,;-stable subset S C Vi and an embedding of orb- 
ifold charts p: {S, {Gi)s,'ipi\s) ~^ (^i^iiV'j)- For P ^ S and v,w G TpVi we have to show that 
iPj)p.{p){Tpp{v),Tpp{w)) coincides with (pi)p{v,w). 

Since p is an embedding of orbifold charts and by construction one has Xk,j — Xk ° V'ii we derive 
Xfcj o A = Xfc,j|domA- We compute: 

(Pi)p(p)(^pM(w),7'pAi(w^)) ^^Xk,jipip)) ■ {Tt,(p)K'^^^Tpp{v),T^(p)\'l!^P^Tpp{w))^^}^^, 

kei 

= T.X^Ap) ■ {TM^''f^)iv),Tp{Xt^'^p){w))%,^^^^ 

^Y.xkAp)-{Tpei{v),Tpei{w))fl^^ 

k£l 

Restrict every non zero map 9^ to a small open G^-stable neighborhood of p, such that the restriction 
of 9^ yields an embedding of orbifold charts (cf. [48', Proposition 2.13]). As the defintion of the metric 
does not depend on the choice of embedding, indeed we obtain 

{Pj)t^{p)iTpP{v),Tpp{w)) = {pi)p{v,w). 

The family p is compatibel as in Definition 15.0.11 whence it is a Riemannian orbifold metric. □ 



A Riemannian orbifold metric (uniquely) extends to the maximal orbifold atlas: 



5.0.4 Proposition Let (Q,U) be an orbifold and V 
lA, for which there is a Riemannian orbifold metric p 
orbifold metric p, which extends p tolA. 



:— { {Vi^Gi,ipi)\i G / } some representative of 
= {pi)i^i. There exists a unique Riemannian 
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Proof. If V is not locally finite, replace V by a locally finite atlas; With Lemma [2.6.51 (b) choose a 
locally finite refinement W of V. Then for every chart in W, there is an embedding into some chart 
in V and we may endow the chart with the puUback metric with respect to this embedding. Since 
/9 is a Riemannian orbifold metric, the compatibility condition assures that: 

i) the puUback metric does not depend on the choice of embedding 

ii) the family of puUback metrics p is compatible in the sense of defintion 15.0.11 and thus /5 is a 
Riemannian orbifold metric. 

Insteas of V the following construction uses the locally finite atlas W :— {{Wj,Gj,ipj)\j G J} 
together with the induced Riemannian orbifold metric p. The construction will just return the 
Riemannian metrics on members of V: 

As W is locally finite, let {xj be the orbifold partition of unity subordinate to W. Consider 
{U, H, (f)) £ U. We construct a Riemannian metric pu on [/, which is compatible with the family p in 
the sense of Definition l5.0.1l For p ^ U there are only finitely many j G I such that (j){Q) G supp Xj- 
Hence there is an an open 7J-stable subset q € Sq Q U, together with embedding of orbifold charts 
rj: {Sq,Hsg,4>\Sg) i^j^Gj^tpj), where j G J is an index such that 4'{q) G suppxj holds. If 
4'{q) ^ suppxj, formally define TqrJ = 0. For q d U we define a positive definite bilinear map: 

ipu)qiv,w) = ^XjJ °Tjiq) ■ Pk{TqT]{v),TqT]{w)), V,W £ TqU 

An argument analogous to the proof of Proposition EHIHl shows that pu — {{pu)p)peu defines a Rie- 
mannian metric on U . We obtain a family of Riemannian metrics for U via p := {pij\ {U, H,<j)) dU}. 
Again as in the proof of Proposition 15.0.31 it is easy to see that the family p satisfies the compatibility 
condition of definition 15.0.11 and is thus an Riemannian orbifold metric. 

We have to verify, that on every chart (V, G, ip) G V, the metrics pv and pv coincide. By 
construction every pk is a puUback metric with respect to an embedding pk- (WkTCkjipk) 
{Va-{k)TGa-(^k)i'>Pa-{k)) G V for a Suitable a{k) £ I. A computation shows for q £ V , v,w E TqV: 

{pv)qiv,w) =J2Xj,j °Tj{q) ■ {pk)rJ{q){TqT]{v),TqT]{w)) 

= ^Xj,j Orjiq) ■ {pV„^^y)p^r](k){Tq{iJ.kT]){v),Tq{pkT]){w)) 
= ■ iPv)<}iV:W) = ipv)qiv,w)J2xjii'i<l)) 



The third identity needs an explanation: Note that all non-zero maps PkTj are open embeddings, 
respectively zero if and only if Xj4'{q) = holds. Since {pvj)j£i is a Riemannian orbifold metric, 
every open embedding of orbifold charts in V is a Riemannian isometry. Thus if PkT'^ is an open 
embedding, we have {pv^(k))tikT;^{k){Tq{pkTj){v),Tq{pkTj){w)) = {pv)q{v,w). Every other entry 
vanishes in the above sum. Since this only happens if Xji^iq) — 0, the desired formula holds. In 
conclusion we have shown pv = pv- 

The compatibility condition of a Riemannian orbifold metric now implies that p is unique. □ 
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Instead of defining a Rieniannian orbifold metric as in Definition 15.0.11 Proposition 15.0.41 yields an 
equivalent definition of a Riemannian orbifold metric: It may be defined as a family of Rieniannian 
metrics on the maximal atlas, which satisfies the compatibility condition (cf. |48l p. 41]). 
Either way, a Riemannian orbifold metric was defined using open embeddings of orbifold charts. The 
reader may have noticed that our working definition of orbifolds (cf. Definition 12.3. ip uses change 
of charts (but is of course equivalent to using embeddings of orbifold charts). The definitions in this 
chapter are slightly easier to formulate using open embeddings of orbifold charts, whereas we chose 
this approach. Nevertheless, change of orbifold charts are Riemannian isometries: 

5.0.5 Lemma Let {Q,l/(,p) be a Riemannian orbifold and consider a change of orbifold charts 
X: U D doniA — >■ cod A C V for some (U, H, (j))^ (V^G^ip) G lA. Furthermore let pdomA be the 
pullback metric of pu with respect to the inclusion domA C U. Then A: (dom A, pdomA) ~^ i^-iPv) 
is a Riemannian embedding. 

Proof. Let p € domA be arbitrary and choose an open connected ff-stable subset p G S C domA. 
Then (S, Hs,(f>\s) is an orbifold chart and X\g is an embedding of orbifold charts. Since pu and 
pv are members of p, X\s is a Riemannian embedding. In particular (pdomA)p — i^*Pv)\(p) holds. 
Since p G dom A was arbitrary A is a Riemannian embedding. □ 

5.0.6 Definition Let {Qi,Ui, pi),i = 1,2 be Riemannian orbifolds and consider a map of orbifolds 
[/] G Orb {{Qi,Ui), {Q2,^2))- The map [/] is called orbifold isometric, if there is a representative 
/ = (/,{ G /}, P, I/) G Orb(V, W), such that each lift fi'.Vi^ Wa{i) is an isometric immersion 
of the Riemannian manifold (14,pi,i) into the Riemannian manifold (^^(i) , p2,i)- 
If [/] is a diffeomorphism of orbifolds which is orbifold isometric, [/] is called orbifold isometry. 

5.0.7 Remark The condition to be an isometric immersion of Riemannian manifolds may be 
checked locally. Lemma 15.0.51 (i.e. the compatibility conditions of Riemannian orbifold metrics) 
combined with Proposition 15.0.41 that a map [/] will be orbifold isometric if and only if each rep- 
resentative / :— {f,{fj}j,P,i') shares this property, that the family of lifts {fj}j consists of 
isometric immersions. 

In view of Corollarv l3.1.12l (d), a map [/] will be an orbifold isometry, if and only if there is a rep- 
resentative / (/, { fj }j , P, v) of [/], such that each member of { } ^ is a Riemannian isometry. 
As an obvious first example, we mention that for a Riemannian orbifold {Q,U, p) the identity mor- 
phism \<l(^Qfj) is an orbifold isometry. 

5.0.8 Lemma Let {Q,U,p) be a Riemannian orbifold and {Qi,Ui) be an orbifold together with 
an orbifold diffeomorphism [f] G Orh{{Qi,l4i),{Q,U)). There exists a unique Riemannian orbifold 
metric [f]*p on {Qi,Ui) such that [f] becomes an orbifold isometry with respect to {Qi,Ui,[f]*p) 
and {Q,U,p). The Riemannian orbifold metric [f]*p is called pullback metric induced by [/]. 



Proof. Following CoroUarv 13. 1.121 (d). we choose orbifold atlases V — { {Vi,Gi,ipi) €Ui\i G /} and 
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W = { {Wj,Hj, (fij) G U\j G J }, such that there is a representative g = {f,{ fi\i & I } , P, i') of [/] 
with the following properties: 

(a) Each fi'. Vi ^ { /iK ^ ^ } a diffeomorphism, 

(b) the map (3: I J is bijective. 

(c) P = Chv holds and for A e Chy.,Vj, one has v{X) = fjXfj^^\fi{do-m\) by Corollary 13. 1.81 

Proposition 15 . yields a unique family of compatible Riemannian metrics { pj \j £ J } induced by p, 
such that each chart {Wj, Hj, (pj) turns into a Riemannian manifold {Wj, pj). Endow each manifold 
Vi with the puUback metric Pjs^i), turning fi into a Riemannian isometry. 

Claim: The family { /*p^(i)|j S } turns each A € C/iy-.y^-, i,j S I into a Riemannian embedding. 
An argument analogous to the proof of Lemma 13.1.91 (c) shows that /i :— fj\J^^\f^(doia\) G 
Chwfffi^,WfHj) E^nd fj\ = ^/i|domA holds. Consider p G domA and compute for v,w G TpYi: 

(/>/3(i))A(p)(TpA(t'),TpA(u>)) = {pp(j))f^x(p){Tpfj\{v),Tpfj\{w)) 

= (P/3(j) ) A"/. (P) (^pA^/* (^) ' (^)) 
= {ftP0{i))p{v,w) 

The last identity is due to the compatibility condition of p, since /i is a change of orbifold charts (cf. 
Lemma IS.O.Sp . In yiew of Proposition 15.0.^ the compatible family { f* pp^i) |i G / } yields a unique 
Riemannian orbifold metric [f]* p. 

We haye to assure that [f]* p does not depend on the choice of g. To this end consider another 
representatiye h = (/, {/ifcjfc G K} ,Chyi,i'') G Orb(V",W") of [/] with the same properties as g. 
Abbreviate as the Riemannian orbifold metric induced by h. Reviewing Proposition 15 . .H 

both metrics will coincide if the family | f* pp(i) |* G } U { ^jPp'U) \ j ^ J} '^^ Riemannian metrics 
is compatible in the sense of Lemma 15.0.51 To check this choose i G I, j G J and some change 
of charts A G Chy. yi. Furthermore hjXf^^\f.(^^Q^-^x) is a change of charts map. An analogous 
computation as above together with the compatibility of the metrics pp(^i) and yields that A is 

a Riemannian embedding. Thus [f]*p and coincide, proving the uniqueness of the puUback 

orbifold metric. □ 

5.0.9 Remark In Lemma 15.0.81 special representatives of an orbifold diffeomorphism were used 
in the construction. Their lifts were given by a family of diffeomorphisms. The proof of Lemma 
15.0.81 may be adapted to work with an arbitrary family of lifts of the orbifold diffeomorphism. In 
general these families will be families of local diffeomorphisms by Corollary 13.1.121 In this case 
the identities computed in the proof will only hold locally. Hence the same arguments require 
cumbersome notation, which may be avoided in the construction if representatives whose lifts are 
diffeomorphisms are used. 



Our goal in introducing Riemannian orbifold metrics on orbifolds is to obtain an analogue to the 
Riemannian exponential map on a manifold for a Riemannian orbifold. To this end, we need to 
introduce the notion of a Geodesic on a Riemannian orbifold. 
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5 RIEMANNIAN GEOMETRY ON ORBIFOLDS 



5.1. Geodesies on orbifolds 

In this chapter let {Q,U^p) be a Rieniannian orbifold, where the Riemannian orbifold metric is 
defined on the maximal atlas U. As we introduced Riemannian orbifold metrics, the question 
arises, how Geodesies for a Riemannian Orbifold may be defined. Furthermore, one would like these 
geodesies to share at least some properties of geodesies on a Riemannian manifold. Geodesies on 
Riemannian orbifolds have been considered in the literature (cf. Haefliger and collaborators [12,32J, 
Chen et al. fl4 )in the context of different frameworks (i.e. etale Groupoids, respectively Chen- 
Ruan good maps). For the setting considered in this work we shall give a definition of an Orbifold 
Geodesic, which shares the properties developed for geodesies on Orbifolds in the literature. In fact, 
the restriction of a geodesic to a compact intervall corresponds to an unique ^^-geodesic in the sense 
of Haefliger. However since geodesies should be maps of orbifolds, our proofs are independent from 
this equivalence. 

Throughout this section X :=]a, 6[C M will always be an open interval with a < b. Endow X with 
the canonical structure of an open submanifold of M (i.e. a trivial orbifold structure) and maximal 
orbifold atlas Ui. As a first step we define smooth paths into orbifolds: 

5.1.1 Definition An orbifold map [c] G Orb(I, {Q,U)) is called smooth orbifold path. 

5.1.2 Example (a) If {Q,U) is a trivial orbifold (i.e. a manifold), a smooth orbifold path is just 
a differentiable curve from X into the manifold Q. 

(b) Reconsider example 12. 7. 2 1 Themap7: — )> R^, (x, y) {~x,y) is a refiection of and iJ is 
the right half plane. Let g: R^ — )• i? be the quotient map to the orbit space with respect to the 
(7)-action, then H is an orbifold with global chart (R^, {'-f),q). As the orbifold atlas contains 
only one chart, the change of charta are generated by 7. Define Ii :=]0, |[ and I2 ■=\jA[ 
which cover ]0, 1[= Ii L) l2- Let A: /i D Ii Ci I2 ^ I2 be the canonical inclusion, then the 
quasi-pseudogroup P :~ { id/^ , id/2 t^j^^^ } generates the change of charts of { Ji , /2 }. 
Consider smooth maps ci : /i -> R^ t (1 - 2t, 1 - 2t) and C2 : /2 -> R^ ^ ^ (2i - 1, 1 - 2t). 
We obtain a continuous map c: ]0, H,t 1^ q o Ci{t), \ft G h- Set i^(A) '■— 7, to imiquely 
determine i^: P — ?• "^iU), which satisfies (R4) of Definition IE. 2. 31 Then c:=(c,{ci,C2},P, J^) 
is a smooth path into H . We sketch the arcs of the lifts and the path: 



Notice that there is the weaker notion of a continuous path. They were introduced in |12l 
Chapter III, 3], to obtain a fundamental group of an etale Groupoid. The map c induces a 
continuous path into H in the sense of Haefliger (cf. |12l III. Example 3.3 (2)]). Deflne a 
map v' : P ^ "^{lA) via v'{\) = idR2 . The tuple (c, { ci, C2 } , P, v') does not define a charted 
orbifold map, but it induces a continuous path in the sense of Haefliger (cf. [12. Ill Example 



Arc of ci 




3.3 (2)1) 
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In the last Example, an orbifold path has been constructed with respect to a special orbifold atlas: 
Define the set of all orbifold charts Ax = {{Va, {idy^ } ,TTa)\a G A} C Ux such that an orbifold 
chart {Va, { idy^ } , tTo) G i^x is contained in Ax if and only if: 

Va ^]l{a),r(a)[C X is an open connected interval with a < l{a) < r{a) < b and the map 
tTq : ]l{a),r{a)[-^ X is the inclusion (of sets). By construction each change of orbifold charts in 
Chy^y^ for (Va, { idy^ } , tTq), {Vfi, { idy^ } , TTjs) e Ax is an inclusion of open sets. 
Consider a smooth orbifold path [c] € Orb (I, {Q,U)) with representative c :— (c, { Ck : [-P; H)i 
whose lifts are defined on charts (domc^, { iddomcfc } , '"'fc)- The chart maps of orbifold charts on X 
are diffeomorphisms, since they are also manifold charts of the smooth manifold X. Define an orb- 
ifold atlas Vc := {7rfc(domcfc) of X, where 7r/c(domc/c) C I is a connected open interval. Hence 
Vc C Ax holds. Apply Lemma [£.4.21 together with this family of charts, to obtain a representative 
h G Orb(Vc, W) of [c], where W is the range atlas of c. In conclusion for each smooth orbifold path, 
there is a representative, whose domain atlas is contained in Ax- In the rest of this section we shall 
exploit these special representatives of a smooth orbifold path. 

5.1.3 Lemma Let [c] € Orb (I, {Q,L{)) be a smooth orbifold path and a be some point in X. Iden- 
tifying the tangent orbifold TX with the tangent manifold X xM., there is a unique element Tc{a, 1) G 
Tc(a)Q called the initial vector of [c] at a. For each representative c = (c, { Cfc , [P, J^]) S 
Orb(V, yV) of [c] with V C Ax and a £ domck, the initial vector is induced by TaCki^)- 

Proof Consider the lift Cfe : domcfc Vk, where (dom , { iddom } yT^k) e Ax and {Vk,GkAk) 6 
U hold. As I is a trivial orbifold, the tangent manifold TX = X x M coincides with the tangent 
orbifold. We suppress the identification Tidj in the formulas: By Definition of the tangent orbifold 
map 14. 1.71 Tc{a, 1) is well-defined and TipkTckT{Trk)~^{a, 1) holds by construction. Hence it suffices 
to prove T-K^^{a, 1) = (a, 1) e domTcfc = domc/c x R. As (domCfc, {iddomcfc } , T^k) £ Ax, T^k is the 
inclusion of sets domcfc ^ X, TTfe is the restriction of a linear continuous map. A computation in the 
identification proves TTr^^{a, 1) — (a, 1), whence from TaCfc(l) = Tck{a, 1), the assertion follows. □ 

Restricting orbifold paths to compact subsets yields several benefits. For instance there are 
representatives of orbifold maps (on a neighborhood of the compact set) with nice properties: 

5.1.4 Lemma Let [c] G Orh (X, {Q,U)) be an orbifold path and [a,b] C X some compact subset. 
There exists a charted orbifold map g :~ (cjjj; {gk\^ ^ k < N } , {Pg, Vg)) with x < a < b < y and 
TV G N, such that: 

1- [c\\]x,y[ = [g], 

2. domf/fc =\l{k),r{k)[ for each 1 < fc < N , such that 

X = l{l) < l{2) < r(l) < /(3) < r(2) < • ■ • < 1{N) < r{N - 1) < r{N) = y 

3. Pg = { id];(Ar),r(Ar)[ } u{ ''^d\i(k),r{k)[, 1-^^ y (''fe^^) "'^ |l < < A^ ~ 1 }; where i^'^^ is the canonical 
inclusion ]l{k + l),r{k)[^]l{k + 1), r{k + 1)[ 



Proof. Construct a refinment of the domain atlas of c. A full proof is given in Appendix |F] 



□ 
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5.1.5 Definition (Orbifold geodesic) Let [c] G Orb(I, {{Q,U)) be a smooth path into a Riemannian 
Orbifold. The map [c] is an orbifold geodesic, if there there is a representative (c, { q j^^^ , [P, v]) £ 
Orb(V, { (V^i, Gi, '(/'i lig/) with V C ^j, such that for each i E I the Hft q : r(i)[^> V^^ is a 
geodesic. Here (14,/9Vi) is the Riemannian manifold, where py. is the member of the Riemannian 
orbifold metric. If [c] is a geodesic, the arc Im c C Q is called a geodesic arc . 

5.1.6 Example Return to Example 12.7.21 Consider 7: — i> R^, {x,y) H> {~x,y) and the orbifold 
KV(7) = -ff (where H is the right half plane in B?). Endow the global chart (R^ (7), -0) with the flat 
Riemannian metric. As (7) C 0(2), this Riemannian metric is (7)-invariant. Non trivial geodesies in 
this metric are straight lines, which induce geodesies of orbifolds. Geodesies contained either in the 
right or left half plane are mapped to straight lines in the quotient. Standard Riemannian geometry 
shows that a connected component of the set of points fixed jointly by a set of Riemannian isometrics 
is a closed totally geodesic submanifold (cf. |40l II. Theorem 5.1]). Since (7) acts by Riemannian 
isometrics, geodesies which contain singular points, either pass through the singular locus in one 
point or are contained in it. Furthermore, Geodesies which pass through the singular locus, are 
reflected (as befits an example called mirror in R^). The following figure depicts an arc of this type: 
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Figure 1: Orbifold geodesic in M^/(7): Reflected Arc 



In particular orbifold geodesies behave differently from geodesies in Riemannian manifolds. It is well 
known that the arc of an orbifold geodesic may be not even locally length minimizing (cf. [351, 2.4.2]). 
The following picture (which is slightly wrong to show the reflection) illustrates this behavior: 
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Figure 2: Orbifold geodesic in R^/(7): The arc is not length minimizing in any neighborhood of the 
singular point. 



For further examples of orbifold geodesies (in particular closed geodesies on orbifolds) we refer 
to [321 2.4.5]. 
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5.1.7 Proposition Let [c] € Orb(I, {Q,U)) he an orbifold geodesic together with a representative 
g — {c,{ gj J , [P, v]) of [c]. If the domain atlas of g is contained in Ax, each lift gj is a geodesic. 

Proof. As [c] is an orbifold geodesic, there is a representative c — {c,{ ci , P', v') £ Orb(V, V") 
such that every Ci is a geodesic in (Vi,pi). Furthermore the domain atlas of c is contained in Ax, 
(VijGijipi) G V' and pi is the member of the Riemannian orbifold metric on this chart. Consider the 
lifts gj : domgj Wj of g with respect to the charts {Wi, Hi,TTi) € U. Since c ^ g, the definition 
of equivalence for orbifold maps yields the following data: There are lifts e and e' of the identity on 
I, respectively e" and e'" on {Q,U) together with a charted map of orbifolds h, such that 

CO £ = e' oh g o e" — e'" o h 

holds. We consider for j £ J some t G dom gj. As t e I, there is some index i G / with t G domci. 
Recall from Definition IE . 3 . 51 that the lifts of £,e',e", and e'" are local diffeomorphism. In particular 
they restrict to open embeddings of orbifold charts on open sets by Proposition IE. 3. 21 Together 
with Lemma rE.4.41 we obtain open neighborhoods U C doniQ of t and V C Vj of gj{t) such that: 
There are change of charts morphisms A : dom a D U ^ dom gj, p: Vi ^ V ^ Wj , with 

g.j o \^ p.o fi\jj. (5.1.1) 

The domain atlases are contained in Ax, whence dome;, dom (^j C I and their chart maps are 
induced by the inclusions of sets. Hence the change of charts A: [/ — > dom dom is the inclusion 
of an open subset. Thus gj\u = 1^ ° fi\u ■ As {Q,lA,p) is a Riemannian orbifold, pis a. Riemannian 
isometry. Since isometrics preserve geodesies (cf. |41l IV. Proposition 2.6]), the identity (|5.1.ip 
shows that in a neighborhood of t, the map gj is a geodesic in {Wj,pj). The construction did 
neither depend on j G J nor on t, whence gj is a geodesic for each j € J. □ 

Two orbifold geodesic coincide if and only if their initial vectors coincide, (cf. Lemma IF.0.3|) . On 
a Riemannian manifold, geodesies are uniquely determined by their initial data in one point. The 
same holds for orbifold geodesies: 

5.1.8 Proposition Consider p ^Q, ^ £ TpQ. 

(a) There is an e > 0, such that there exists an orbifold geodesic G Orb(] — 2£, 2e[, {Q,U)) with 
initial vector ^ in 0. 

(b) Let [c] G Orh {2, {Q,U)) and [£'] G Orh {2' , {Q,U)) be orbifold geodesies. If there exists 
a G XnX', such that the initial vectors of c and c in a coincide, then the initial vectors of [c] 
and [c'] coincide at each point mini', whence [c']\xni' = [c\\xni' holds. 

Proof. (a) Choose some representative (Tr,X) G where {V,G,tt) G 14 and X G TxV such that 
TTr{X) — ^. Set x = Trxvi^)- Pv be the member of the Riemannian orbifold metric 
on V, i.e. {V, pv) is a Riemannian manifold. Standard Riemannian geometry (cf. [4L III. 
Theorem 6.4.]) shows that there is an e > and a geodesic cq : ] — 2e,2e[~^ V with initial 



66 



5 RIEMANNIAN GEOMETRY ON ORBIFOLDS 



condition {x,X), i.e. co(0) = x and roCo(l) = X. Let c := tt o cg, P := {id]_2e,2e[} £md 
J/: P — i> ^{U) be the map which sends the element of P to idy. We obtain an orbifold 
geodesic c := (c, { co } , P, z^). By construction the initial vector of c in is ^. 
(b) Since IDT' is an open submanifold of 2, X' the orbifold maps restrict to orbifold maps in 
Orb (In I', (Q, W)). To shorten our notation we may therefore assume that 1 = 1' and a = 
holds. Choose representatives c = (c, { Cfc j^.^^ , P, i') and c' = (c', { , P', J^')- We will 

check the condition of Lemma [F. 0.31 fb). which is equivalent to the assertion: 
As a first step, show that there is e > 0, such that for each t g] — e, £[ the condition of Lemma 
IF. 0.31 (b) holds. Let cq be a lift of c and Cg be a lift of c' with G domcp n domcp. Set 
cod Co = Vb and codcp = Vq for orbifold charts (Vb, { idvo } ' ""o) respectively (FJ, { idv^' } , '''o)- 
The geodesies pass through c(0) = c'(0) with initial vector ^ G 7^(o) (Q, W). The construction of 
i e Tc(i3){QM) yields a change of charts Aq : Vb 3 [/ ~> 1^ C such that ToAoCo(l) = roCQ(l). 
The lifts Co and Cq are geodesies and Ao is an isometry. Uniqueness of geodesies on Riemannian 
manifolds now assures that there is an e > 0, such that rtAoCo(l) — TtCo(l) for all t g] — £, £[. 
Second step: The set of points [0,£[, where the condition of Lemma fF.0.31 fb) holds may be 
expanded to all of In [0, oo[. Arguing indirectly, assume that this were not the case. To obtain 
a contradiction we consider the element 

to := inf { t G X|t > 0, ^A G Ch{U) : TtXckil) = Tic^(l) for some t G domcfc n domc^ } 

Let Ck be the local lift of c and cj, be the local lift of c' such that G domcfc n domc^. Their 
images are are contained in (VfejGfcjTTfc) respectively (1^, G^, tt^). The first step assures that 
to > and by construction, the condition of Lemma IF. 0.31 (b) holds for all smaller t. This 
forces c and c' to coincide on [0, to[ and by continuity of these maps, we obtain c(io) — c'(to)- 
Thus there is a change of charts A: Vfe 3 J7 V 'Z Vr with Xck{to) = c^(to)- Choose 
some t < to with Ck{[t,to]) C domA. Since t < to holds, there is a change of charts fi with 
Ttfj,Ck{i) = TtCr(l). Shrinking the domain of fi, we may assume that fi is an open embedding 
of orbifold charts and dom/i C domA is satisfied. Now A|dom/^ is an embedding of orbifold 
charts mapping dom fi into Vr . By Proposition 12.2.21 (d) there is an element h ^ Gr such 
that /i.A|dom/j = The change of charts Atp := h.X is a Riemannian isometry which satisfies 
P'tAtoCfc(l) ~ TtfiCki^) = Ttc'j.{l). We deduce that on its domain. At,, maps the geodesic Ck to Cr- 
There is some S > , such that Ck{]to—S, to + S[) C dom Af^ holds. Hence PjAtoCfc(l) — Tsc'^il) 
holds for each s G]to — + S[. This contradicts our choice of to and thus there may be no 
such point in In [0, oof. An analogous argument for t < shows that the condition of Lemma 
IF. 0.31 (b) holds for all of I, whence both orbifold geodesies coincide. □ 

5.1.9 Lemma Let [c] G Orb (I, {Q,U)) and [c'] G Orb (I', {Q,U)) be orbifold geodesies, such that 
for some xo G I n I' their initial vectors coincide. There is an unique orbifold geodesic [c V c'] G 
OTh(luT,{Q,U)), such that 

(a) [cVc']|x' = [c'] and [cVc']|i = [c] hold, 

(b) let K C T be a compact set and c G [c] . There is g d [c V c'] together with an open set 
K <Z U CI, such that gjj and c\u are equivalent as charted maps. Here gu is the charted 
map, whose lifts are the lifts of g with domain contained in U and c\u G [c\\u is obtained by 
Lemma \E.4-.2\ with respect to the pairs [U ndomcfe ^ domc^, idcodcfc), Ck is a lift of c. 
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Proof. It is possible to "glue together" two orbifold geodesies whose initial vector coincides in one 
point. This procedure, together with a full proof, can be found as Lemma IF. 0.41 in Appendix |F] □ 

Standard Rieniannian geometry shows, that the maximal domain I has to be an open subset of 
M (since the lifts of an orbifold geodesic are geodesies in suitable charts, whose maximal domain is 
always an open subset of R) . Naturally we have to ask whether the orbifold geodesic constructed in 
I5.1.8l fa) may uniquely (up to equivalence of orbifold morphisms) be extended to a maximal domain. 
In fact each geodesic with this initial vector in may then be derived as a restriction of the maximal 
geodesic. The next Lemma is inspired by a Lemma due to Chen and Ruan (cf. [14, Lemma 4.2.6]): 

5.1.10 Lemma Let p £ Q be any point and ^ £ TpQ- 

(a) There is a unique maximal interval I^, such that an orbifold geodesic [cj] £ Orb (Ij, ((5,Z//)) 
with initial vector ^ in exists on I. 

(b) If Q is compact, then for each ^ G TQ, —R holds. 

Proof. (a) Let 5^ be the set of all orbifold geodesies whose initial vector at is ^. Orbifold 
geodesies with initial vector f at exist by Proposition 15 . 1 . 8l f a) . whence 5^ is non empty. For 
two elements [c] , [c'] G by Lemma 15.1.91 there is a join [c V c'] which is again an element of 
S^. Any finite number of elements in 5^ may be joined in this way. For [c] G we let be 
the interval such that [c] G Orb {Ig, {QM))- 

Construct recursively an element [c^] G on the open subset := [J^.^^g^Xc. The set 
X^ is an open connected subset of R as a union of connected open subspaces with non-empty 
intersection (cf. |20l Corollary 6.1.10]). In particular it is locally compact and second countable, 
whence cr-compact. Choose a sequence of connected compact subsets (C„)„gNoj such that 
= UneNo — ^n+i ^iid G Co hold. By compactness of C„ C I^, n G No, there 

is a finite subset Fn C S^, with C„ C IJj^jgj^ Xg. Joining the elements of F„, we obtain an 
orbifold geodesic [c„] G S'^ with C„ C Xc^ . Passing to restrictions of those orbifold geodesies 
by remark 13.2.41 without loss of generality 2'c„ Q C'n+i holds for n G N. Recursively define 
reprentatives of orbifold geodesies 

50 := Co, g„ := g„-i V c„ for n>2. 

Adjusting our choices, by Lemma 15.1.91 (c) we may achieve: For n > 3, the restrictions 
(5n)c°_ji5n-i|c°_j coincide. Thus the glueing process rF.0.41 implies that after finitely many 
steps, lifts and the pairs (Pg, ^'c) on C° do not change further. Passing to the limit, we obtain 
a uniquely determined maximal element [c^] G Orb (Ij, (Q,U)). 
(b) Following (a) it is sufficient to prove that an orbifold geodesic [c] G Orh {X, {Q,U)) with 
initial vector ^ at and X —]a, b[ may be extended in the following sense: If there is a sequence 
(^n)TieN C]a, &[, such that t„ — >■ b and limc(t„) exists in Q, then there is an orbifold geodesic 
[£'] defined on ]a, b' > b, whose initial vector at is ^. Set q := lim„gNc(i„) and choose 
an orbifold chart (V, G^, V') with q = ip{x) for x £ V. Notice that ip~^{q) = {x} holds. 
Choose a compact neighborhood Ux of x and observe that Gx-Ux is again a compact set. A 
compactness argument together with |17l 3.2 Proposition 2.5] proves that there are S > and 
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e > such that for each p ^ Ux and v G Bpy (Og, e), there is a unique geodesic ^i,:] — 5,5[-^ V 
with initial value ro7(l) — 'V- Here pv is the member of the Riemannian orbifold metric on 
V. For N large enough one obtains c(i„) G ip{Ux), Vn > A^. The definition of an orbifold 
geodesic implies that for each <„ there is some local lift c„ : dom c„ — > of c with i„ S dom c„ 
and {Vn,Hn,<fn) G By compatibility of orbifold charts, c(t„) G limpn H ip{Ux) ioi n > N 
implies that there is some change of orbifold charts A„ with A„c„(i„) G Gx-Ux- As each A„ 
is a Riemannian embedding, the definition of an orbifold geodesic yields || Jt^jA„c„(l)||^^ = 
^ — ll^tm-^"iCm(l)||^^ for each n,m > N, Using homogeneity of geodesies on Riemannian 
manifolds ( |17l 3.2 Lemma 2.6]),for each q G Gx-Ux there is some 6' > 0, such that for each 
V G Bpy{Oq,K + 1) the geodesic with initial value v exists up on ] — S',6'[. Let be the 
geodesic in {V, pv) with intial vector X . Choose Uq > N so large that h — tno < S' holds. The 
geodesic gng : ]i„o — d,tno + 6'[-^ V,t i— ^Tt^ a„,-|C„,-|(i)(^ ~ ^no) induces an orbifold geodesic 

g ■= {^°gnoA9no }), { id]t^^_s>^t„g+s'[ I , v) where iy{id]t^^^_s' ,t„g+S'[) ■= idy. By construction, 
the initial vector of g in in,, coincides with the initial vector of c in tn„ . Thus Lemma 15.1.91 
yields an orbifold geodesic cV g which is defined on ]a, tng + S'[. The initial vector of c V g in 
is ^ and its domain strictly contains ]a, b[. 

□ 



5.1.11 Remark The maximal geodesies [c^] on 2^ constructed in Lemma fS.l.lOK 'a') do not extended, 
i.e. if [g] G Orb (I, {Q,U)) is a geodesic whose initial vector at a G Xnl^ coincides with the initial 
vector of [c^] in a, then I CX^ and [c^] \x = [g] hold. 

5.1.12 Theorem Let {Q^U,p) be a Riemannian orbifold and ^ G TQ. 

(a) There exist an open neighborhood C TQ of ^ and d,S' > such that there is a continuous 
map : ] — S,d'[ xO^ — > Q and for ^' G the path a^' : ] — 6,S'[ Q,t i-^ a{t,^') is th 
geodesic arc of an orbifold geodesic [c^i] with initial vector ^' in 0. We call an orbifold 
geodesic flow . 

(b) Consider a pair (^,(^) G TQxTQ withO(^C\OQ ^ 0, then a anda^ coincide on the intersection 
of their respective domains. 

(c) If the maximal orbifold geodesic [c(\ with initial vector ^ in satisfies [c,d] C I^^ the set 
in (a) may be constructed, such that for G the orbifold geodesic [c,^] is defined on [c,d]. 



Proof. (a) There is some e > together with the representative of an orbifold geodesic c = 
(c, { (7i|l < i < N } , P, v) defined on ] — 2e, 2£[ with initial vector ^ in by Proposition 15.1.81 
(a). Shrinking the domain, without loss of generality c is defined on an open neighborhood of 
[—£,£] with properties as in Lemma 15.1.41 We claim that there is an open neighborhood of ^, 
such that each orbifold geodesic with initial vector in this set, exists at least on [0,e]. 
Proof of the claim: To shorten the notation relable the charts as { —t, — i + 1, . . . , 0, 1, . . . , s } 
for certain G No, such that G dom go- Let gii ]l{i),r{i)[-^ Ui, —t<i<she the lifts, 
where the {Ui,Gi,ilJi) are charts in U. By construction for —t < i < s there is a change 
of charts A^+^ satisfying X'^^'^ gi\]i^i+i)^r{i)l = l]((i+i),r(t)[- Choose for 1 < i < s a point 
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Zi G]Z(i),r(i — 1)[, with zq := < Zi < Zj for i < j. Define Xi :~ Tz-gi{l)) for I <i < s and 
observe that is uniquely determined by Xi. By construction [i/jq^Xq) G ^ holds. Finally 
choose Zs+i G doings with Zs+i > s. 

Standard Riemannian geometry on manifolds shows that the geodesic flow depends smoothly 
on the initial data (cf. [HI 3.2 Proposition 2.5], resp. [43, IV, §3 and VII, §7]). On the 
Riemannian manifold {Ui, pi) there is a geodesic flow ifi: Vi — t- TUi, defined on an open set 
Pi C R X TUi (cf. [5?, IV, §4 remark before Corollary 4.3]). The map ipi is smooth by an 
application of [43, IV, §2 Thm 2.6]. Since is a geodesic defined on [z^jZs+i] C]Z(s),r(s)[ 
with Tz,gs{l) = Xg, the compact set [zs,2:3-|_i] x {X^ } is contained in the open set Vn. An 
application of Wallace Theorem [2U, 3.2.10] provides an open neighborhood [zg, Zs+i] x{Xs} C 
]zs — Ss,Zs+i + 6s[xVs C Vs- For each element ( of this neighborhood in TUs, the geodesic 
with initial data ^ exists on the interval ]zg — S^, Zg + 5s[. 

Shrinking Vg and Sg, we may assume, that Vg Q '^tu i.'^'^'^^l-i) ^'^^ Zg — Sg > r{s — 2) hold. 
Identify TcodAf^j^ and rdomAf_]^ with open subsets of TUg respectively TUg-i and set 
Vg '■— {TXg_i)^^{Vg) C TUg-i. The geodesic gg^i is determined by Xg^i and its domain 
]l{s — l),r(s — 1)[ contains [2s_i,Zs] with Tz^gg-i{l) € Vg. As the geodesic fiow (/Ss-i is 
smooth, arguments as above applied to ifg-i yield an open set Vg-^i C TUg-i with: 

- [zg_i,zg] X C]z,_i -(5,_i,z, +<5,_i[xV;_i cr(codA^:^), 

- K-1 cA;_\(y;), 

- - Sg^i > r{s - 3). 

Again one obtains an open set V^_i := (TA^Ij)^^ (V^s-i) ^ TUg-2- Repeating the argument 
for each < i < s — 2, we derive an open neighborhood Vq C TUq of Xq. For each ( G Vq, 

there is a unique family of geodesies |c^O<z<s|, such that is defined at least on 
]zi — 6i, Zi+i + 5i[. In addition these families satisfy TziX\_iCi-i{l) — TziCi{\). 
Repeating the argument for [— e, 0], we obtain an open set Vf^ , such that the the geodesies are 
defined onf [— e, 0]. Set V := Vq nVo" and 6 := Z-t-i ~ S^t and 6' := Zg+i+6g. For each C G ^ 
and —t<i<s+l, the geodesies are defined on — Si, Zi + 5i\. By construction one 

may restrict their domains, such that X,'^^^ dQ\]^zi+i-Si^i,zi+i+Si[ — c^"*"^ I]2i+i-(5i+i,zi+i+i5i[ holds. 
For each G V, the family cj- > induces an orbifold geodesic. The continuity of the 

L ^ J -t<i<s 

geodesic flows yields a well-defined continuous map 



a : 



d,6'[xV Q, (t, C) ^ ipiiclit)) for each t £]zi - 6i,Zi+i + 6i 



Consider the orbifold chart {TUq,Go,TiPo) G TU for the tangent orbifold T{Q,U). Chart 
maps of orbifold charts are open maps and thus '■— Tipo{V) is open in TQ- It contains 
^ = Tipo{Xo) and the subspace topology on with respect to Q coincides with the quotient 
topology induced on Oj by TtjjQ (since Ti/jq factors via a homeomorphism with open image). 
The restriction q := Tipoly'^ is an open, continuous and surjective map. For each ^ G O5, 
choose a preimage C G g^^({C}) G V. Notice that each choice of preimage for ( induces 
an orbifold geodesic with initial vector C at 0. Following Proposition 15.1.81 (b) the geodesic 
arcs obtained from a choice of g~^(C) coincide with the arc of [c^] on the intersection of their 
domains. Hence each choice defines the same continuous path into Q. As is defined at least 
on ]S,S'[ the maximal geodesic with initial vector C is defined on this interval. We derive a 
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well-defined map 

a: ]~5,5'[xOp^Q, {tX)^a{tX) 

The map id]_5 ,5'[ xg is the product of open continuous surjective maps, whence it is itself 
open, continuous and surjective. In particular this mapping is a quotient map such that 
a = a o (id]_5^5'[ xg) holds. As a is continuous, |19l VI. Theorem 3.1] implies that a is a 
continuous map. 

(b) By Proposition [STLS] (b) the arcs of two orbifold geodesies with the same initial data coincide. 
Hence for each w G n O^^, the arcs of the geodesies coincide, therefore q;^(-,cj) and Q!(^(-,cj) 
coincide on the intersection of their respective domains. This proves the assertion. 

(c) Repeat the proof of (a) verbatim with [c, rf] C I instead of [— e, e]. 

□ 

5.1.13 Corollary For every p € Q, there is an open neighborhood Wp C TQ of & TpQ, such that 
there is a continuous map a: ] — 2,2[xWp — Q and t i— > a{t,^), t ^] ~ 2,2[ is the unique geodesic 
arc with initial vector in defined on] — 2, 2[. 

Proof. Choose an arbitrary orbifold chart {U, G, ip) such that p — ip{x) for some x G U. By definition 
Ttlj{Ox) — Op TpQ holds, where 0^ € T^U is the zero element. Standard Riemannian geometry (see 
pn 3 . 2 Proposition 2.7]) assures that there is a smooth mapping j: ] — 2,2[xV ^ U, defined on some 
open set V C TU, such that each x V induces a geodesic in U defined at least on ] — 2, 2[. Arguing 
as in the proof of theorem fS. 1.121 we choose Wp := T^p{V) and a: ] — 2, 2[x Wj, Q, {t, ^ j{t, x^), 
where is an arbitrary preimage of ^ under Ttjj inV. □ 

Albeit the quite similar behavior of orbifold geodesies to geodesies on Riemannian manifolds, 
not all properties of geodesies may be preserved in the orbifold case. For example as is noted 
in [32. 2.4.2] orbifold geodesies may not even be locally length minimizing in the natural length 
metric on Q (induced by piecewise differentiable paths). However as we are only interested in 
geodesies as a tool to obtain an exponential map we shall not investigate this behavior. 
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5.2. The Riemannian orbifold exponential map 

In this section our main tool derived from Riemannian geometry on orbifolds, the Riemannian 
orbifold exponential map. is introduced. Again the triple {Q,U,p), will be a Riemannian orbifold, 
where the Riemannian orbifold metric p is defined on the maximal atlas U (cf. Proposition 15.0.^ . 
By Lemma rS. 1.101 (a) for each ^ G TQ, there is a maximal orbifold geodesic [c^] with initial vector 
^ in 0. The geodesic arc of a maximal orbifold geodesic is unique by Proposition 15 . 1 .81 Hence the 
continuous map of the base spaces : 2^ — > Q is uniquely determined. 

5.2.1 Definition (Riemannian orbifold exponential map) Let ft be the set of all ^ G TQ, such that 
the orbifold geodesic [c^] with underlying map : Q satisfies [0, 1] C 2^. The map 

exporb: ^-^Q, C ^ c^(l) 

is called Riemannian orbifold exponential map. The set fl is an open neighborhood of the zero 
section, by Theorem 15.1.121 fc) and CoroUarv 15. 1.131 We call D, domain of the Riemannian orbifold 
exponential map. 

5.2.2 Lemma The Riemannian orbifold exponential map is continuous and for each Op G TpQ the 
identity exporblOp) = P holds. 

Proof. Let ^ G be arbitrary. The geodesic [c^] is defined on an open intervall I^, such that 
[0,1] C 2j holds. By Theorem 15.1.121 (c), there is an open neighborhood ^ C TQ, such 

that each orbifold geodesic [cu,] for w G is defined on [0,1] C] — d,6'[. Furthermore C f2 
holds. There is a continuous map a(^:] — S,6'[ xO^ — Q, {t,uj) M> Ci^{t), such that by construction 
expoj.|3(cj) = Q!{(1, 1^), Vw G is satisfied. Hence exporb restricts to a continuous map on the open 
set O^. Theorem 15.1.121 (b) assures that for any C G ri the maps •) and a^(l, •) coincide on 

nO(^. From [19, IV. Theorem 9.4] we deduce that expo^b is continuous. 
Choose an arbitrary orbifold chart {U, G, ip) G 14, such that p G ip{x) for some x G U. The chart Ttjj 
maps Ox G TxU to Op G TpQ. Standard Riemannian geometry assures, that the geodesic 7 starting 
in X with velocity is constant and hence defined on all of R. Setting c: M. ^ Q,t 1-^ p, we obtain 
a representative of an orbifold geodesic c := (c, 7, { idR } , i^), where J^(idK) := idu- The orbifold 
geodesic [c] has initial vector Op in and its arc is uniquely determined by Proposition 15.1.81 This 
proves exporb(Op) = P- D 

5.2.3 Proposition Consider the open suborbifold (^,Uq). The map expoib induces a map of 
orbifolds [expoib] G Orb ({Q,Uq), {Q,IA)) also called Riemannian orbifold exponential map. 

Proof. The subset il C TQ is open and we endow it with an orbifold atlas 

TUn ■■= { [U, G, ^) G Bru\'4^{U) c n } 

induced by B^u- Following Remark 13.2.41 {VI,TUq) is an open suborbifold of {TQ,Btu)- We 
claim that there is a representative V of Thin, together with a family of lifts, turning expg^.^^ into a 
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charted orbifold map Orb(V, W) for some W CU. By Lemma [5.2.21 the map expoib is continuous. 
Construct smooth Hfts of expQj.,^: To this end consider arbitrary ^ G fi. By Theorem 15.1.121 there is 
an open neighborhood ^ G C f2 together with the following data: 

- {TUi,Gi,T^jji) £ TU, with = Ti)i{V) C T^i{TUi) for some open V C TUi, 

- a family of orbifold charts {{Ui,Gi,'4)i)\l < i < N} C ^, 

- there exists a continuous map 9: V Q, X t—^ a{l,X), such that 6 = expoib o'T^V'ityi holds. 
The map 9 is the composition of the geodesic flows ipi on {Ui, pi), 1 < i < N, change of charts 
morphisms A^i+i for 1 < i < A^. the bundle projection of TUn and the orbifold chart ipN- 

Recall from the proof of theorem 15. 1.1 21 that there is a partition — to < ti < ■ ■ ■ < t]si < ^ such 
that a smooth map Exp^ : TUi ^ V ^ Un may be defined via 

Exp^(X) := TTTUNVNi^ - tN, •) o TXn-in ° VN-i{tN - tN^i, ■)o ■■■ o TXi2 o ipi{ti,-){X). (5.2.1) 
Reviewing Theorem 15. 1.1 21 the identity 9 — -ipN ° Exp^ holds. 

Choose an open Gi-stable subset Vt^ of y which contains some preimage of ^. Restricting Exp^ 
to W, we obtain a smooth map Exp^;[A on an orbifold chart {W^ Gw, T^i\w)- By construction Exp^y 
is a smooth lift of expoib ^ ■ 

We claim that any local lift Exp'^y of exporb with respect to the charts [W^Gw ,Til>i\w) and 
{Un,Gni4'n) obtained in this way, coincides with 7.Exp^ for some 7 G Gjq- 

The lifts Expjy and Exp'jy are defined as restriction of a composition of geodesic fiows ipi, change 
of chart maps Xkk+i and the bundle projection tttUn t|5.2.1|l V Each fi{ti — i^-i, •) is defined on 
an open subset of TUi. It is a diffeomorphism from this subset onto its (open) image in TUi (this 
follows from [331 IV, § 2 , Thm. 2.9.]). The change of chart maps TXkk+i are smooth embeddings 
with open images. In addition the bundle projection tttUn is an open map, whence Exp^ is an 
open map as a composition of such maps. The same holds for Exp'y[/, whose image is contained in 
{Un , GnjiJjn). The construction of the lifts Exp^^ and Exp'^^ shows that there are diffeomorphisms 
ipw ■ W ^ O, (jy'y^ : W ^ O' onto open sets O, O' C TUn with Expy[/ = tttUn ° '■Pn{^ — tN, •) ° (t'w 
and Exp'(y = tttUn ° 'fiNi^ ~ ^n^') ° '^'w Without loss of generality, taking the maximum of 
tN,t'j^, we may assume In — t'j^. Observe that we obtain a diffeomorpism (jy^r o cf)'^^ : O' O. 
For each X G O', there are unique geodesies Jx{t) ■— T^TUNfNit, X) : [0,1 — ijv] Un and 
lx{t) ■— nTUN'PNit,4'w ° [0,1 — ^at] -^Un- The geodesies 7x , 7x lift the same orbifold 

geodesic arc, since Exp^y and Exp'^y are restrictions of orbifold geodesic flows. By Lemma FF. 0.3 1 for 
X eO' there is some gx G Gat with ri^t„5x-7x(l - ^jv) = Ti_t„7^(l - In)- 
The element gx acts as Riemannian isometry, mapping geodesies into geodesies, which implies 
gx-lx{t) ~ 7x(^)' ^ [0, 1 — ^Tv]- For any non-singular X G O' the isometry gx is uniquely 
determined: To prove this, let g'x G Gat be another isometry with g'x-lx = I'x- Summing up this 
yields 

Tgx{X) = Tgx.ifiNiO.X) = ^NiOAwi^'w)'\X)) = Tg'x-ifiNiO, X) - Tg'x{X). 

Since X is non singular, T^^r^^ (x)9x = "^TTu^d'x ^'^^ t)y [48, Lemma 2.10] gx — g'x follows. The 
set O' C TUn is an open, connected set. Hence Lemma lB.2.31 implies that C := O' \ StGn is 
connected. As we have seen, for each X G G, there is a unique gx with gx-Jx{0) = Jxi^)- The set 
Hgx := {c G G|gx-7c(0) = 7c(0) } = { c G G\gx ■tttUn'Pn{1 -tN,c) = tttun'Pn{1 - tN,(j)'w ° <l^w } 
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is a closed set by [20', Theorem 1.5.4]. Uniqueness of gx proves that two such sets Hg and Hh 
are disjoint if and only \i g ^ h holds. Since Gjv is finite, the set Hg^ is open and closed. By 
connectedness of O' \ Stg^i there is a unique 7 G Gm, with 

7-7^T(7„Vw(l - ijV, OiO'VStGjv ^^TUNVN{l~tN.,-)o(t>W(l>w]o'\T.TG^- (5.2.2) 

The set O' \ Sgn is dense in O' by Newmans Theorem IB. 2. II Hence by continuity (|5.2.2p holds on 
all of O' . As {4>'w)~^{^') — ^ holds by cosntruction, we finally derive 7.Exp^;;/ — Exp'^y. 

The construction of lifts did not depend on ^, thus we may cover VI with a family of orbifold charts 

V := { {Wi,Gi,-Ki)\i G / }, such that on each {Wi,Gi,iTi) there exists a local lift Exp,^. of exporb with 
respect to {Wi,Gi,TTi) and a suitable chart {Ui, Gi, ipi). Shrinking those charts if necessary, without 
loss of generality we may assume {Wi.Gi.-Ki) ^ {Wj,Gj,'Kj),{Ui,Gi,tpi) ^ {Uj,Gj,'ipj) for i ^ j- 
The charts in V are compatible since they are contained in Bfjj, their images cover f2 and we have 

V C TUn. 

We claim that it is possible to construct a quasi-pseudogroup P and a map v, such that the lifts 
commute with the change of charts morphisms as in defintion IE. 2. 31 To this end consider arbitrary 
local lifts Exp^^ respectively Exp'j^ of exporb with respect to the charts (VF, G, tt), (t/, i?, V") respec- 
tively. (VF', G', tt'), {U' , H' Furthermore let h G C/iy be a change of charts morphism which 
induces a commutative diagramm: 




(5.2.3) 



Cover FixpiY{domh) with the domains of suitable change of charts morphisms. Our goal is to 
restrict h to open subsets, such that there are change of charts which complement the right hand 
side of (|5.2.3p to a commuting triangle. By commutativity of (|5.2.3p for each X G domh, there 
is an embedding of orbifold charts Ax G Ch{U,U'), such that Xx(Exp^/{X)) — Exp^,(/i(X)) 
holds. Choose a G'-stable open Exp(^(X)— neighborhood S C domAx with G^^p j-j^-) = G'g. 
Applying | |17i Ch. 3, Prop. 4.2], we may choose a geodesic ball Bp(Exp^/{X)) C S which is strongly 
convex. The isotropy group G^xp (x) ^-cts via Riemannian isometrics of U, whence it commutes with 
the Riemannian exponential map on U. Thus we obtain G-Exp„{X) -B p{^xp^r (X)) — i?^(Exp^(A")). 
Restricting Ax to i?^(Exp^y (X)), without loss of generality domAx is strongly convex. 
Again let (f>Wj 4'W' denote the diffeomorphisms with Exp^;(^ = 7rT(7</?[/(l ~ , •) ° 4>w and Exp'^y = 
tttc/' V'f/ ( 1 ~ ' ■ ) ° 'Pw ■ Strong convexity of dom Ax assures that there is some e > t^jt'j^, such that 
T^TU'Pui^ — t, Vu{£ — tN, (f'wiX)) G domAx holds for all t G [0, 1 — e]. Define for F G the element 
Y :— ipui^ — tN,4'wiy)) G TU. The geodesic flow is continuous and the open set ip^^ (T dom \x) 

contains [0, 1 — e] x | |- Wallace Theorem [20, 3.2.10] assures that there is an open neighborhood 

X £ V Q TU such that [0, 1 — e] x V" C (^^^^(r dom Ax) holds. Choose an open G-stable subset 
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X-neighborhood V C {Lpui^ — ^N, •) ° 4'w)^^{y) H domh with Gy = Gx- For each F with Y E V, 
the geodesic 7y(i) TTTufu{t,Y),t G [0, 1 — e] is contained in domXx- We obtain two local lifts 
Exp^l^(^/-) and \x oExp^y o /i|7j"|y) with respect to the charts {h{V), G^^^yp ''^'\h{V)) ^^id ([/', G' 
The map Ax is a Riemannian embedding into U' and thus commutes with parallel displacement 
(see PT, IV. Prop. 2.6]) of the open submanifold domAx. Hence we derive T\xfu{^ — = 
(fiu'i^ — £,TXx{Y)) for Y £ V. In particular the following identity holds: 

Ax o Exp,^ o h^^lh^v, ^ TTTU'TXxVui^ - £, ■)vu{£ - ijv, ■) ° (pw ° h^^lhiv) 

= TTTU'VU'i^ - £, ■)TXx(pu{£ - tN, ■)°(l>w ° h~^\h(V) (5.2.4) 

The local lifts AxExp^;;/ft,^^ j/jj^y) and Exp^yj^^^y^ are therefore compositions of the bundle projection 
'Ktu' j the geodesic flow on U' and some diffeomorphism. As we have already seen, there is some 
7 G H' . such that ^ .Xx^'y^Vw^\ii(v) ~ ^'^V>'w\h(v) holds. Replacing Ax with the embedding of 
orbifolds 7. Ax we derive 

AxExp,^|y = Exp^y, o h\v. (5.2.5) 

We may thus cover dom/i by a family of open G-stable subsets { Wxi\i £ Ih}, such that for each 
hi h^iY^ , there is a change of charts morphism A'' which satisfies equation (|5.2.5p . Repeating 
this construction for every change of charts in C/iy, we obtain a family P := { hi\i G If^ h G Chy }. 
By cosntruction P is a quasi-pseudogroup, which generates '4'(V). For each element f of P choose 
and fix some h G Chy with f ~ hi and define the map v: P ^ ^I'(W), f ^ hi ^ A'\ By construction 
exp^jj := (expoj.(j, { Exp^;;/|(T/F, G, tt) G V } , P, ;/) satisfies conditions (Rl)-(R4a) of definition IE. 2. 31 
We check condition (R4b), i.e. given g,h £ P and x G dom/i n domg with domg, dom/i C U and 
germ^ h = germ^g, then germ^^p^f^) i^{h) = germ^^p^j^) iy{g) holds. 

Let domi'{h) C V and codz^(/i) C V', where (V, H,ip), {V' , H' are suitable orbifold charts. 
By construction we already know i'{h)(Expu(x)) — z^(.g)(Exp[j(x)). Restricting to an open and 
i?Exp[^(x)-stable subset x € Sx of domz^(g) fl domi^(ft,), the change of charts i'{g) and z/(/i) restrict 
to open embeddings of orbifold charts. By Proposition \2.2.'2\ there is a unique 7 G i?' such that 
^.v{g)\s^ — v{h)\S:r- Now ^.v{g)(x) = v{h){x) ~ v{g){x) implies that 7 G ^^^(g)(5 ) and from 
Proposition 12 . 2 . 2l we derive some 6 E H with i'{g){S) ~ 7. 

As Exp^y is an open map, the intersection Sx D ImExp^^ is a non-empty open set. It contains at 
least one non-singular point y by Newmans theorem IB. 2. II Both maps coincide on the image of 
Expj^, whence 

v{g){&-y) = i-v{g){y) = v{h){y) = v{g){y) 

implies 5.y = y. Since y is non singular, 5 — idv follows. The mapping v{g) is a group homomor- 
phism from which we deduce 7 — idy. In conclusion i'{g)\s^ ~ ^{h)\s^ holds, whence their germs 
agree, proving property (R4b). The above shows that there is locally only one choice for ^{g). From 
this observation, one deduces that properties (R4c)-(R4d) are also valid for exp^j,. 
We have thus constructed a charted map exp^^ = (expg^i^, { Exp^y }y , [P, i/]) G Orb(V, W) for 
some W C To finish the proof we need to check that every other choice of lifts yields a charted 
orbifold map which is equivalent to exp^j,. 

Let exporb = (exporbj { ^H" K^'i ^'7 "0') G V } : [-P'l '^'l) be another charted orbifold map whose 
lifts are constructed as above. Arguing as before, for each lift Exp;^, we may cover ImExpj^ with 
the domains of embeddings i G / of orbifold charts, such that: 
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(a) dom fj,\y dom /i^^ for each i ^ j, 

(b) For each i, there is a Lift E\yi of expQ^.,^ and an embedding of orbifold charts X\y, such that 
Exp^y(domA*^^) C dom^*^y and MWExpw|dom a*,,, = ^w/^W hold. 

Repeating this argument for each chart in V, we obtain an orbifold atlas A of charts for f2 and 
a family T of orbifold charts for Q. In particular for each chart A ^ A. there is a chart in F 
together with two pairs of embeddings of orbifold charts: The first pair l\) being the canonical 
inclusion into domExpyj/, respectively codExpy[/ for a suitable lift of exporbi while the second pair 
is fiven by the embeddings (A^,/i^) constructed above. It is now easy to check, that the data 
{A, T ^ and A., {\a, i^A)Ai^A satisfy the hypothesis of Lemma [E. 4. 21 By construction 

the induced lifts of elcp^j, and exporb coincide. In particular the induced lifts satisfy an identity as 
in (|5.2.4p . i.e. by construction they are given as the composition of geodesic flows change of charts 
morgphisms and bundle projection of a manifold. Arguing as above shows that locally there is just 
one choice for the change of charts in the image of v. Local uniqueness forces expoib ^ cxpoib by 
Definition 11231 □ 

The above proof reveals several useful properties of the lifts for exporbi which we collect in the 
following 

5.2.4 Remark 

(a) The proof of Proposition 15.2.31 shows, that arbitrary sets of lifts (which are given as lifts of 
orbifold geodesic flows evaluated at 1) for exporbi where no two are deflned on the same chart, 
may be complemented to a family of local lifts which satisfy (R2) of Definition IE. 2. 31 Each of 
these families then induces a representative of [exporbl- 

(b) The families of lifts we constructed in Proposition 15.2.31 have the additional property, that 
for each Expjy : {W,Gw iT^) — ^ (C^W; Gy^^ , V') there is an orbifold chart (V,iJ, i^), such that 
W C TV is a 7?-stable subset which is Gi^-invariant. 
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6. Lie group structure on the orbifold diffeomorphism group 



Throughout this section, we assume that (Q, U, p) is a smooth Riemannian orbifold, where the 
Riemannian orbfold metric is defined on the maximal atlas. We construct a Lie group structure 
on Difi'orb {QM) by an application of Theorem IC.4.31 To this end we first construct a Lie group 
structure on a subgroup. 



6.1. Lie group structure on Difforb (Q, W)g 



It turns out that our approach needs a framework, i.e. an orbifold atlas together with a collection 
of local data, which we fix now. Based on this preliminary work, we construct a Lie group structure 
on some subgroup Difforb ((5,Z/^)o ^ Difforb(Q,W)- In section this Lie group becomes the 
identity component for the Lie group Difforb (Q,^)- 

6.1.1 Construction 

I. Choose for each connected component C C Q some zc G C. As Q is locally path connected, 
each component of Q is open. Hence {zc\C C Q connected component } is a discrete subset. 
Combining Proposition 12 . 6 . 7l with Lemma r2.6.6l we may choose orbifold atlases A,BC14 with 
the following properties: 

(a) the atlases A '■= { {Ui, Gi, E I } , B := { {Wj, Hj, (pj)\j G J } are locally finite, 

(b) each chart in A, B is relatively compact (i.e. its image in Q is relatively compact), 

(c) For each connected component C Q Q, there are unique ic G I,jc G J with zc € 'ipi{Ui) 
(resp. Zc G y^ji^j)) if ^nd only if i ^ ic (resp. j = jc) hold, 

(d) ^ is a refinement of B and there is a map a: I ^ J such that each i £ I satisfies: 

i) Ui C Wa(^i-) and the canonical inclusion of sets is an embedding of orbifold charts, 
implying C H^^i) and i/ji = (Pa{i}\u„ 

ii) a{ic) ^ jc- 

iii) a^^{j) is finite for each j E J 

II. For each i E I the set Ui C Wa(i) is compact and connected. By local compactness, there is 
a relatively compact connected open set Ui C Oi C W^^i)- The set Ha(i)-Oi is open, H^^i)- 
invariant and Ui is a connected subset of Oi C Ha(i).Oi. Thus Ui is contained in a connected 
component of Ha{i)-Oi. Replacing Oi with this component, without loss of generality, Oi is 
an open iJ^j-j) -stable subset. Notice that Gi C H^(^i) o^ holds by construction. 
III. For each j E J define a compact -invariant subset K.j := ^^j- Uiea-iQ) ^PP^y Lemma 
12.6.81 with respect to the compact family {ICj\j E J} and the atlas B. There is a covering for 
each ICj with a finite family Zj := { < fc < A'j } of open -stable sets, such that: for 

each member of Zj there is a finite family of embeddings | Aj',^ : — > Wh h E Z(j, k) | with 
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properties as in Lemma r2.6.8l By Part (c) of Lemma r2.6.8l each is relatively compact and 

the embedding A^^ is the restriction of an embedding A^^^ whose domain contains Z^. 
IV. Consider the open submanifold /C°, which is cr-compact as an open subset of the second 
countable locally compact manifold Wj (cf. the proof of Proposition [2^6. 71 fd)). By Lemma 

ID. 0.51 we may cover each /C^,i G J with a countable family | (^s'^j'^l) fc G n| of man- 
ifold charts, such that the covering is locally finite and subordinate to the open covering 
\^Zlr\K] 1 < fc < A^j I of K.°. Furthermore these charts satisfy 4(^5j) = ^5(0) and the 
families V^^^ (k^J-1(B^(0)) cover /C° for r G [1,5]. 

Since is finite, the set Ha{i)-Ui C /C°(j-, is compact. The atlas | (Vg'fe,'«fe) fc G n| is 

locally finite, whereas there is a finite subset Tr,{Ha(i)-Ui) such that V^^^-^ n Ha[i).Ui ^ if 
and only if the chart belongs to T5{Ha(i)-Ui). We define open sets 

^ry-^ U Km,), re [1,5] 

and compact sets K^ i :— ^l^^i. There is a finite subset J-]i{Kc, j) such that a chart belongs to 
J^^{Kc, i) if and only if ^^^^-^ r\Ha{i)-K^^i ^ holds. Observe that Ha{i)-Ui C fi^ j is satisfied. 
V. Let pj be the Riemannian metric on Wj and exp^^ : Dj — >■ Wj the associated Riemannian 
exponential map. By compactness of Kj and Lemma ID. 0.21 there are constants Sj > for 
j G J, such that: The closure of Oj UxeK" Bpj{Ox,Sj) C TWj, is contained in Dj and 

^^PWj restricts to a diffeomorphism on T^Wj fl Oj for each x G JCj. Since Xji^{Zj) is compact. 
Lemma FD . . 21 vields a constant < Sjk < min{ Sh\h G Z{j, k) } such that exp^^ restricts to 
a diffeomorphism on 

Furthermore since change of charts are Riemannian embeddings, by choice of Sjk 

TX% {Bp. (0^;, Sjk)) C Bp^ (O^fc^^(^), s;^) 

holds for X G domA*^^. For each j E J we define Sj min{ S'jfe |1 < k < Nj }. 

The family T^{K^^i) is finite and by Lemma fD . . 2 1 for each chart {V^^^^^y kJ!^*"*) G -^5(^^5.4) the 

set [J^j^yh Bp^i^.^ {Ox, Sa{i)) is a neighborhood of the zero-section on the compact set V^^^-y 



Hence Wallace Lemma |20l 3.2.10] yields a constant Ri > with 



B2{0)xBnMQTKf> 



For the rest of this section we fix the data constructed in l6.1.1l and use the symbols without further 
explanation. The next Lemma is a rather technical statement. It is the first step in constructing 
orbifold diffeomorphisms using the Riemannian orbifold exponential map. 
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6.1.2 Lemma Consider {Ui,Gi,ipi) € A and for an orbisection [a] G ^OrbiQ) denote by aa(i) 
its canonical lift on There exists an open neighborhood Afi C 3i (Wa(i)) of such that 

fJai^i) G J^i implies the following: 

i. ipi{Ui) C (7^^(57), where Q, is the domain o/expoib 

a. '■— (^^Poih°'^\^ {u ) ^i^duces a diffeomorphism of orbifolds onto its image. 

Hi. (TQ,(j) (ri2.i) ^ Oa(i) holds for Oa{i) as in Construction [KTl] V., 

iv. there is a zero-neighborhood Af^^'"^ C X{il5,i) with Afi — {res^^'''')~^{Af[^^'^). 



Proof. The set Oi C /C°(-j) is open _ffQ,(j)-stable, whence a Ha(i)-stahle open subset is given by the set 
TOi n 6a(i) C Dai^i). We obtain an orbifold chart {TOi D Oa(t), H^^.^j,Q,^^^^,^,Tija(i)\To,n6^(,^) 
together with a Hft of expo^b: Exp^^^^^^^^^^ := exp^y^^^^ lTO.n6„(,, ■ ™i ^ W^a(i)- By 

Remark 15.2.41 fa), there is a representative exp^^ G Orb(V,W) of expQ^.j^, such that Exp^. is 
contained in the family of local lifts of exp^b- Notice that ipi{Ui) C Q is an open subset, whose 
inclusion i-^^^Ui) induces an open suborbifold structure (see Definition l3.2.ip . Consider an orbisection 
a] with Imo'|^.(y.) C fl. Remark 13.2.41 (b) implies that there is a well-defined map of orbifolds 



steps: 



exporb] ° ['^]\\p (u)- Following these preliminary remarks, we proceed in several 



Step 1: Apply Lemma ID. 0.71 to the family !Fc,{Hf^(iyUi) to obtain an open zero-neighborhood 

iVf"'* C X{^5,i)- By construction 0„(,) £ N, := (res^°f')-i(^f ^ -^(W^aC*)) and the following 
conditions hold: For each X G Ni the map exp^y^^.^ °^|r22 ; is an open embedding into M^a(i). The 
set ^2.^ C j C /C° is compact, which allows the construction of a C°-neighborhood of the zero 
section Pi^i C ^(Os,*), such that X e Pi,, implies X{Jhl) C da{i}- Set Af^''-' := ivf"'" n Pi,, and 
Afi := (res^°*'')~"'^(iVj^^ ' n Pi.i). Each vector field in Afi satisfies iii. and A/i is a neighborhood as 
required in iv.. By construction tpi{Ui) — fa{i)iUi) C ipa(i){Oi) holds and Expj,^ is a lift of 

expoibj whence i. follows from property iii.. 

In addition for each a'a(i) G Afi the map exp^^^^.^ oo'a(i) Iz/aji) .£/; is an open embedding. Specializing 
to Ui, the map e"'' :— Exp^^^ o aa{i)\Ui — Fxp^^Q.^Q ^.^ o (7^ is a smooth embedding. From 

now on consider [a] G Xorb (Q) with CFa{i) G Afi holds. 



Step 2: The map e°'* is equivariant with respect to the inclusion v. Gi ^ Ha{i)'. Consider a 
_ff(j(i)-invariant subset R C Q2,i- We claim that exp^y^^^^ o'Wa(i)\R is equivariant with respect to 
Ha(i). If this were correct then e'^' commutes with any 6 G Ha{i}^Ui ~ as Ha{i).Ui C 02,i is 
invariant. To prove the claim let S G i?c((i) be arbitrary and x € R. As 5.x G P C ^l2,i holds, 
(7a(i) is a canonical lift and Pc[(i) acts by Riemannian isometrics, we compute: exp^^ ^.^ a^f^i^^S.x) — 
exp^y ^.^ TSaa(i){x) ~ 5. exp^ ^.^ Cct(i)(a;), thus proving the claim. The map e"^ is a local lift of 
exporb °'^\iH(Ui)- Since composition in Orb is well-defined, a representative of [expoib] ° I''']!^ ([/ ) ^® 
given by P'^ I ^.([7^) = (expo^;, ocr|^.([j^), e'^S G^, i/) G Orb({ ([/,, G,;, V',) } , { (M^a(,), V'aCj)) }) • 
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Step 3: The set ln\ef^ is Ha(i)-stahle with Ha(i).lva.e'^^ C ^2,i'- Consider 5 G Ha(i), such that 
(5. Ime'^' nlme'^' / holds. For x,y GUi with e'^^{x) = S.e°''{y) one obtains 

From Step 1 we conclude x — 6.y, since on H^(^^yUi C ^2,i the map exp;^ . ocr^^j-) is a smooth 
embedding. By i/Q(,j)-stability oi Ui, 5 <E Gi holds, whence (5. Ime'^* = Ime°'* follows. This proves 
the i7Q(j)-stability of Ime"^* and Gime^i = Gi. 

The canonical lift (7a(i) is contained in Mi- By construction of (cf. Lemma ID.0.7|) . the equiv- 
ariance of map implies: 



Step 4: is injective and a homeomorphism onto its open image: 

Consider x,y £ fpiiUi) with — and choose preimages & tp~^{x), Zy G 

ip~^{y) of x respectively y in Ui. Since e'^' is a lift of there exists S G -^^(i) such that 

e"^{zx) = S.e'^^{zy). By Step 3 we must have S € Gi. Since e'^' is an embedding, equivariance of this 
map yields S.Zy = z^- Both points are in the same orbit, which forces x and y to coincide. Hence 
E^^ is injective. 

The local lift e*^' is a smooth embedding with open image and the maps of orbifold charts are con- 
tinuous and open. For any open subset S C ■il)i{Ui), E'^\^.(^ij.) = (pa(i) ° e"^ o ^~^{S) is an open set. 
In conclusion E"'\^.((j.-f is an open map, whose image is open in Q. In particular lmE"'\^.((j.-f is an 
open suborbifold of Q. An atlas for Im _B'^|^.((7.) is given by { (Im e"^', Gi, (pQ,(i) jime"; ) }• 
The map is a homeomorphism mapping the open suborbifold il)i{Ui) oi Q onto an open sub- 

orbifold, such that the local lift of E'^\^.(ij.) is a diffeomorphism onto its (open) image. Proposition 
13.1.101 assures that [i?'^|^i((7j)] is a diffeomorphism of orbifolds. □ 

6.1.3 Later on, we shall apply patched mapping techniques (cf. Section [C.3[) to prove the smooth- 
ness of several maps. To do so, we have to define an orbifold atlas, where charts may occur several- 
fold: Let C := { {Wa(i)THa{i),'.pa{i))\i G / } be the orbifold atlas which arises from B by collecting a 
copy of {Wj,Hj, (fj) £ B for each i G a~^{j). Observe that this atlas is locally finite and each chart 
is relatively compact, as a'~^{j) is finite and B is locally finite with relatively compact charts. 

6.1.4 Proposition There are open zero-neighborhoods Mi C X(VFct(i)) , i I which generate an 
open zero-neighborhood J\f C Xorb {Q)c' such that each [cr\ G Af induces an orbifold diffeomorphism 
[E''] := [cxpo,b] ° e Difforb {QM)- 

Proof. For each j G J construct via Lemma [6. 1.21 a neighborhood Afi X. (Wct(i)). The construction 
shows that for each [a] with aa{i) G TVi, the map E'^\^.(^ij.-j is an embedding of the open suborbifold 
ipi{Ui). By definition of the direct sum topology, the box 0j£^M := (Ilie/M) fl ®iei ^ (^a(i)) 
is an open subset of X (VFc((i)) (cf. 4.3] respectively [24, Proposition 7.1] for a proof). 
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Using the atlas C introduced above, we define the set 



(6.1.1) 



Vie/ 



which is open in the c.s. orbisection topology by Lemma RL.3.41 A combination of Definition 13 . 2 . 51 and 
Remark l5.2.4l (a) shows that [Sr] in TV induces a well-defined map of orbifolds [E"^] [cxpoib] ° [''■] 
such that E"^ :— expo^.j^ocr: Q — )> Q is a local homeomorphism. In particular is an open 

embedding for each i £ I. Let exporb be the representative of the Riemannian orbifold exponential 



constructed in Lemma 16.1.21 yield a representative E"' :— exp^^ o a = {E"' , { e"'^ \ i € I } , P, ly) € 
Orb(.A, C). Here each lift e°'^ is a smooth embedding and (P, i^) is obtained by an application of 
Construction IE.4TT] The image of such a lift is an orbifold chart {Im e°'\ Gi, (pa(i)\im e''i) ■ 
We have to check that E"' is surjective and injective for every [a] G TV to prove the assertion. 
Reviewing the construction of TV, the map E'' maps ipi{Ui) to ^a{i)(^a(i))- Every orbifold chart 
is a connected set, whence its image is contained in a connected component of Q. Thus E"^ maps 
every connected component of Q into itself. Bijectivity of the map may therefore be checked for 
each component separately and we shall assume Q to be connected. 

As a first step, we claim that for every orbisection [a] G TV the map E"' is a proper map. To this 
end consider an arbitrary compact subset L C Q. The atlas B is locally finite and thus L meets 
only finitely many of the sets Lpj{Wj),j G J, say L C [J"^i Vjr(^ir) ^'^d L D ^j{Wj) — for all 



J G J \ { ji, . . . , j„ }. For [a] £ ^f we have C (T4^„(,)). The closed set iE'')-^{L) is 



By construction I6.1.T] each a~^{jr) is a finite set. Hence {E"')~^{L) is compact as a closed subset 
of a union of finitely many compact sets. Since L was arbitrary, E"^ is a proper map (cf. [8, §10 3. 
Proposition 7]). 

Combining the fact that Q is locally compact by Proposition 12 .4. 3l and E°' being a proper map, E"' 
is a closed map (cf. [8, §10 1. Theorem 1]). The image of E'^ is an open and closed set, since images 
of local homeomorphisms are open. But Q is connected and thus E"' has to be surjective. 
The map E"^ is a proper, surjective local homeomorphism of connected and path-connected lo- 
cally compact spaces. Summing up, E"^ is a covering of Q onto Q by [21, Theorem 4.22]. Recall 
16.1.11 1, (c): There is some zq £ Q such that zq is contained in a unique pair of orbifold charts 
((t/^Q,G'2Q,V'2Q), (H^2Q,7f2Q,(/32Q)) & AxB. Since E" {i{}i{Ui)) C i pa(i){W a(i)) and zq is not con- 
tained in any ¥'a(i)(Wj) except for j — zq bv 16.1.11 we derive from (|6.1.2p : |(£''^)~^(zo)| = 1- The 
number of sheets of a covering is an invariant for the connected space Q (cf. [21', Theorem 4.16]), 
whence E'^ is injective. 

In conclusion we have constructed a charted orbifold map E"^ , such that E" is a continuous, closed 
bijective map (i.e. a homeomorphism by [T^, III. Theorem 12.2]) and each lift e'^^^ , {Vi, Gi, ipi) G V 
is a smooth embedding with an open image. Each lift is a local diffeomorphism, whence Proposition 
13. 1.101 implies that E'^ is a representative of an orbifold diffeomorphism [E'^] — [expQ^y^] o[a]\^. □ 




thus contained in 



n 




(6.1.2) 
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6.1.5 Proposition Consider the family {Mi as in Proposition \6.1.'4\ For each i £ I there is 
an open neighborhood P2,i ^ of the zero section and sets Mi'' := A/^ n P2,^, 

(resj^"*'' )~^(A^^^'') such that on the zero-neighborhood A4 '■= A^^ (®ie/ map 

E:M^ Difforb [QM) , Ei[&]) := [E'^] - [expo^b] ° [<^]|'', 
is infective with E{Qorb) = id(Q.j^). 

Proof. Following Proposition 16.1.41 each [a] G TV = A^^ induces an orbifold difFeomor- 

phism [E'^]. Shrink Mi to obtain an open -neighborhood M.i of the zero-section in X {Wa{i)) ■ 
Choose for each i E I a, non-singular point Zi £ Ui (which exists due to Newmans Theorem IB. 2. II 
since Ui is an open set) and a _ffQ,(i)-stable z^-neigborhood Uz- C WQ,(i) with Ha(i).u^. = { idiv^ji) }• 
This is possible since Zi is non singular. The family J^^{Ha(i).Ui) constructed in 16.1.11 covers 
Ui and we may choose a chart '^'k^^^)- ^^^h that Zi £ V^'^^^^y Consider the open set 

Uz, ■■= TV^^^a{^) ^ ^^(^) ^xp^^^^^ (C/^. ) C TWa(i). The intersection T^,M^„(i) n U^, is an open 
zero-neighborhood. We obtain another open zero-neighborhood 

[Kf\z,),pT,{TKf\Uz,)\ C C-(B5(0),M^) 

where prj : -85(0) x M'* — > M'' is the projection. Define P2,j ^ X(ri5_i) to be the open zero- 
neighborhood induced by [K^''*-'(zi),pr2(TK^*-*'(C/2jJ. By construction exjp^, ^.^ oo'c((i) maps Zi into 
Uzi if o'aii) is contained in P2.i- The intersection := A/f^^ ' H P2.i is a non-empty open zero- 

neighborhood in X{n5,,)- Define M^ := (res^°f' C then X := A^^ (0,e/X») 
contains Oorb and is an open subset of TV in Xorb (Q)c- 

We claim that the map E (as in the statement of the Proposition) is injective on Ai. Assume 
that there are [a], [t] £ Ml, such that £'([(7]) — E{[t]). For £'([17]) = [E"'] there is representative 
E°' in Orb(^, C) by Proposition 16.1.41 By assumption the orbifold maps induced by E°' and E'^ 
coincide, whence E'^ — E" follows. We will prove that for each i £ I the lifts e*^' and e"^' coincide. 
Fix i £ I and observe that E" = E'^ implies that for each z £ Ui there is some 7^ £ H^^i-^ with 
e'^'(z) = 7^.6'^' (z). Consider a component C oiUi \ Sci- The set {c£ C|7.e'^'(c) = e'^*(c) } is an 
open and closed subset of C. As C is connected, there is a unique 7c £ Ha{i) with e*^* |^ = 7ce^' 
For X £ C n C this yields the identity T^'^c^'^' — T^e"'^ — T^jc's'^'- Since e'^' is a diffeomorphism, 
we derive T^^, (^x)lc^ ic = T'e-i(j:) idw^,,, and 7,5,^0 e i?Q(i),e-, By gSl Lemma 2.10] 7c = 7C' 
follows, whence there is a unique 7 with 7.6"^' = e°'*. Specializing, we obtain 7.6"^* (z.^) = e°'^{zi). The 
lifts ^^(i), TQ,(i) are elements of Mli, whence by definition of Aii, e"'' (zi) , e'^' {zi) £ Uz^ holds. The 
ifQ,(i)-stability of C/^. forces 7 to be in the isotropy subgroup of Uzi- Hence 7 = idH'c(i) holds and 
we obtain exp^ ^.^ oai = exp^ ^.^ or^. Lemma |6.1. 21 iii. implies that Imcr-i and Imr; are contained 

in Oa(^iy As exp^^^.j is injective on Pj:Wa(^i) n Oct(i) for x £ Ui, we must have = ai. Repeating 
the argument for i £ I, the families { r,; and { ai coincide. As those lifts are canonical lifts, 
Remark l4.2.10l fa) impHes [a] = [f] and E: Ml ^ Difforb {QM) is injective. □ 



We will apply the results of section |D] to construct a neighborhood Ti. of the zero-orbisection: 
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6.1.6 Construction Using the local data obtained in Construction 16 . 1 Tl IV. . we define open sets 

^r,K,y-= U K^^^.y re [1,5]. 

By construction fl^^i C j — K^^i C ilf.Ks i holds for each r G [1, 5]. 

In Proposition 16.1.51 we have constructed sets TW^^^"' as intersections A^[*° ' = iV^^^ ' n P\_i n P2,i, 
where iV^^^ ' is an open zero-neighborhood as in Lemma FD.O.TI Apply Construction ID.CTSl with i?,; 
(see Construction I6.1TI V.) taking the role of R and P := Pi^i n P2,i to construct an open zero- 
neighborhood Hr^ C Ji4i C X(Wa(^i^)- By construction Hr. = ^res^"^' ^ (^ij^'') holds for 

an open zero neighborhood "H^^'^ Q X (r^s./^j .) . Finally for each i G / the construction yields a 
constant, < Ti < Ri with the following property: 

Given X e X (Wa(^ij'j such that for each iy^a(i)^ '^t''^^) ^ ^b{K^^i) the local representative 
satisfies \\Xk W ^^^q^ i ^ Ti then X is contained in M-i. 

Recall from Construction ID . OTSl that for each pair {X, Y) £ HB.i x T~(-Ri there are unique vector fields 
Xo, r, X*%Y*' e X (f^i^Ks . Together with the definition of R, (pXTl V.). the estimates (|D.0.14j) 
and (jD.0.16|) imply the following properties, which we note here for later use: 

Xo,r(x),x*'(x)eBp^,,,(0,,5„(,))c6„(,), yx(En.^K,.,- (6-1.3) 

Define the open subset H :~ A^^ {^i^i'^Ri) of Xorb {Q)c- By construction the inclusions Oorb G 
ncM hold. 

The vector fields X <>iY and X*^ induced by or bisections in Ti yield families, whose members are 
A-related for suitable change of orbifold charts A. The details are checked in the next Lemma. 

6.1.7 Lemma Consider orbisections [a],[f] G Ti with families of canonical lifts {aj)j^j, {Tj)j^j 
with respect to the atlas B. Let A G Chyy^.Wi be a change of charts which satisfies dom A C . 
and cod A C , for k = a{i) and I — a{j). The following identities hold: 

TX{ak Oi Tk)\dom\ = {<7i Oj n) o A (6.1.4) 

TAcr^'IdomA = CT;*' ° (6.1.5) 

In particular the maps aj Oi Tj\ij. and a*' \ are equivariant with respect to the derived action of Gi . 

Proof. The identities (|6.1.4p and (j6.1.5p may be checked locally. Fix x G dom A C £7 5 . together 
with a chart (K\,k^) G F^{K^i), such that x G VT, holds. The manifold atlas chosen for 

C Wk is subordinate to the covering [Z^. n lC°f.)i<r<Nk- Hence there is some Z'^ with V^j, C Z^. 
As a; G C /C^ and A(a;) G r2| . C fCj, by construction 16 . 1 . H f cf . Lemma r2.6.8p . there is an open 
embedding of orbifold charts ji: Z"^ ^ Wi with ii{x) = \{x). After possibly replacing /i with 7./! 
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for suitable ^ ^ Hi, there is an open neighborhood Ux with ^\u^ = \\u^- By construction we obtain 
— \{x) e ils , C Ki and Tx^i. = T^A holds. The definition of Sk together with equation 

(|6.1.3p implies Tfi{aj Tj){x),Tfi(T*^ (x) G Oi and (cr; Oj ti)ijl{x),(j*i^ ^{x) G O;. Let exp„ be the 
Riemannian exponential map induced by the puUback metric on -65(0) with respect to k^. On Vg";., 
the map yields a Riemannian embedding of -65(0) into Wi. From [TT, IV. Proposition 2.6], 

we deduce eicpwj — 6xp„(w) for each v G doniexp„. Recall from Construction 

16. 1.61 that for i £ I, there is some open set Hr- with the same properties as in Lemma lD.0.71 such 
that [a] G H implies ak G Hr^ . For X G Hr^ the following estimates and identities are available: 

i. K^exp^y oX{z) — exp^TKnX{z) for each z G (combine Lemma [0.0.61 fb) and (f)). 
11. exp^^ C F2"fe and exp^^ oX{V^) C Fg",, (Lemma EflS (d)), 

Hi. VT^ C exp^;j,^'oX(ig;j (Lemma |DM](dj). 

The families (ak) and (r^) are canonical families, whence crifi = Tfiak holds. In addition on , 
the local identities (|D.0.13|) and (|D.0.18|) are available. Combining these facts we compute: 

exp^y^ TxX{(Jk Oi Tk){x) = exp^j Txn{crk o., Tk){x) = exp^^ r/i(K^)~^K^((Tfc rfe)(a;) 

= exp„TK^(CTfe Oi rfe)(a;) = /x(4)"^k^ exp^yjcifc o, rfc)(x) 

'D.0.13t ^ I N-1 r \ 

= ^ exp^v^ (expvv^ | ) e^Pw^ exp^^ Tk{x) 
= exp^^j T/iCTfc expvi/^ Tfc(a;) = exp^y^ cr;^exp^y^ Tk{x) 
= exp^^j CT; exp^^j Tiii{x) = (exp^^^ ct; exp^^^ ti)\(x) 

ID.0.17t , , 

= exp^y^(CT; Ti)(A(x)) 

Since exp^^^ restricts to a diffeomorphism on ^^(j;)^^; fl O;, the computation yields (j6.1.4p . 
To obtain (|6.1.5p . we use x G VT, and compute with the facts from above: 

expH/, TxXal'ix) = exp^^, T^ial'{x) '•EpSJ ^(exp^y^ ocrfekia./cs , 

As X G Vf^^ holds, by iii. the image (exp^y^ ocr^jlfj^ . )~^(2:) is contained in V2k- Therefore 
Construction 16 . 1 T] V. implies o'lfJ.iV^f.) = T^dkiVJ^i.) C domexpy;/^. Thus we may consider: 

(expiy, CTi) oexpi^^ TxXal'{x) = exp^^ aifj.{exp^^ <^k\n2,Kr^ ,y^{z) 

= exp^., T/icrfe(exp^^ '^k\n2.K,,, )"^(^) 

= Ai(expM/, crfc)(expvi/, CTfeb^.xs,, )"^(^) = /^(^) = K^) e ^^f.^s,, 

Hence we deduce from (jP.O.lSj) : expy[/^ TAcr^' (x) = exp^y^ ctj*^ (A(x)). Since exp^;^^^ restricts to a 
diffeomorphism on Tx(x) ^ Oj, the computation yields (|6.1.5p . □ 



The families {(Tj Oi Tj j^^^ and { cr** obtained in this way induce orbisections: 



6.1 Lie group structure on DifFoib (Q, W) 



85 



6.1.8 Proposition Consider orbisections [a], [f] e 7i, whose canonical families with respect to B 
are given by { ctj | j G J} G J}- Then 

(a) The family | crQ(i) T^jj) | j G / } induces an orbisection [ct'ot] G M. whose family of canonical 
lifts with respect to the atlas A is given by (a<>T)i := aQ,(i) Oj Ta,(^i^\i/.,i G / 

(b) The family | '^a\i) * ^ | induces an orbisection [a*] G Ai whose canonical lifts with respect 
to the atlas A are given by (cr*)i := '^'^'(^{•fluni G I 



Proof. The families (cr o r)ig/ and ((cr*););^/ are compatible family of vector fields on the atlas A 
by Lemma 16.1.71 These families yield a canonical family of lifts with respect to the atlas A. In 
particular the identities (|6.1.4p and (|6.1.5p allow the definition of continuous maps: 

aor: Q ^ TQ,x ^ Tipi{a OT)i'ipl^{x) if x G tpiiUi) 
a*: Q ^ TQ.x ^ Tij,{a*),ij-\x) ifxG V^(f/^) 

These data allow the definition of orbisections [fj^r] and [a*] by remark l4.2.10l fa). 
To complete the proof, we have to show that [cTor], [a*] are contained in A4. To this end we need 
to assure that [0"?^] and [a*] are compactly supported. The orbisections [ctJJt] G H are com- 
pactly supported, whence supp[(T] U supp[f] is contained in a compact subset K C Q. Since B is 
locally finite, there is only a finite subset Sc,,t C B such that {Wj,Hj,Lpj) G Scr,T if and only if 
Im n i^T 7^ 0. Consider (Wj ,Hj,ipj) G B\ Sa,T- By Remark 14.2.101 (d) the canonical lifts of [a] , [f] 
on Wj are the zero-section in X [Wj). The conclusion in Construction ID . OTSl implies that Cj Oi tj = 
and a*' = hold for each i G a~^{j). Therefore the supports supp[(f'or], supp[a*] are contained in 
Ka^T := U(Tv<,(i).H„(i),v„(,))65„ , i>t{Ui). As Sa,r IS finite and for j G J the set a~^{j) is finite, K^^r 
is a finite union of compact sets ipi{Ui). Hence the supports of [(Tor] respectively [a*\ are contained 
in a compact set, whecne these orbisections are compactly supported. 

Following Proposition 14.2.91 we may consider the canonical lifts (cr o t)^ and ct^ on each chart 
{Wk, Hk, (fk) G B. The orbisections [cTor], [a*] will be contained in if their respective canonical 
lifts are contained in Mi for each i G a^^{k), k G J. Fix i G a~^(fc) and denote by {(TOT)k)[n] respec- 
tively (cr^)[„] the local representatives of the lifts in a chart (Vg"j,,K^) G J-c,{Kc, .j). By construction 
I6.1.6l it suffices to prove that for each chart in J-^iK^^i) the condition || ((cr o T)k)[n] \\-q-Jq^ i '''^ '"^sp. 
||(^fc)w|| g^(o) 1 ^ holds. Observe that this condition may be checked on r2| .. Uniqueness of 
canonical lifts together with (|6.1.4p and (|6.1.5p . forces the canonical lifts {crOT)k respectively {cr*)k to 
coincide with ak <>i respectively cr^' on .. Recall from the construction that the constant 

corresponds to the constant r in Construction ID . OTSl Hence a combination of (jD.0.16|) with Corollary 
EMlyields ||((aoT)fc)[„]||;g^_^ = \\ak OnrkW^^)^^ < n and || (a*)[„] ||^_^ = ll'^fc" lls7(o),i < 
We conclude that each of the canonical lifts of [o'^t] and [a*] on {Wk, Hk, fk) is contained in AAt 
with i G a.^^{k). Summing up, [(t'ot] and [cr*] are contained in Ai. □ 



The last Lemma implies that the map E may be applied to [cr o r], [cr*] for [cr], [r] G %. We 
shall now assure that the orbisections constructed, satisfy the identities needed for composition and 
inversion in E{Ai): 
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6.1.9 Lemma Consider [a], [f] G T-L. The following identities hold: 

E{[a]) o E{[f]) E{[5^]) (6.1.6) 
E{[a])-'=Eip]) (6.1.7) 

Proof. Choose and fix arbitrary [a], [f] G TL. The left hand and the right hand sides of the equa- 
tions (|6.1.6p resp. (|6.1.7p are orbifold diffeomorphisms. As observed in Corollary 13.1.111 orbifold 
diffeomorphisms are uniquely determined by their families of lifts. To prove the assertion, we need 
to find orbifold atlases such that the families of local lifts for both sides of the equations coincide 
for these atlases. 

Consider at first the right hand sides of both equations: The or bisections [cror] and [a*] have been 
constructed by a family of canonical lifts { (a o T)i\i £ / } resp. { (cr*)i | i G / } with respect to the at- 
lases A and TA. Both orbisections are contained in Ai. Taking identifications Im(crOT)i, Im(CT*)i C 
Oa{i) holds. Corestriction of each lift to TUi n Oa{i) yields representatives of [a]\^ and [f]|^. 
Thus representatives of -E([5^'ot]) and E{[a*]) are given by (£'°'*'^, { e^'^^'^^' ^P^^) respectively 
[E"^ , I e"'' ^i^i J P' ^ ™ Orb(.A, C). The lifts of these maps satisfy for each j e / by construction: 

^^Pw^cci) ° expw^^^j oTi = exp^^^.^ o(cr o t)^ = e^'^*^^' (6.1.8) 

(expw-^j,, ocrQ(j)|n2,J"V, = expw/„(;) °< = e'^' (6.1.9) 

As Orb is a category, composition in Orb is associative. Hence lifts may be computed iteratively: 
E{[a]) o E{[t]) = [expo,b] ° o [expo^b] ° HP = [exporb] ° (MP ° [exporb] ° Wl")-A s r„(»),cr„(,) 
are contained in Hr^, the composition of charted orbifold maps (cf. Construction IE. 4TT|) yields a lift 
of E'^ o E^ on Ui which coincide with the left hand side of (|6.1.8p . Therefore (|6.1.6p follows from 
(|6.1.8p by an application of Corollary 13.1.111 

Consider the representative E'^ of [E"'] constructed in Proposition 16.1.41 Corollary 13.1.121 implies 
that the inverse E{[a])^^ is induced by a representative {E'^)^^ := {{E")^^ , { {e"'y^\i e l] ,R, v"). 
Here the lifts are defined via {e'^')~^ := (exp^^^.^ °cri)^^ ■ Ime°"' Ui, i G I. 

We will construct charts such that the families { (6°"')^^!^ G / } and { e'^» |« e / } induce the same 
lifts on these charts. To this end fix i G / and y G Ui. Then there is a manifold chart {V^^f^^-^, k"*'*'') S 
■^b{Ha(i)-Ui) such that y G ^x"a(i) ^lolds. The Furthermore each chart in J-^{H^^iyUi), is contained 
in ^i^Ks i by definition (cf. Construction 16.1^ and Construction 16 . 1 .T] I V . ) . The neighborhood "Kr^ 
has been constructed by an application of Construction Id! 0.8 1 with respect to the family T^(K^^i). 

Since ^^^{i)^^^^) ^ ^5iHa{i).Ui) and aa{i) G Hr- as [a] G Ji holds, property ii. in the proof of 
Lemma EXT] yields x := e'^"<')(?/) G V^\^.^^^ C r22,X5,,- Observe that The family { (f/,, G^, V'l) I^g/ 
is an orbifold atlas, whence there is some j I , z £ Uj with ipjiz) — '4>i{x). Then x G lCa(i) 
and z G /Cq(j) hold. Argueing as in the proof of Lemma 16.1.81 there is a change of charts map 
W^Q(i) 2 dom/i — Wa(j), such that ^{x) = z, V^^^^^-^ C dom/i are satisfied. Analogously to 
the proof of Lemma 16.1.71 <Ja(i) £ ^-Ri implies via a local computation: exp^y ^.^ a(i){^2 a(i)) — 
C dom^ and 

Msxp^y^^^j = expvy^yj ^^'^"(«)l^^2':o(,) " ^^Pw-^u) '^"0)^l^2':c(.)- (6.1.10) 
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Choose a i?Q,(i)-stable neighborhood x € Sx ^-^aii) ^ (^ia(i)) ^ A' ^{Uj)- Then ^ restricts to 
an embedding jj! of orbifold charts mapping the chart (•S'x, -ffQ(i),s^ , '/'^(i) Is^) into {Uj,Gj,ipj)- The 
set n'{Sx) is a G^-stable subset of Uj by |3H1 Proposition 2.12 (i)] and as such 7f(^(j)-stable. The 
orbisection [a] is an element of H C and by construction H^^Qyii^Sx) Q H^QylJj C Q.2,j holds. 
Analogous to Steps 2 and 3 in the proof of Lemma [6.1.21 the set e"^ {ijl{Sx)) is 7?„(j)-stable. From 
(|6.1.10p we derive e'^^{n{Sx)) C cod/i. The change of charts restricts to an open embedding of 
orbifold charts on the stable set e"'^ {fj,{Sx))- Hence Sy := /i^^e"'^ {fi{Sx)) is a Ha(i)-stahle subset. 
Consider z G Sy and let yz be the unique element in V-[^^i^^-^ with z — /i^^e°'^ (/i(e°'> {Hz)- From 
property ii. in the proof of Lemma lG. 1.71 with (|6.1.10p we deduce z — /i^^/ie°''e°'> (y^) — tJz & 
The computation yields y (z Sy ^ ^i"a(i) ■ have achieved that /i" :— ii\sy is an embedding of 

orbifold charts such that e'^J/i' = /i"exp^y^^.^ oai\s^- The lift e'^J and the mapping exp^^^^.^ °o'i\v^ ^..^ 
are open embeddings with e''^{Sx) — Sy and e'^^ fi{Sx) = /i(S'y). Hence we derive 

The last identity follow from Sx C Kj"a(0 ^ ^f.K^ . by p.O.lSp . Summing up, E{a)-'^ and E{[a*]) 
induce the same lift with respect to {Sy,Ha(t),Sy,'Paiz)\sy) and {Sx,Ha(t),s^,'Pa{i)\sJ- As i e I 
and y ^Ui were arbitrary, we may construct an orbifold atlas of {Q,U), such that the lifts of both 
orbifold diffeomorphisms coincide with respect to this atlas. □ 

We now turn our attention to the composition and inversion maps: 

6.1.10 Lemma The maps 

comp: nxH^MC Xorb (Q), , ([<t], [t]) ^ [5^] 
inv : H ^ X C Xorb (Q), , [^] ^ 

are smooth. 

Proof. The atlases A and C are indexed by /. Let ai respectively crQ(i) be the canonical lifts 
with respect to {Ui,Gi,ipi) G A respectively {Wa(i), Ha{i), (pa{i)) G C. The continuous linear maps 
Ti : Xorb {Q)c ^ ^ (Ui) , [o'] n> (Ti and Ai : Xorb {Q)c ^ (W^Q(i)) J [<^] o'a^i) induce patchworks for 
Xorb {Q)c by CoroUarv 14.3.61 The product Xorb {Q)c ^ ^Orb {Q)c is a locally convex vector space 
together with a family of maps Ai x : Xorb (Q)c ^ ^Orb (Q)c ~^ X(W^Q(i)) x •^(W^a(i)), i & I. 
Arguments as in the proof of Lemma ID . . 1 1 show that the family (Ai x yields a patchwork 

for Xorb {Q)c X -^Orb {Q)c- Let p be the correpsonding topological embedding for this patched space 
(cf. Definition [03^ . 

The patchwork on each of the spaces (Xorb (Q)c x -^Orb iQ)ci i^i x ^i)iei) , (Xorb iQ)c , (Ai)iG/) and 
(Xorb {Q)c ^ {'''i)iei)i indexed by /. On the open set Hr^ constructed in 16. 1.61 consider the maps 

comp, : Hr^ X Hr^ ^ X ((7,) , {X, Y) ^ X o, Y\u, 
inv,: Hr^ -^X{U^),X ^X*^\u^. 
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Since H — A^. (©ie/H^J holds, the identities for the patchwork estabhshed in the proof of Lemma 
ID. 0.1 01 yield pCH x H) C (Sieii'H.R., x "^flj and Ac('H) C (Stei'H.Ri- By construction, we deduce 
from Proposition 16.1.81 

(compJ-g^p|„^„' = ocomp and (mv.,)-gj Acl^ * = mv . 

These mappings are well-defined, since comp^ and inv^ vanish on the zero-element. Hence comp 
and inv are patched mappings. By Proposition IC . 3 Tzl it is sufficient to prove that comp and inv are 
smooth on the patches, i.e. for each i € / the maps comp, and inv^ are smooth. For the remainder 
of this proof we therefore fix i S / and prove the smoothness of comp j respectively inv^ : 

The open sets ^r,Kr^ ii ^ £ [1, 5] contain Ui. Consider the restriction maps res|^°^' , reSj^'^'^^'* which 

are linear and continuous, whence smooth by [25, Lemma F.15 (a)]. Recall that the maps 

are smooth by Lemma ID. 0.101 By definition the maps compj and inv^ are given as compositions: 

^2.K^ i Wad) Wad) i 

comp, = resy_ ' oc, o reSf;^ x res^^^ lun, x«„, 
mvi = reS[^* on o reSj^^ I-Hr. 
We conclude that compj and inv^ are smooth, whence comp and inv are smooth. □ 

We are now in a position to construct a Lie group structure on a subgroup of Diffoib {QM)'- 

6.1.11 Proposition There is a subset V C DifForb {Q^U) which contains the identity, such that 
the subgroup generated by V 

Difrorb(g,W)o (P) 

admits a unique smooth manifold structure, turning Diffoib {Q,U)q into a connected Lie group and 
V into an open connected identity-neighborhood. 

Proof. Endow E{Ai) with the unique smooth manifold structure turning £': 7W — > E{J\A) into a 
diffeomorphism. Consider T'o •= -^(^) as an open submanifold of E{M.). Combining Lemma 16.1.91 
and Lemma |6 . 1 . 1 01 the composition and inversion 

m: T'o X ^ E{M), ([/], [g]) ^ [/] o [g] = E{courp{E-\[f]), E-\[g]))) 
i: Vo ^ E{M), [/] ^ = E{inv{E-\m 

are smooth maps. Observe that by Proposition 16.1.81 and definition of m and l the images are 
contained in E{A4). The set Vq is an open identity-neighborhood on which inversion and group 
multiplication of DifTorb [QM] are smooth. Hence the inverse image l^^{Vo) = T'o H ('Po)^^, with 
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{Vq) ^ := i^iVo) is an open neighborhood of the identity in Vq. Thus E ^{Vq fl (Pq) ^) is an 
open zero-neighborhood in Xorb iQ)c- Since this space is locally convex, we may choose a convex 
zero neighborhood Hi C E-\Vo n (Po)"^) ^ Xorb (Q)^. Then Pi := EiUi) C Pq n {Pq)-^ 
is a connected, open identity neighborhood in E{Ai). Since Pi C Pq (Po)~^ holds, we have 
L~^{Pi) = Po n {Pi)~^ — {Pi)~^ — '-(■Pi). Being an inverse image of an open set with respect 
to a continuous map, (Pi)^^ is open. Furthermore it is connected as continuous image of such 
a set. We obtain an open, connected identity-neighborhood P :^ Pi L) {Pi)~^ Q Po is in E{Ai) 
by [20, Corollary 6.1.10]. 

From the above we deduce ni{P, P) C E{M) and the mapping P xP ^ E{M), ([/], [g]) i-^ [/] o [g] 
induced by m is a smooth map. Furthermore (py^ ^ P C E{M) holds and the mapping P — > 
E[M.), [/] i-> [f]~^ induced by t is smooth. In conclusion all prerequesits of Proposition IC.4.31 (a) 
have been checked. Hence we derive a unique smooth manifold structure on 

Difforb {QM)o ■■= {V) 

turning it into a Lie group, such that P is an open identity-neighborhood in Difforb (Q,^)o- 
addition the manifold structure induced by DifFoib {QM)q coincides with the submanifold structure 
of C E{M). Therfore P C Difforb {QM)o is open and connected. As the the group operations of 
Difforb {QM)q E^re smooth, each of the sets P" (the elements of Difforb {QM)o^ which are obtained 
by n-fold composition of elements in P, n e N) is a connected identity-neighborhood. Since P is a 
symmetric identity-neighborhood, we deduce from the proof of [35' Theorem 5.7]: 

oo 

Difforb (Q,^)o = (7')= U^"- 
n=l 

Hence Difforb {QM)o is a connected Lie group by |20l Corollary 6.1.10]. □ 

In the next section we shall construct a Lie group structure on Difforb {Q,U)- The Lie group 
structure on the subgroup Difforb {Q^U)^ of Difforb {Q,U) will turn this subgroup into the identity 
component for the Lie group Difforb {Q,U)- 

6.2. Lie group structure on Difforb(QiW) 



Unless stated otherwise all symbols used in this section retain the same meaning as in Section 
16.11 In particular we shall always be working with a Riemannian orbifold {Q,U, p). At first we will 
prove that the Lie group Difforb {QM)q is independent of the choice of the atlases A^B and the 
local data constructed in Section 16.11 Secondly the construction does not depend on the choice of 
the Riemannian orbifold metric on {Q,U). Having dealt with these preparations, an application of 
the Construction Principle IC.4.31 yields a unique smooth Lie group structure on Difforb {QM)- 

6.2.1 Lemma The Lie group Diffoib {QM)o constructed in Provosition \6.1.7l\ does neither depend 
on the choice of atlases A and B, nor on the local data collected in Construction [KTA[ 
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Proof. Let and i3+ be orbifold atlases, which satisfy the same properties as A and B in Con- 
struction 16.1.11 Replace A and B in the construction constructions of Section 16.11 with A'^ and 
B^ . Taking the Riemannian orbifold metric p as before, we obtain another connected, smooth 
Lie group DifForb {Qii^)o depending on the new set of data. As shown in Section l6.ll there is a 
C°°-difFeomorphism , E^{[a]) '■— [exporb] ° [^] mapping the open convex zero-neighborhood 
(defined as in Proposition 16.1.111 with repsect to A'^ and the open subset C Xorb ((9)c 
and the local data constructed for B~^) onto an open identity neighborhood in Difforb [QM)^ ■ 
Then O := T-Li fl T-Li is an open, convex (and hence connected) zero-neighborhood in Xoib {QM)c- 
The map E takes O diffeomorphically onto an open identity neighborhood in Difforb {QM)o- As 
Difforb {QM)q is a connected Lie group, E{0) generates this group by |35l Theorem 7.4]. Analo- 
gously E^ maps O diffeomorphically onto an open identity neighborhood in Difforb {QM)t which 
generates this group. Recall from Proposition 16 . 1 . 5l that £'([(7]) — [expg^^] ° [^]\^ — holds 
for each [ct] G O. Hence both maps coincide on O. We deduce Difforb (Q,^)o = {^{O)) = 
Difforb {Q,U)^ as an abstract group, and also as a Lie group. □ 

6.2.2 Lemma The Lie group Difforb {Q,U)q constructed in Provosition \6.1.JT\ does not depend on 
the choice of Riemannian orbifold metric p on {Q,U) (cf. Section \6.1\l . 



Proof. Let p"^ be another Riemannian orbifold metric on {Q,U). By Lemma [6. 2. II we may use the 
same atlases A := {{Ui,Gi,ipi)\i G 1} and B := {{Wj,Hj,ipj)\j G J} as in Construction I6.1TT] 
Reviewing this, the local data constructed in Construction 16 . 1 H II . - IV. does not depend on the 
Riemannian orbifold metric. The constants i E I and Sj,Sj, j J in Construction 1^1 . II V. 
change for = {pf)jeJ- The new constants depending on will be denoted by Rf , i G I and 
sf,Sf,j e J (see Construction 16 . 1 . fl V. for their properties). 

Let [exp^J^'^] be the Riemannian orbifold exponential map with respect to {Q,U, p"^)- As in Section 
16.11 one constructs open zero-neighborhoods H'^ :— A^^(®ig/'H^#) and V.^ C A^*, which depend 

on the data in Construction 16.1711 1. - IV., the constants Pf , i G I and s'tj^^S'^,] G J, as well 
as on the Riemannian orbifold metric p'^ . Furthermore we obtain an injective map E"^ : M"^ — >■ 
Difforb (Q,Z-/)q, a connected Lie group Difforb (Q, i^)* = (^"^) and a convex zero-neighborhood 

n* cn* C Xorb (Q)„ such that -.n* C Difforb {Q,U)t - [^] ^ [eSp^Tb*] ° ['^IP* 

is a diffeomorphism onto an open identity neighborhood. 

Fix some i E I and let T^iK^^i) := | (y;^a(i)' 1 < n < A'^ | be the atlas of Construction 16 . 1 Tl 
IV.^. For each 1 < n < Ni the Riemannian metrics induce puUback metrics with respect to the 
manifold charts Kn^^K The charts k"^*'' induce puUback metrics on -65(0) with respect to Pa{i) 
and p*i^.y For (K;"^(,) , Kn ), 1 ^ ^ Ni. The associated Riemannian exponential maps will be 
denoted by exp^^^.^ j„] respectively by exp^ j^j. Finally we define the local representatives of 
a: G X (T^a(i)) with respect to k"^'^ via A[„] := A^„(.) o (k"^'V^ e C°°(S5(0), M'^). 



^To shorten our notation we number all charts from 1 to some Ni £ N, i G I . From the constext it will be always 
clear which charts are meant. 
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Observe that the open set T-Lr- in Construction 16.1.61 was obtained by Construction ID. 0.81 Re- 
viewing this construction, for 1 < n < iVi, £„, 5„ > have been chosen, such that for each x e -64(0) 
the map 4'a(i).[n],x'- ^e„(0) ^ Bs^{x),y 1— > exp^.^^) [„](a;,2/) is a diffeomorphism. Furthermore the 
choice of e„ yields the smooth map 6q(,;)j„] : Ws„ i?^,^ (0), 6(a;, y) :— 4>^^^-^ [n\x^y) Lemma 
ID.0.3|) . Recall that e„ < Vi holds for 1 < n < A'i. Here Vi is the constant constructed in Lemma 
ID.0.6l with respect to the finite family F^{K^^i). Thus the assertions of Lemma FD. 0.6 1 hold. For each 

^ ^ia(i)^ 1 < JT- < -^i! there is an open set C TxWa(i), with the following property: 

Cexp^^^^^,,[„]««(a;),i?,„(0)) C <W exp^^^ JTV,). (6.2.1) 

Observe that the neighborhood has been obtained by another application of Construction 

ID. 0.81 with respect to a family of constants ef , Sfj; > 0,1 < n < Ni. 

By Lemma ID. 0.31 (c) we may choose constants ejf > „ > for 1 < n < A^i so small that 
^^Pa(i),[n] ({ '^n'''\x) | X B^#jO)j is Contained in S^-^ (k"'*' (a;)) for x G For 1 < n < iV^ 

we choose for each ef„ a constant Sn > <^i,n > which satisfies the assertion of Lemma FD. 0.3 1 (b). 
Apply Construction ID. 0.81 with R := R* and P := Pf^ n Pf^, but replace the pairs {ef,d*) with 

{£in,SYn) to obtain an open zero-neighborhood Hj^# C Thus the map 

y)) (6.2.2) 

is well-defined and smooth, as a composition of smooth maps. By construction ef„ < < i/^ 
holds, where is the constant as in Lemma [0.0.6 1 with respect to the finite family J-^iKr^i. Hence 
we deduce with Lemma ID. 0.61 (b) from equations (|6.2.2p and (|6.2.ip that the map 

{E-'E#), : ^ X {n,^K.J , {E-'E*),{X) exp„(,) expj^^ oX (6.2.3) 

is well-defined. In addition, we claim that {E^^E'^)i is a smooth map. To see this, let 1 < 
n < Ni and recall that Hj^# C X {p.^, i) is open and J-5{Kc, i) covers Vl^^K^i- Hence for 1 < 
n < Ni the maps r„ : X(f75,K5,.) C°°(B5(0),M'^),X ^^ X[„] form a patchwork by Definition 
IC.3.11 Analogously the maps t„ : ^(f^i,^^,) ^ C°°(Bi(0), R''), X X[„]|bi(o),< < Ni yield 
a patchwork. Consider the open subset [Bi(0),B_^# (O)Joo ^ C°°(B5(0), R'^). For X G we 
obtain X[„](B3(0)) C (0) (cf. Construction ID. 0.81 and Lemma lD?a4|) . Hence r„(i?^#) C 

\Bi{0),B # (O)Joc holds. In addition 1251 Proposition 4.23 (a)1 with (I6.2.2p yields a smooth map 

C/„: L^Br(0),^,#jO)Joo ^C°°(Si(0),K'^),f/„(a) := (w„),(a), 

with (m„)*(ct)(.t) := Un{x,<7{x)) for a: G Bi{0). By (j6.2.2p [/„ maps the zero-map to the zero-map. 
Evaluating (|6.2.2p pointwise for {X, x) G Etj^f x ^i^Ks t, the local formula (j6.2.2p and Lemma [0.0.6 1 

(b) yield the identity t„ o {E-^E*)^ = C/„ o r„. Thus (E-^E*), is a patched mapping, which is 
smooth on the patches, whence {E^^E'^)i is smooth by Proposition IC . 3 . 7l 
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For each j G / construct in the same manner an open set Hj^# C X (^^5,^5 j) together with a smooth 

map {E-^E*)j. Define H* (res^^f C C and by Construction EH] 

H* := Ac\(SieiH*) C H# holds. For each [a] G the family {{E-^ E*),{aai^,)\n,^^ J\u,)^eI 
is a family of vector fields. Since [it] is compactly supported, only finitely many canonical lifts 
a'a(i)- By standard Riemannian geometry, the Riemannian exponential map composed with the 
zero section yields the identity. Hence (|6.2.3p shows that only finitely many of the vector fields 
{{E~^ E'^)i{aa(i)\n^ )\ui)i&i will be non-zero. We claim that these vector fields form a canonical 
family of an or bisection. If this were true, these vector fields define a compactly supported or bisection 
-'-£'#( [it] ), whose lifts with respect to A are given by {{E~'^ E'^)i{aa{i)\Q.:, ■)\ui)iei- As Ui C 
^i.K^ i holds, these vector fields yield an or bisection, if the following is satisfied: 

Let [a] e H"^ and A £ Chw^.Wi change of charts which satisfies domA C f2i_i and cod A C 
for some k — a(i) and I = a{j). The following identity holds: 

rA(i?-ii?#).K|o,,,, JIdomA = {E-'E*),{mKs.,JoX (6.2.4) 

The argument given in the proof of Lemma 16.1.71 may be repeated almost verbatim: We check 
the identity (|6.2.4p locally: Choose some x £ domA C fli ^ and a chart {Vc^i.,k'I[) G -7^5(i^5,i) with 
X dz V^f,. Again there is some with C Z^. As a; G V^j. C JC° and X{x) G /C^, there is an 
open embedding of orbifold charts fi: Z"^ ^Wi with ii{x) = X{x). After possibly composing /i with 
a suitable element of Hi, there is an open neighborhood Ux with — X\u^ and thus T^ij. ~ T^X. 
Since p and are Riemannian orbifold metrics, each change of orbifold chart morphism in Chwf,,Wi 
is a Riemannian embedding of its domain endowed with the induced metrics into the Riemannian 
manifold {Wi,pi) respectively {Wi,pf). By construction of Hf each X G Hf satisfies 



<en< Rt for each 1 < 71 < A^i (6.2.5) 



-Bi(0),0 

Recall from Construction 16 . 1 H V. the properties of Ri and Sk- 

The definitions imply that Tp,{E-^E*)^{ak\n, ^.^^ J{V{',^) C Oi C domexp^^^ holds for [a] G H*. 
Computing locally on Vg"^., we use that /Lt(K^)~^ is a Riemannian embedding into Wi. Again by 
|i41i IV. Proposition 2.6] the identity exp^y. T/i(K^)~^(w) = /^(kJ;)"^ exp^, [„](«) holds for each v G 
domexp^/^ [„]. The family {cfelj-gj is a canonical family of lifts, i.e. crj/i = Tfiak holds. By 
definition of Hf C Hj^f the identity k^^ ^xp^^ oX{z) — exp^^ TKnX{z) holds for each z G VJj"^, 

and X G Hf (cf. the proof of Lemma l6.1.7p . Observe that A(a;) G fti.j and cr; G Hf hold. 
Combining these facts one computes: 

expw^, TxX{E^^E*)k{<Tk\ns K^^ J{x) = exp^y^ T^^(K^)"^K,*;(exp^y^ \nJ~^ expf,^ crfc(x) 

=P(kJ exp^v^ [„]TK„(expvyJjvJ exp^^ 0-^(2;) = exp{^^ dfe (x) 
^^iinfX^ exp^^ TK^^akl{x) = exp^^ cn{^l{x)) = exp^^ criiHx)) 

*^exp^,(£;-i£;#)Kadn.,.,,^)(A(x)) 

As X e )Cl and A(a;) G ^^1,^5^ hold, the definition of Ri implies Tj:X{E^^ E'^)k{ak\n^ . ){x) G 
Oi. By cosntruction of Hf, we deduce (£'^^£''^);(f7;|o5 As exp; is injective on 
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T\(^x)Wi n Oi and x G domA was arbitrary, this proves (|6.2.4p . We conclude that the family 
((i?~^i?'^)i(cr£,(j) I05 )\ui)iei is a family of canonical lifts for a compactly supported orbisection 
E-'^E*{[a]). Define E^^E* : H* Xorb {Q)^ ■, ^ E-^E*{[a]). Using the patchworks (A,),e/ 
and {Ti)iizj for Xoib (Q)c (^^^ Lemma iG.l.lOp . a computation yields the identity 

reJi:'''^'\E-^E%re^:;^^^^ X^t = nE'^E*, ^ G /. 

We have already seen that {E'^E'^)i is smooth, such that (E^^ E^)i{Of^(^i-^) = Oi holds for each 
i G /. By |25l Lemma F.15 (a)] the mappings res^^'^^^ ', res|^°^' are smooth, whence E~^E'^ is a 

patched mapping which is smooth on the patches. By Proposition IC.3.71 -E^^-E"^ must be smooth 
and therefore it is continuous. Using continuity, there is an open, connected zero-neighborhood 
n* C U* r\ H* such that E-'^E*{n*) C E-'^{V). Uniqueness of canonical lifts proves that 
the canonical lifts of E~^ E"^ {[a]) coincide on ^i^k^ i with the vector fields {E~^E'^)i{aa(i) |si5 )• 
Recall the construction of the representative E"' of £^([17]) in Proposition 16.1.41 Using (|6.2.3p . the 
construciton yields for E{E^^E'^{[a])) and i ^ I the lifts exp^ oo-j. The same lifts are ob- 
tained, if this construction is carried out with respect to the Riemannian obrifold exponential map 
[expQj.,^]. As orbifold diffeomorphisms are uniquely determined by a family of lifts (cf. Corol- 
larv l3.1.11|) . E*{[a]) = E o {E-'^E*){[a]) G eIe-^{P)) = V holds for each [a] G TZ* . The set 
7?.^ is an open and connected zero-neighborhood contained in Hf . Since Difforb (Q, Z/^)* is con- 
nected, (E*(n*)) ^ Difforb(Q,W)^ holds by [351 Theorem 7.4], which implies Difforb (Q, W)^ C 

DifForb {QM)q- In particular the inclusion morphism Difforb {QM)t ~^ Difforb {QM)o is smooth 
on the open identity-neighborhood E'^{TZ'^), whence smooth by [9j III. §1, Proposition 4]. Re- 
versing the roles of p and p"^ , one deduces that also DifForb (Q,Z-/)q C DifForb (Qt^^)* and the 
inclusion morphism DifForb {Q:^)o ~^ Difforb {QMy^ is smooth. In conclusion DifForb {Q,1^)q and 
Difforb {QM)t coincide as Lie groups. □ 

So far, we achieved that the Lie group structure on DifForb {Q,^)q does neither depend on the 
local data (the atlases A, B etc.) nor on the Riemannian orbifold metric. We exploit these facts to 
prove that the requirements of Proposition IC".4.3I fb) are satisfied: 

6.2.3 Proposition Let [</>] G Difforb (Q,^) be an arbitrary orbifold dijfeomorphism. Then 

C[^] : Difforb (g,W)o ^ DifForb iQ,U) , [/] ^ [4>] o [/] o [<^]-i 
is a smooth map, whose image is contained in DifForb {Q,U)q- 

Proof. The proof will be quite simple, after some preparations have been dealt with: 
Following Corollarv l3.1.12l (d) , we may choose orbifold atlases V,; := { {V^, LI, irl) eU\k & K] C U, 
i = 1,2 together with a representative $ = (0, { 0^ |fc G -fC } , P, i^) G Orb(Vi,V2) of [</>] such that 
each 0fc : Vj3 — VJ? is a difFeomorphism. Furthermore Corollarv l3.1.8l assures that we may choose 
P = Chv^ and = </i;A0fc ^^(dom a) for A G Chyiyi- 
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By Proposition 12.6.71 there are locally finite atlases A respectively B indexed by I respectively J 
which satisfy the properties of the atlases in Construction 16.1.11 1.. In addition there is a map 
/?: J — > such that: Wj is an open subset of V^^^y the inclusion of sets induces an embedding 

of orbifold charts and Wj C V^^j^ is compact for each j £ J. As a consequence of Lemma 16.2.11 
we may construct Difforb (Q:^)o with respect to these atlases and the Riemannian orbifold metric 
p. Thus there are open sets Tii Q H '■= A^^('Hi^J and a diffeomorphism El-^-^ onto an identity 
neighborhood in Difforb {QM)q- 

By construction the inclusions of sets Ui C Wa(i) ^ ^^(aii)) ^-^d 4)p(a(i)) ^-re change of orbifold charts 
for each j G /. For « e /, the sets W^' :— (f>fj{a{i)){Wa(i)) and :— 4>i3a(i){Ui) are L^^^^-^^-stable, 
open and relatively compact subsets of (cf. Lemma [3 . 1 . 91 f a) ) . Hence we obtain families of 

orbifold charts for Q 

A+ := { (t/+,G.,^^^(,)|j,+ )|* el} and B+ := { {W+,H„^+ := & J} ■ 

The underlying map is a homeomorphism and each (j)k is a diffeomorphism. Hence A'^ and are 
orbifold atlases for Q, such that Ul^ C W^^^^^ holds for each i e I and the inclusions of sets induce 
embeddings of orbifold charts. Since Wj' is a relatively compact subset of for each j e J, we 
deduce from the continuity of ti'^q) and |201 Corollary 3.1.11] that the image of each chart in A~^ 
and S"*" is relatively compact. Exploiting that is a homeomorphism, A'^ and B^ are locally finite 
atlases, since the same holds for A and B. Furthermore by construction of A and B, for each con- 
nected component C C Q, there is a point zc which is only contained in the images of a unique pair 
of charts in ^ x B. The homeomorphism 4> permutes the connected components of Q, whence each 
Zc is mapped into a separate component. Each element of {(f){zc)\C C Q connected component} 
is thus contained in the images of a unique pair in A~^ x B'^ , such that the images of different pairs 
are contained in different connected components. Summing up, the atlases A'^ and B~^ satisfy all 
properties required in 16.1. II I.. 



As B is an atlas, a family of lifts for a representative of [(j)] is given by | <l>j := (^^(j) \wj \ j & J}- 
By construction each of these lifts is a diffeomorphism and ^a{i)iUi) — holds for each i E 
I. CoroUarv 13.1.121 assures that E J} is a family of lifts for a representative of [0]^^ in 

Orb(S+, B). Observe that ^J^{U^) = Ui holds for each i e a^^{j). Before we prove the smoothness 
of Cj^j, consider the following auxilliary maps: 

Define U: Hr^ -> X (?7+) ,X ^ T$c«« A:$^(^^) | for i e /. For [a] G H, the family {U{a^)\i el} 
defines a family of vector fields. We claim that these vector fields are a family of canonical lifts of 
an orbisection: Let A e Chjj+ jj+ be any change of charts with i,jel arbitrary. As noted above, 

/i A<I'c((i) 1^-1 ((joj„^) is a change of charts in Chi/.^u^ and we compute 

tj{aj) o A = T$„Q-)Crj$„(j)|y+A = r$„(j)CrjAi<J'Q;(^j)|domA 

The family {ti{ai)\i G / } is a family of canonical lifts with respect to A'^ , whence it induces a 
unique orbisection By construction ti{(7i) will be the zero-section if <Ti is the zero-section. 
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Hence t{[(7\) is compactly supported and we obtain a map t: H Xorb {Q)c > ['''] ^ii'^])- Consider 
the patchwork induced by the maps 

Pi - Xorb {Q)c ^ {^a{i)) ,Pi{[0-]) = O-a(i) and Qi : Xorb {Q)c ^ ^ {U^) , = <^up * ^ 

sending an orbisection to their canonical lifts. By construction of T-L (cf. Construction I6.1.6|) . 
Pi{T~L) C "Hfi^ holds. From ti o pi\^ ' = qi ot we deduce that t is a patched mapping. We claim that 
ti is smooth for each i E I. If this were true, this implies the smoothness of t by Proposition IC . 3 . 7l 

To prove the claim, consider t'^: H^"'""" ^ X (f^g^^, J) , X k> r$„(i)X$-(\^|$^(_j(n^^_, j 

and note the identity ti — reSj^^'**'' ^''^^''"^ t'^ies^"''^^ . Since the restriction maps are smooth, it 
suffices to prove the smoothness of t'^. By construction il^ K^i is covered by the finite family of 
manifold charts MKr,,,) = { {V^]^^^^ , C^'^ )\l < n < TV, }. Hence the sets V^;+^^ := $a(o("l^5:a(.)) 
cover cE>c(i)(f^5,if5.i)- Set 

* ^a(i)\v"-+ *° obtain a manifold atlas for ^a{i){^5,K5 i)- 
J-^{Kz,i) := I (^^'c!(i)iln^^^) i < n < Ni^ . By Definition IC.3.11 there are finite families of linear 
continuous mappings O^^,-^ : X (fl^^K,..) -> C°°{V^^^^^^.^,R'i), X and e^lt) ■ ^ {^<.(^)^5,KrJ ^ 

^ ^7-' ^i*^ 1 < n < TV;. The family (6';^(,))i<„<Ar. is a patchwork for X (r^s,^^ ,) 
and {02'(^^)i<n<Ni is a patchwork for X ($c((i)(ri5_x5 i)) by Lemma [25', Lemma F.6]. As ^^^^^^ is 
smooth, the puUback C'°°($^(i) i H^'*) is continuous linear and therefore smooth by |23l Lemma 

5,Q(i) 

3.7]. A quick computation yields for 1 < n < iV, the identity d^'ftof^ = C°° {<^^lj\°i'\R'^) o O^f.y 

We conclude that ti is a patched mapping, which is smooth on the patches, whence smooth by 
Proposition IC.3.71 



The orbifold diffeomorphism [(/)]^^ induces a unique puUback metric p'^ := {[<j)]^^)*p on Q (cf. 
Lemma [5.0.8p . Denote by pj the members of p on the orbifold charts {Wj, Hj,ipj), j G J. The 
Riemannian metricw associated to with respect to {Wj' ,Hj, fj'), j & J are given by the pullback 
metric :— {^J^)*pj. For j £ J let exp^ : Dj Wj be the Riemannian exponential maps with 
respect to {Wj, pj) and exp* : Z?|' Wj' be the exponential map with respect to {W^^^ , pf). These 
pullback metrics turn <i>j, into Riemannian isometrics and the map [(f>] into an orbifold isometry. 
In particular we derive T^j{Dj) = Z?^ and the exponential identity 

expf(T$j)|^J =0jexp^-. 

Let [a] be in H and consider e"^' as in Proposition 16.1 .41 From the last identity we deduce 

o e-- o = exp„(,) <J^Kl)\u+ = expj,) |y+ . (6.2.6) 

Combining Lemma 16.2.11 with Lemma 16.1.21 one may construct Difforb {QM)q with respect to the 
atlases , and the Riemannian orbifold metric p'^. Hence there are an open connected zero- 
neighborhood C Xorb (Q)c and a map E^: DiSoih {Q,1^)q Ao'] i-> [expoibl ° 
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Here [expg^.,^] is the Riemannian orbifold exponential map associated to . whose domain is 
Vi^ . The map E'^ is a difFeomorphism onto its image, which is an open identity-neighborhood in 
Difforb {QM)q,- As t is smooth and thus continuous, there is an open connected zero-neighborhood 
A C Hi, such that t{A) C i/+ holds. 

Recall from Corollary 13 . 1 . 1 11 that an orbifold difFeomorphism is uniquely determined by the family 
of lifts of any of its representatives. Hence for [a] G Hi = E^'^{V) (cf. Proposition 16.1. lT|) . the orb- 
ifold difFeomorphism [0] o iJ([(7]) o [(j)]^^ is uniquely determined by | ^a[i) ° e"^' o ^ct(i) |[/+ « S / 1. 
In Proposition 16.1.41 a representative of E^{[d-]), [a] e in Orb(^+,S+) has been explicitely 
computed. Its lifts were given by the family | exp^^^^ °'^u^ } ■ Since the lifts uniquely deter- 
mine the difFeomorphism, equation (|6.2.6p implies c^^^E{[a]) ~ E^t{[a]) g DifForb {QM)t^ for every 
[ct] e A. In particular c^^t^E{A) C DifForb (Q, holds. The set E{A) is an open connected 
identity-neighborhood, whence it generates the connected Lie group DifForb {QM){) by [35, Theo- 
rem 7.4]. Therefore Cj^](DifForb [QM)o) = c^^][{E{A))) C Difforb [QM)q holds. <We deduce from 

C[0]|£;(A) = o t\j^* o (i?!^*-^-*)"^ that the group automorphism Cj^j of Diffoib {QM)q is smooth 
on the open identity neighborhood E{A), whence smooth by [F, III. §1, Proposition 4]. □ 



The preceding Proposition shows that for each [0] , we may choose an open identity-neighborhood 
:= c|^|(C/), such that Cj^j|vk_j : — )> [/ is smooth. All requirements of Proposition IC.4.31 (b) 
have been checked. Applying this construction principle, we obtain a unique Lie group structure 
on DifForb {Q,U), turning Difforb {QM)q into an open submanifold of Difforb [QM)- Summarizing 
the results, we obtain the following 

6.2.4 Theorem The group DifFoib (Q,^) can he made into a Lie group in a unique way, such that 
the following condition is satisfied: 

For some Riemannian orbifold metric p on {Q,IA), let [expg^j^] he the Riemannian orbifold expo- 
nential map with domain fl. There exists an open zero-neighhorhood Hp in XorbiQ)c such that 
[a] I— [expoib] ° a well defined C°° -diffeomorphism of Hp onto an open submanifold of 

Difforb iQ,ll)- 

The condition is then satisfied for every Riemannian orhifold metric on (Q,l/l). The identity com- 
ponent o/DifForb {Q,U) is the Lie group DifForb (Qj^)o constructed in Section \6.1\ 

6.2.5 Corollary If {Q,U) is a compact orbifold, the Lie group Difforb {QiU) is a Frechet Lie group. 
Proof. If Q is compact, by Corollarv l4.3.6I Xnrh (Q)^ — Xorb (Q) is a Frechet space. □ 



We shall now consider subgroups of Difforb (<5,^), which will turn out to be Lie subgroups of the 
Lie group DifForb {QM)- 
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6.2.6 Definition Let X C Q be a compact subset and denote for an orbifold map [/] its underlying 
map by /. Define the set of all orbifold dijjeomorphisms whose support is contained in K: 

Difforb (Q,W)^. := { [/] e Difforb iQ,U)\f\Q\K = ^dg } 



We also say that the elements of Diffoib {QM)k coincide with the identity morphism of Q off K . 
Furthermore we define the subset Difforb {QM)c — Difforb {QM) of all orbifold diffeomorphisms, 
whose underlying map coincides with idg outside some compact set in Q. Observe that the sets 
Difforb {Q,U)k jDifforb {QM)c are subgroups of Difforb {QM)- 



6.2.7 Remark Notice that by construction Difforb {QM)c contains Difforb {QM)o- The subgroup 
Difforb therefore is an open subgroup of Difforb(Q,^) by [35i Theorem 5.5.]. Hence it 

becomes a Lie group when considered as an open submanifold. 



6.2.8 Proposition Each compact subset K of Q is contained in a compact set compact set L, such 
that the group Difforb {QM)l ^ closed Lie subgroup o/Difforb {QM) modelled on Xorb {Q)l- 



Proof. We shall again use the notation of Section 16.11 The atlas A is locally finite and the image 
of each chart in A is relatively compact. Thus there are only finitely many charts {Ui,Gi,ipi) 
in A with il)i{Ui) K ^ %. Let Ik be the set indexing this family and consider the closed set 

L :~ Q \ (^Uie/\/K' ^»(^*)) • -By construction K C L C [J^^j^ ipi{Ui) holds, whence L is a compact 

set. We claim that Difforb {QM)l ^ closed Lie subgroup of Difforb {QM) modelled on Xorb {Q)l- 
Choose for each i G I \ Ik Sl non singular point Xi G Ui. By [5^ Theorem 1.9.5] we may choose 
£i > with expiy^^^^(Bp^(.j(Oa;i,£i)) ni?„(i).Xi = {xi}. By definition of the topology on X {Wa(i)), 
there is an open neighborhood TZi C X{Wa{i)) of the zero-section, such that a e TZi implies 
cr{xi) £ Bp^^.^{Oxi, Si). Define the open neighborhood of the zero-orbisection 

\iei\iK jeiK J 

Let [a] be an element of Hi fl TZ, where Hi is the open zero-neighborhood defined in Proposition 
16.1.111 Denote by {ai\i £ 1} the family of canonical lifts of [a] with respect to A. Recall that 
E{[a]) is a diffeomorphism, whose local lift with respect to {Ui,Gi,ipi),i e I \ Ik is the map 
e'^' = exp^y^^.J \q o ai. Furthermore expi^^^.^ |q . nr w ^ diffeomorphism for each x € Ui 
mapping 0^; to x. Since the canonical lift with respect to {Ui^Gi^'tpi) of the zero-orbisection is the 
zero-section, we deduce that E{T-Li n 7?, n Xoib {Q)i) ^ Difforb {QM)l holds. 

On the other hand consider [a] G Hi D TZ with £'([(t]) G Difforb {QM)l- The underlying map of 
E{[a]) coincides with idg on Q \ L. By construction ipi{Ui) C L holds for each i £ I \ Ik. Hence 
'Pa(i) ° e'^' = idg oipi — ipi holds. We deduce that e'"' : Ui -> Wa{i) must be an embedding of 
orbifold charts. Since the canonical inclusion Ui — Wa(i) is an embedding of orbifold charts by 
Construction I6.IT1I I.(d). Proposition 12.2.21 fd) yields e"'' = h\iJi for some h e IIa{i). Specializing 
to Xi G Ui this yields e'^^{xi) = h{xi) G H^^^iyXi. Since [a] is contained in TZ, ai G TZi and thus 



98 6 LIE GROUP STRUCTURE ON THE ORBIFOLD DIFFEOMORPHISM GROUP 



e'^^{xi) n Ha(^i).Xi = {xi} holds. We obtain h(xi) = Xi and since Xi is non singular, h ~ idwad) 
follows. Thus 6°^' — idw^^-j \ui ^^nd we deduce that ai must be the zero-section in X{Ui). Repeate 
the argument for each i £ I\Ik- As Q\L = Uie/\/^ ipi{Ui) holds by construction, [a] is an element 
of Xoib {Q)l- Summarizing the results so far we obtain: 

EiUi n 7e) n Difforb {QM)l = ^(^i n 7^ n Xorb {Q)l) (6-2.7) 

Since the V — E{T-Li) generates Difforb {Q,^)q, we deduce that Diffoib {QM)l '^^ ^ subgroup 
of Difforb (Q, W), modelled on Xorb((5)i- The space Xorb ^ closed vector subspace of 

3£orb {Q)c t>y Lemma [4.3.71 Hence the identity (|6.2.7p implies that Difforb {QM)l '^^ locally closed 
in the topological group Difforb [QM] ^^nd thus Difforb {QM)l '^^ ^ closed subgroup by [18, III. §2, 
No. 1 Proposition 4]. □ 

For a trivial orbifold (i.e. a manifold) one need not refine the zero-neighborhood in the above 
Proposition. Hence we may always choose K = L in Proposition 16 . 2 . 8l for a trivial orbifold. 

6.2.9 Remark As mentioned in the introduction, this is not the first work, which considers Lie 
group structures on the diffeomorphism group of an orbifold. In [B] and the follow up [7 , the 
diffeomorphism group of a compact orbifold has been turned into a convenient Frechet Lie group. 
We must mention that the article [6 contains several errors, making it unclear, whether the methods 
outlined in jHlH turn the orbifold diffeomorphism group into a convenient Lie group. To illustrate 
our concerns, we point out two serious problems in the exposition of [B]: 

• Lemma 23 in [6j states that the local lifts of an orbifold map are independent of local chart 
once chosen. The assertion clarifies the definition of of an orbifold maps as in ^ . However, 
the assertion of the Lemma is false. A counter example may be obtained as follows: Let R^/G 
be the orbifold induced by the action of the finite group G, generated by a reflections and 
a rotation of order 4. Consider a smooth map / : ] - 1,3[-J> with Im/ C R x {0} and 
11/(^)11 > if and only if t e]0, 1[U]2, 3[. If g: ^ R^/G is the global chart for this orbifold, 
(7 o / is a continuous map, which induces a morphism of orbifolds in the sense of [6 . In fact we 
may choose for example /|]_o.5.i.5[ as a smooth lift at 0. One deduces that there are several 
possibilities to extend this lift to the pair of charts ] — 1, 3[, thus contradicting the Lemma. 

• In Definition 31 of |6] the space of G''-orbifold morphisms Cq^^{0i,02) is endowed with a 
topology. The topology is defined via the construction of a neighborhood base which depends 
on a fixed locally finite covering C of the orbifold Oi. Since the covering C is fixed, the sets 
defined in Definition 31 will in general not contain all elements of Gqj,jj(C'i, 02)- To see 
this consider the manifold case, explicitely the space G''(]R,§^). Here §^ is the circle with 
the usual manifold structure turning it into a one-dimensional smooth manifold. Cover R 
by some locally finite covering with compact sets /„ and choose a G°°-map / e G''(R, §^), 
such that /(/n) = holds for some /„. Since S"'^ is not covered by a single manifold chart 
of S^, Definition 31 in implies that / is not contained in any basic set defined there (not 
even in basic neighborhoods around itself!). Hence Definition 31 will in general not yield a 
"neighborhood base" (or a topology) on Cq^^{0i,02)- 

Unfortunately this "topology" is used in [6 and [7 to obtain a topology on the diffeomorphism 
group of a compact orbifold, which turns this group into a convenient Lie group. 
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6.3. The Lie-Algebra of Difforb [QM) 



In this section the Lie-algebra L(G) of the group G := Difforb {QM) constructed in Section W% will 
be characterized. We stick to the notation introduced in Sections 16.11 and 16.21 By construction the 
map E: Xorb {Q)c 3 ~^ 'P G^[a] ^ [exporb] ° [^W^ is a diffeomorphism of the open zero- 
neighborhood 7^1 to an open identity-neighborhood V in G. Furthermore E maps Oorb to id(Qx/) 
by Proposition 16.1.^ Use the natural isomorphism Tq^^^E to identify Tld^g „jG with Xoib {Q)c — 

Too^bXorb {Q)c- 

We modify the classical argument to compute the Lie algebra of the diffeomorphism group of a 
compact manifold via the adjoint action by Milnor (see |46l pp. 1035-1036]). To compute the Lie 
bracket, we have to understand the adjoint action of TJdjg G on itself. Using the chart E, the 
product on G lifts back to a smooth product operation 



[a]*[r] ■.= E-\E{[a])oE{[r])) 

on the open zero-neighborhood { ([ct], [f])|i?([(7]) o iJ([f]) elraE} C Xorb (Q)^ x -^Orb (Q)^- By 
construction [a] * Oorb = [(^] = Ooih * [o'] holds. Hence the constant term of the taylor series of * in 
Oorb (cf- [22, Proposition 1.17]) vanishes. Following |50l Example IL1.8] the taylor series is given as 

[a]*[f] = ([a] + [f])+6([a],[f]) + .... 
Here 6([(5'], [f]) = (i[(T] * s[f]) is a continuous Xorb ((3)^-valued bilinear map and the dots 

t,s—0 

stand for terms of higher degree (cf. [30]). Identify Tld^Q^jG via Tq^^^E with Xorb (Q)^- With 
arguments as in [15^, p. 1036], the adjoint action of Tidj^ „)G on itself is given by 

ad([a])[f]=6([<7],[f])-6([f],[<7]). 

In other words, the the skew-symmetric part of the bilinear map b defines the adjoint action. 
By Assertion 5.5] (or [50, Example II.3.9]) the Lie Algebra L{G) of G may be identified with 
Tid(Q u)G, such that the Lie bracket coincides with the adjoint action: [x, y] — a,d{x)y. To compute 
the Lie bracket [ • , • ] it is sufficient to compute the second derivative of the local product operation 
in Xorb {Q)c- Consider the atlas A as in Construction 16.1.11 together with the linear topological 
embedding with closed image : Xorb (Q)c ~^ ®iei-^(^i)^[^\ ^ {^i)iei- For fixed [(t],[t] G 
Xorb (Q)c' the map (t, s) i— )■ t[a\ * s[f\ factors through a finite subproduct of the direct sum. Hence 
the derivative of s[a\ *t[f\, may thus be computed as the derivatives of the canonical lifts {t[d] *s[f\)i. 
Recall from Lemma [6.1.91 that for each pair [ct], [f] G T-Li there is an orbisection [tf^r] G Xorb {Q)c 
such that E{[a'<>T\) = E{[cr]) o E{[t\) holds. The mapping E is bijective, whence we deduce for 
z G / the identity 

{t[cr] * s[f])i = {ta o ST)i = {taa{i) Oi ST„(i))|(7.- 



For the rest of the proof, fix i G / and compute 



t.s=0 



{t'^a{i) *i ■^Ta(i))\ui- By coustructiou the 



4 ' 5,1 



vector field taa{i) Oi sTa(i) is defined on fls .. As the restriction map res^*" is continuous 
linear by pSl Lemma F.15 (a)], it commutes with the differential, i.e. 



resr 



dsdt 



ta, 



a(-0 



Oi ST, 



a{i) 



dsdt 



t,s=0 
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holds. Thus it suffices to compute its derivative in X 

The family I (VT|_^(-j-), k"*-*') (V^^f^^y k"^^'' )) G J-5(/^5,i | is finite and covers 17 s .. Hence the topol- 
ogy on the space X (f7| 

.ATs. J is induced by the hnear embedding with closed image 

Here pr, is the linear projection onto the second component of -85(0) x R''. Since kZ^^^Ibi^ (0) is a 
diffeomorphism onto ^^^y the mapping 

C°°(««)-^|s.(o),R'): C^(^|,„(,).»') ^ C^{B.{0),R%X^ X o ««)-i|sj(o) 

is an isomorphism of topological vector spaces by |25l Lemma A.l]. We derive an embedding of 

topological vector spaces with closed image (C°°(k"'-*-')^^|b5 (o),M'^))jr5(_ffg ^ oT. Using this map, 

4 

the derivative may be computed locally in A n;r,(K, ,) (^"^(-Si (0), K''). For X G X(VK„(,)) 
define Xr„, := pr2TK"^''x(K"^'V^ Ibs (0) e C°°(B5 (0), M''). The map pr^ is linear and each Tk"^'' 
is linear in the vector space component. Hence the definition of the vector space operations of 
X {Wa(i)) shows that the identity {tX)^^] = tX^n] holds for each t G M and X G X {Wa(i)). 
To compute the derivative of {t(Ta(^i-)<>iSTa(i)) in A, more information on (icrc((i)^i'STc(i))[„] is needed. 
Fortunately by Construction [^TTT^ a local formula is available. To write it down explicitely, we need 
to recall notation and facts from the construction: 

For each chart [V^^f^j^y kZ^^^) let exp„ be the Riemannian exponential map on B^{0) associated to 
the puUback metric with respect to k"*"'' and the member of the orbifold metric ^^(i) on Wa(i). 
Recall from Construction ID.(18l that for x G ^5'c<(i) t^^'^^ is an open set C TxWa(i), such that 

TKn^'\N,) C dom exp„ holds and exp„ restricts to a smooth embedding on this set (cf. Lemma 
ID.0.6p . By Construction 16 . 1 31 for (t(TQ,(i) Oi ST-Q(i))|si5 ^ and each chart ^^^.^ the local identity 

(jP.O.lSp holds. Using the notation introduced, the identity (|D.0.13p yields the following formula for 
X G ^5(0): 

={x, (exp„ \tk°'-^\n^) 

) exp„(exp„(a;, (st„(^))[„](x)), (tcr„(,))[„](exp„(sT„(,))[„](.T)))) 

={x, (exp„ \xk°'-^\n^) 

) exp„(exp„(a;,s( 

'^ct{i) ) [n] 

Apply prj to the formula above, to obtain the desired identity for {taa(^i-) STQ(,j))[„]. To simplify 
the notation we introduce the abbreviations X := {o'a(i))[n] and Y := {Ta(i))[n]- Recall the following 
properties of exp„ (cf. [39, Theorem 1.6.12]): exp„(a;,0) = a;, (iexp„(a;, 0) = idj'^B5(o)j '^^ ^ ^5(0). 

Since exp„ is injective on (a;,0) G TkZ^^\Nx) with exp„(a;, 0) = x and dexp„(a;, 0) = idr^Baio); we 

4 

derive 

'^(exp„ |^^=W(^^p-^(a;, •) = idr^B, (0) 
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For X G -Bs (0) the facts collected above allow us to obtain 
92 



dsdt 



(t(Ja{i) Oi STa(i))[n]{x) 



t,s=0 



dsdt 
d_ 

d_ 

ds 



(exp„ \t^,z^'\n^)) ^exp„(exp„(a;,sy(a;)),tX(exp„(x,sr(x)))) 



d(exp„ 



-1 1 

dt 



exp„(exp„(x, sY{x)), tX(exp„(a;, sY{x)))) 



t=o 



d{exp^ lTK°<''(Ar^)) ^(exp„(a:,sy(a;)),X(exp„(a;,sr(x)))). 



(6.3.1) 



The map d(exp„ -j) is linear in the second argument. Hence the rule on partial derivatives 

(|2.1.ip applied to (|6.3.ip yields the the following identity: 

u 

t,s=0 



dsdt 



o 

(tcr„(,) o, sr„(,))[„](a;) =d(exp„ |y^„(.)^j^^p~i(exp„(a;, 0), dX( — 



exp„(a;,sy(a;)))) 



s=0 



exp„(x, sr(a;)), X(exp„(a;, 0))) 



s=0 



=(iX(x,y(x))+d(2)(expJ^^„<.,^^^p-i(x,r(x),X(x))) 



The derivative (i(2)(exp„ |y^o(»)(-jY )) ^(^j 'i ') i^ ^ symmetric bilinear map by P^l, Proposition 1.13]. 
Hence ^'xy is symmetric in X and Y . An analogous computation yields: 

92 



dsdt 



{t(Ta(t) Oi STa(^i))[n]{x) = dY{x,X{x)) + SxY 



As C°°{kZ^^\w^) is an isomorphism of topological vector spaces, ((ad([o'])[f is given by 



((ad([a-])[f])„(i))[„ 



d' 



dsdt 
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t,s=0 



t,s=0 '^^'^'^ 
= - dY{X{x)) = d(crQ(i))[„](Ta(i))[„] - d{Ta(t))[n]{(Ta(i))ln]- 

Recall from [SUl Defintion 1.3.6] that the Lie bracket of vector fields V, in X ^575 is the 

unique vector field [V, W]^ such that for each chart {V^ ^^^y k"*'*') G J^siK^^i) the identity 

is satisfied. By the above computation, the negative of the Lie bracket of the vector fields (Ja(i) 
and Ta(i) coincides with (ad([o'])[f])Q(i) on fl^j^^.. Since Ui C ilsj^^, holds, the canonical lift 
(ad([(T])[f])j on Ui coincides with the negative of the Lie bracket of the canonical lifts of ai and r^. 
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By abuse of notation let [cri,Ti] be the Lie bracket of the Hfts in X{Ui). The famihes {di and 
{ Ti are famihes of canonical lifts of the orbisections [cr] and [f] with respect to the atlas A. 
Hence each pair of lifts ctj, aj (respectively Ti, tj) for is (/)-related for (p e Chij.^u. (i.e. (|4.2.3p 

holds). By [16, Assertion 4.6] [cr^jTi] and \<Jj,Tj] are (f)-re\aXed for each £ Chjj.^u. and every pair 
z,j G /. Hence the family { [cr^jTi] j^^j is a family of canonical lifts for the compactly supported 
orbisection ad([(T])[f]. The result of this section may now be summarized as follows: 

6.3.1 Theorem (Lie algebra of DifForb [QM)) Identify Ti^^q ^jDifforb [QM) ""ia Tq^^^E with the 
space Xorb {Q)c ^'^'^ Algebra o/DifForb {Q,U) with {Xorh {Q)c i ['i '])■ "^^^ bracket [•, •] 

is defined as follows: 

For arbitrary [(t],[t] G 3£or6 (Q)cj their Lie bracket [[<t],[t]] is the unique compactly supported 
orbisection whose canonical lift on an orbifold chart (U, G, if) is the negative of the Lie bracket in 
X (U) of their canonical lifts au and tjj. 

If the orbifold is trivial (i.e. a manifold), Theorem 16.3.11 specializes to the well known description 
of the Lie algebra for the diffeomorphism group of a manifold (cf. [50' Example n.3.14]). 

6.4. Regularity properties of Difforb (Q, W) 

In this section we prove that DifForb [QM) is a regular Lie group in the sense of Milnor (cf. |46l 
Definition 7.6]). Unless stated otherwise the notation from Section [6.11 and Section [6.21 will be 
used. However before further studying this section, the reader should recall the definition of C^- 
regularity as outlined in Appendix IC.5I The philosophy in the proof of the Lie group properties for 
Difforb {QM) has been to compute the relevant data locally on orbifold chart. Hence we investigate 
the situation on orbifold charts, where we study the flows of vector fields and their differentiability 
properties. Several facts from the calculus of C'^-mappings (see Definition 12. 1.51 cf. [2]) are needed. 
Crucial to our discussion of regularity is the following differential equation: 

6.4.1 Define/: [0, 1] x ^5(0) x C"'([0, 1], C°°(B5(0), R^')) M'', via /(i, x, 7) ■.= -f^{t,x) := 7(t)(a;) 
for r e No U {00}. Consider the evaluation maps e: C°°(B5(0), M'^) x ^5(0) W^,£{a,x) := alx) 
and ei: C"'([0, 1], C°°(B5(0), M'')) x [0,1] ^ C°°(B5(0), R'*), (7, t) ^ -f{t). By [2l Proposition 3.20], 
e is smooth and £1 is of class C°°'^. We may rewrite the map / as f{t,x,j) = e{ei{'y,t),x). 
Hence the chain rule [2, Lemma 3.17] implies that / is of class C^-°° with respect to the product 
[0,1] x (55(0) X C"^([0, 1[,C°°(B5(0),R'^))). Thus the initial value problem 

x'{t) ^f{t,x{t),j)^j^{t,x{t)), ^g^^^^^ 
x{to) = xo, xq e ^5(0) 

admits a unique solution 'fto,xo,i by |[21, Theorem 5.6]. Fixing to = 0, the flow of (|6.4.1[) 

¥i := F\f{0, ■) : [0, 1[ x (i?5(0) x C^{[0, 1[, C°°(B5(0), R"))) 3 l^o ^ R", {t, (xo, 7)) ^ ¥'o,xo,7 W 
is of class (7''+i.°° on the open subset fio by [2, Proposition 5.9]. 
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6.4.2 Lemma Let r e No U { oo }, 7 £ C"^([0, 1], C°°(B5(0),R'')) and consider / as in \64A\ 

(a) 7/7 satisfies ^ 1 for all t G [0,1] the map F1q(-,7), is defined on [0,1] x -63(0) 

and F1^([0, 1] x ^3(0) x {7}) C ^4(0) holds. 

(b) Consider C > and a compact subset K C i?3(0). There exists < r < 1 such that for all 
7 G C"'([0, l],C°°(B5(0),ffi'^)) with suptgfo.i] h{t)\\-^^^ < r (cf Definition\UJ^, we have 

||FliJ(t,-,7)-idB3(o)||K,i <C/or aZHe [0,1]. 

(c) For r as m (b) and i?r(0) := | / G C°°(i?5(0), R"*) ||/|| g^(-o) ^ }' "'^ obtain a smooth map 

F: C'-([0,l],i?,(0)) ^C^'^+i([0,l],C°°(B3(0),M'^)),7->Fl^(-,7)|[o,i]xi33(o). 

Proof. (a) For xq G -63(0) the maximal solution to the initial value problem (|6.4.ip is the mapping 
FIq (•, xo, 7). We claim that it is defined at least on [0,1]. Restricting FIq, we obtain the 
maximal solution to the initial value problem (|6.4.ip . whose image remains inside of .84(0): 
Denote this solution by u: [0,to[— 54(0). Then u is of class C^. If io < 1 holds, we deduce 
\\u{t)\\ < \\u{0)\\ + \\J^° -f^{t,u{t))dt\\ < \\xo\\ + 1 =: p < 4 from the Fundamental Theorem of 
Calculus |22l Theorem 1.5]. Therefore wlio^tof does not leave the compact subset Bp{0) C i?4(0). 
The right hand side of the differential equation (|6.4.ip is defined on an open subset of a 
finite dimensional Banach space, whence by |28l Lemma 3.11] C*^ maps coincide with the 
differentiable maps considered in One may therefore apply ^! IV. Thm. 2.3.]: The 

maximal solution must be defined on an intervall strictly larger than [0, to[, thus contradicting 
the choice of to. We conclude that FIq (-,7) maps [0, 1] x -63(0) into -64(0). 
(b) Observe that Fl^(-, 7) is of class C^^-"" bv lgXTl By % Lemma 3.15] Fl^(-, 7) is a C^-mapping, 
whence the derivatives required for ]]-]|^ exist. The mapping ft, : [0,l]xi?3(0) M.'^,h{t,x) := 

7^(i, FIq (i, X, 7)) is of class C^'°° by the chain rule |5J Lemma 3.19]. Fix x G -83(0) and consider 
the map g : [0, 1] ^ C {R"^) , g{t) := ^2 Fl^(i, x, 7; •). Schwarz' Theorem Proposition 3.6 and 
Remark 3.7] implies that g is a, solution to 

= d27^(i,Fl^(i,a;,7);2/(t)) ^ 
= idad 

The domain of j^{t, •) is an open subset of M''. Hence the derivative d2'^^{t, x; •) is determined 
by the Jacobian matrix. As all norms on M'* are equivalent, there is a constant C > 0, 
depending only on d and the norm, such that ||d27^(i, a;; •) < Csup|„|^i ||9"7^(<, a;)|| holds. 
Furthermore F1q(-,7) maps [0, 1] x i33(0) into i34(0) by (a) and ||-|| g^j-Q^ ^ controls the partial 
derivatives. Hence the above estimate yields 




sup 

te[o,i] 



d27^(i,Fl^(i,a;,7);-) < sup C h{t)\\ 



, , S4(0),l ■ 

op te[o,i] 



Vice versa, there is a constant c > 0, depending only on the Norm and d, such that the 
following holds 



sup sup 
te[o,i] |a|=l 



9"(FliJ(t,-,7)-idM.)(x) < sup c||5W-.9(0)||„p. 

*e[o,i] 



104 6 LIE GROUP STRUCTURE ON THE ORBIFOLD DIFFEOMORPHISM GROUP 



Let p > be an upper bound for sup(g[Q C ||7(OII b^(o) !• mapping g is of class C^, 

whence the Fundamental Theorem of Calculus [551, Theorem 1.5] yields: 



5W-idK^llop = llffW-5(0)|lop = 



d27^(s,Fl^(s,a;,7),g(s))& 



< 



< 



p\W)Kds= / p(||g(0)|l +(||.g(.)||„ 



Il5(0)|lop)) 



lop 



ds 



p\\g{s) -idi 



lop 



ds = pt 



pWais) -id^dll 



op 



Apply Gronwall's inequality [S] 6.1 Gronwall's Lemma]) to choose 1 > ^ > 0, such that 

SUPtG[0,l] hWI 



sup sup 

tG[0,l] |a| = l 



5"(Fl^(i,-,7)-idM.)(x) < sup c||5(i)-g(0)|L, <C 



te[04] 



(6.4.3) 



Observe that the estimate ()6.4.3|) holds for each x G ^^3(0), as the constants did not depend 
on X. We have to obtain an estimate for FIqI The set i?4(0) C is convex, whence the 
Fundamental Theorem of Calculus [22, Thm. 1.5] with equation (|6.4.ip yields for x £ -83(0): 



Fll{t,x,j)^idB,io){^) = F\l{t,x,j)~Fll{0,x,j) 



7^(st,FliJ(st,a;,7))ds 

< C- The esti- 



Set suptg[o^i] ||7(i)lli34o),o < C to obtain suptg[o_i] Fl^(i,a;,7) -idB3(o)(a;) 

mates show that r :— min { Ci c" } ^ constant with the desired properties, 
(c) Let r G NoUjoo}, Xbea Frechet-space and U C K.'^ an open subset. By Remark IC. 2. 3 1 each of 
the topological spaces [0, 1], C"'([0, 1], X), C"'(C/, X) is a Frechet space. The set C"'([0, 1], 5^(0)) 
is an open subset of the Frechet space C"'([0, 1], C°°(B5(0),M'')) (cf. El Lemma 3.6]), whence 
metrizable. Therefore each finite cartesian product of these spaces is a fc-space by |19l XL 9.3] 
and we may use the Exponential Law for C'^'-maps (cf. |21 Theorem 3.28 (e)]): 
Since Fl^(-,7) is of class C+i-'^, we deduce that ^(7) is in ^+^{[0, 1], C°°(B3(0), R''). Hence 
F is well-defined and we claim that F is smooth. By [2] Theorem 3.28 (e)] F will be smooth 
if and only if the following map is a C°°'''^^-mapping: 

F^ : C'-([0, 1], i?.(0)) X [0, 1] ^ C°°(i?3(0), R"), (7, t) ^ F{j){t). 

Using [5J Corollary 3.8] and the Exponential Law, this map will be C'°°''"+i if and only if 
(f^)^: [0,1] C°°(C"'([0,l],B^(0)),C°°(B3(0),R'')),i ^ F{-){t) is of class C"^+\ Combine 
the Exponential Law with [2, Lemma 3.22] to establish the isomorphism 

$: C°°(C'^([0,l],i3,(0)),C°°(i?3(0),M'')) C°°(C'-([0, 1], i?,(0)) x i33(0),K^), / 1^ f\ 

Hence (F^)^ will be a C""+^-map if and only if the composition $ o (F^y , given by 



{F\lr : [0, 1] ^ ^""(^^([O, I], Brio)) X Bs{0)X), t ^ F\l{t, •)[ 



C'-([04],S,(0))xB3(0)> 
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is of class C""+^. By the Exponential Law shows that (FIq)^ is a C+^'^-mapping if and only 
if Fl^ of class C"^+i.°° on [0, 1] x (BsiO) x C"'([0, 1], 5^(0))). Summing up F is smooth, since 
Fl^ is of class C+i^"". 

□ 



To prove the regularity of Diff orb (Q, U), we have to construct a smooth evolution map Xorb {Q)c ^ 
DifForb [QM)- We will assure the smoothness of all relevant maps via patched mapping arguments. 
These are prepared by following preliminary Lemma. 

6.4.3 Lemma Considerr eNoU{oo} and define for e C"'([0, 1], X anrf (Vg"^^^^, k"^'^) e 

J'biK^^i) the -curves 7^c(.) := 6'^c(.) 07 (cfi DeHmtion [OSl]} and 7[„] := C°°((k"^'V\ IR'') ° 
7^c.(i). For each i ^ I there is an open -neighborhood C X(T4^ct(i)) of the zero-section, such 
that the following holds: 

(a) For 7 G C""([0, lljiJ"*) we obtain a map 6(7) G C^~^^{[0, (^^2,^5 1)), defined locally via 

e(7)(t)(x) = (exp^^^^^ UJ-io««)-ioFlo^(t,<W(x),7H), £ [0, 1] x (6.4.4) 

for f as in \6.4-l\ and as in \D.O.^ Furthermore for Sa(i) as in Construction [KT7T\ V. and 

{t,x) e [0,1] X 1^2"Q(i)' the following estimates hold: 

exPH^^w ^ "^3"aW and e(7)(t)(x) e Bp^(^,(0,,5„(,)). (6.4.5) 

(b) For each 'J (£ {[0,1], £i), e{'y){0) is the zero section in X (0,2, t) ■ If is the constant map 
7 = OvF„(i); then e{j){t) is the zero-section for each t € [0, 1]. 

(c) there are smooth maps 

uj,: C-{[Q,l],8,) ^ C-+\[{),l],X{^l2,K.J).l ^ e{^) 
e,: C''([0,l],f,) ^X(r!2,K5..),7^e(7)(l). 

Proof. The set J^siK^^i) is finite, whence by Lemma [P.O. 61 (a), we choose and fix z/ > with the 
following properties: For each y £ ^a.k^ i the map exp^^^^.^ is injective on 



U (T<«)-^({ <«(?/) }x 5.(0) 



where ly = | x G V^^^-^ (^s^ai) Kn''^^) G F^iK^^i) |. Lemma ID. 0.61 (b) holds for the exponential 
maps exp„ associated to the puUback metric on -65(0) with respect to Pa:(i) and Kn^^\ 
Consider {V^^^f^^, C^"^) G F^iK^^i)- By Lemma IPiial there are constants e„ > 0,1 > 5n > 0, such 
that a"^'^ 54(0) X BsjO) ^ (0,), a(x, y) := •^xPn 1^^ (Ox)(^ + y) is a smooth map. Shrinking 
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£n,Sn, without loss of generality e„ < mm {Ri,^} holds, for the constant Ri from Construction 
WT1\ Y.. Recall that kZ'-'\v^^^.^) = ^5(0) holds, whence by Lemma iXl] (b) there is a constant 
< r„ < 1, such that for 7 e ^([0, 1], C°°(B5(0),R'^)) with suptg[o,i] ||7WllsX(o),i ^ ^« one has 

sup FliJ(i,-,7)-idB,(o) ^ <Sn. (6.4.6) 

te[o,i] -82(0),! 

Observe that (5„ < 1 together with (j6.4.6p imphes Fig (i, •, 7)(i32(0)) C ^3(0). Consider the open 
zero-neighborhood E,, •= { ./ ^ C°°(B5(0),R'^) < t„ | and let 

{ a e X (f]5,/f5,.) I^n] P^s ° o a o G i?„ } 

be the open neighborhood of the zero-section in X (JI^^k^ J induced by En- Repeating this con- 
struction, we obtain open neighborhoods of the zero map (respectively the zero-section) for each 
chart in ^^{K^^i). Let Vi := f]jr^(^j(^ .■) C X (fis^if^ .). We claim that the open zero-neighborhood 

f (i'6s|^°'^' )'^{Vi) C X {Wa[i)) satisfies the assertion of the Lemma. 

(a) Consider 7 G C^{[0,l],Vi) and (K;"„(,), k"^'^) G ^5(i^5,^)• The map /i„ sending 7(t) to 7[„](i) 
for i G [0,1] is continuous linear by |25| Lemma F.6 and Lemma 4.11]. We deduce from 
EH Lemma 1.2] that (/i„),: ^([0, 1], X (^is^ifs.O) ^ C''([0, 1], C°°(B5(0), R"^)), 7 ^ 7[„] is 
continuous linear. Since 7 G V^i holds, we have 7^Q(i) G C""([0, l],i?„). By construction (j6.4.6p 

holds, a"^*'' is smooth and F1q(-, •, 7[„]) a mapping bv 16.4.11 By the Exponential 

Law [1 Theorem 3.28 (e)] a map in C+^P, 1], C°°(B2(0),M'^)) may be defined via 

e(7)„(i) :=a^«o(ids,(o),FliJ(t,-,7N)-idB.(o)), t e [0,1]. (6.4.7) 

Observe that e(7)„(t)(i?2(0)) C _B£^(0) holds for each t G [0,1]. The construction may be 
repeated for each chart in J-^{Kc,i). As e„ < min {v,Ri} holds, we obtain by definition of v 
and i?, for (t, a;) G [0, 1] x 52(0): ' 

r«W)-ie(a)„(t)(x) G n i?p„,^, (0(,=<.))-.(,), ^aw). (6.4.8) 

By Lemma lD?0?6l fbl the local formula (|6.4.4p coincides with (|6.4.7p . Fr om the uniqueness of 
the fiow F1q(-,7[„]) we deduce that the mappings e(7)„ coincide on the intersections of their 
domains, whence we obtain a map e(7) G C"'+i([0, 1],X (r22,X5,,)). The local representative of 
this time dependend vector field on {V^^^^y Hi°'^'^\ n) G J-z{K^^i) is e(7)„. 
For .T G V'J^a(i)' ^^'^ formula of e(7)„ together with Lemma [0.0.61 fb) allows us to compute 

(exPH^^,^, kJ °e(7)(t)(x) = exp„e(7)„(i)«'^H2;)) = <« Fl^\t, .£„(a;), 7[„]) G K^^j,) 



Furthermore (j6.4.8p shows that the estimate (|6.4.5p holds. The map resj^"''' is continuous 

"^6. -Kb 



linear by ^ Lemma F. 15], whence (reSf^;^^ )*: C"'([0, 1], X (VF„(,))) ^ C"'([0, 1], X (l^s.Ks,.) ) 

is continuous linear by |31l Lemma 1.2]. Assign to 7 G C"'([0, l],f*) the vector field e(res(7)). 
By abuse of notation, we will omit res from now on, i.e. for 7 G C"'([0, l],£^), 6(7) :— e(res(7)) 
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(b) The map FlQ(t, K"*-*-'(a;),7[„]) is a solution to the initial value problem (|6.4.ip with initial 
value F1^(0, K"*-*^(a;),7[„]) = Kn'^''\x). We obtain e(7)(0)(x) = (exp^y^^^^ \N^y^{x) ^ 0.^ from 
(|6.4.4p . since exp^;[A ^.^{Qx) = x holds and on Nx the map exp^y ^.^ is injective. 

If 7[„] = 0, its flow is deflned as FIq (t, k"*-*' (x), 0) — i<in'^^\x). Analogous to the previous 
argument, 6(7) (i) is the zero section for each t G [0, 1]. 

(c) We prove the smoothness of w^J* via a patched mapping argument. To this end consider 
the continuous linear maps p^: X (f^s.ATs i) — > C°°(i?s(0), R''), cr 1— > cr^Q(i) o I Ss(o) for 
s G [1,5]. By Definition IC . 3 . 1 1 p'^ := (p^)j^y„ (k ) ^ topological embedding with 
closed image. Thus Lemma IC .3 . 51 vields a topological embedding with closed image 

Pi : C'-([0, 1], X {^ls,K.J) ^ C'-([0, 1], C-(i3,(0), R'^)), 7 ^ ° 7)^.,k,„ • 

Consider the maps : C"'([0, 1],V^) ^ C""+i([0, 1], X (l^s,^, J), 7 ^^ 6(7). We claim that there 
are smooth maps D„ such that the following diagram becomes commutative: 

^■([0, !],£,) C"-([0, 1], Vi) > C'^+i([0, 1],X (1]2,K5..)) 



p. 



C'(jO,^,E^-^'^'^"^-^^:--U C'^+i([0,l],C°°(i?2(0),M'')) 

Observe that the vertical arrows are given by embeddings with closed image and composition 
in the upper row yields uji — o res. Since res is a smooth map, uji will be smooth if 
is smooth. If the claim were true, then by Proposition IC.3.71 ft.' and thus uii will be smooth. 
Consider the open sets [B^, Bs^{0)\oo ^ C°° {83(0),^^) and define 

By [251 Proposition 4.23 (a)] (a^^*'')* is smooth, since a"^*^ is smooth. From Lemma [6.4.21 
and the definition of E„ we deduce that F„ : ^{[0,1], E„) C+^P, 1], C°°(B3(0), R'^)), 
Fn{j){t) := FljJ(i, •, 7)1^3(0) — idB3(o), t £ [0,1] is smooth. The estimate (|6.4.6p . yields 

Fnhm,l])Q [B^,Bs^{0)\oo- Thus (a^'')),oi^,^ [0, 1] x C"-([0, 1], ^ C-(S2(0),R'') 
is a C"'+i'°°-map by the Exponential Law [2, Theorem 3.28 (e)] and jl Lemma 3.18]. Ap- 
ply [5J Corollary 3.8 and Theorem 3.28 (e)] to obtain a smooth map: 

D^: C^{[0,1],E^) C'-+i([0,l],C-(i?2(0),R''),7^ ((a^(*))* °^^„^)^(7) = K^^')* °^n(7) 

with -D„(0) = 0. A computation with (|6.4.4p and Lemma [P.O. 61 (b) shows that {Dn)j^^{K5 i) 
makes the above diagramm commutative. By [21 Prop. 2.20] we consider the smooth evaluation 
El : C"'"'"^([0, 1], X (r22, ifs.i)) — > ^ {P'2,Kr_,A) 1 7 ^ 7(1)- Since 9i — eiouji holds, 9i is smooth. 

□ 
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6.4.4 Lemma In the setting of Lemma \6.4-3\ define the open set £ :~ ^ ^Orb {Q)c! 

where C is the orbifold atlas introduced in \6.1.3[ Let r G No U { oo } . For each i G I and 7 G 
{[0,1],X Orb {Q)c), we define ^^(iy. [0,1] X{Wo,{^),t ^ {l{t))a(i), where (7(i))a(i) is the 
canonical lift ofj{t) with respect to the chart , (yS^jj)). 

(a) If "f IE C"'([0, 1], Xor6 holds, the map 7Q(i) is of class C and for i E I, the map 
Pi: ^([0, 1], Xor6 ((3)c) ~^ ^'''([Oi (W^a(i)))!7 7a(i) i^ continuous linear. 

(b) For eac/i 7 G C^([0, 1], we obtain a path e{j) C'^'^^{[0,l],Xorb iQ)^) whose canonical lifts 
with respect to A are given by e{pi{j))\uiii G I- 

Proof (a) Pick 7 G ^([0, 1], Xorb (Q) J- By construction Ac o 7 G C"-([0, 1], 0,^/ ^ 

is a compact set. Arguing as in the proof of Lemma IC.3.51 7 induces a family of maps 
{la(i))i£i G C''^([0; (W^a(i)))- Recall from the Definition 14.3.31 of the c.s. orbisection 

topology that each map rw^^i-, '■ Xoih {Q)c ~^ ^(W^q(i)) > [''■] ^ is continuous linear. 

By [SU Lemma 1.2] pi is a continuous linear map, as pi = (Tw„(i))* holds, 
(b) Consider the family of time-dependent vector fields (e(7a(i))lf7i constructed in Lemma 

16.4.31 (a). We claim that for fixes s G [0, 1], these vector fields are a canonical family of lifts of 
an orbisection. It is sufficient to check the following stronger condition: 

For each i,j G / and any change of charts map fi: 17 2. 7^5 ^ 3 dom /i cod /i C VL2^K^^j, 
^{la(j)){s) o ^ = T/i o e(7a(j))(s)ldom,i holds. 

We check the condition locally: Pick x G dom /i together with charts {y^a(^iy G -^5(^5,4), 

i^o^uv^'^'^) e W5,j), such that X G y2"„(^) and ^(a:) G V^J^^^-) C fla.i^s,, hold. Since 
7a(i) G holds, (|6.4.4p and the estimate (|6.4.5p yield well-defined maps 

^,: [0,1] ^ ^ ««)-iFliJ(t,<«(a:),7aW[„]) 

^^(,) : [0, 1] ^ ^ (C'^'^)-' Fl^(i, C(^)(a;),7,(,)[,„]). 

These maps are C^-integral curves for the (time-dependent) vector field 7Q(i) with initial 
condition (/3x(0) = a;, respectively for ^a{j) with <p^(2;)(0) = (using the terminology 

of |43l IV, §2]). The charts in -^5(if5.Q(i)) are contained in some by Construction 16 . 1 H 

Since x G IC^d) and ^{x) G K,a(j) hold, there is a change of charts A: ^^^j) — > ^aQ) with 
A(a;) = /i(x). Composing A with a suitable element of Ha{j)j without loss of generality there 
is an open neighborhood Ux of x with fi\ij^ = X\u^. The set V^^i^--^ is contained in dom A, 
whence Xoip^: [0, 1] W^a(j) defines a C-'^-curve, such that A o (p^(0) — X{x) ~ ^{x) G ^2,Kr^ i 
holds. For fixed t G [0, 1], the vector fields ^a{i){t) and ^a{j){i) are members of a canonical 
family of lifts of an orbisection, i.e. ^a(j){i) ° X — T'A7Q,(i)(t)]dom a holds. We compute: 

7„(,)(t)(A(p,(t)) =rA7„(,)(t)(^,(t)) =TA(f </.,)(*) = f (Ao^,)(i) 

Thus the C^-curve \ o ip^ is an integral curve for the time-dependent vector field ^a(i) with 
initial condition Ao(p^(0) = \{x) = /i(a;). On the other hand, the same is true for the curve 
iPf_t(x)- As integral curves for (time-dependent) vector fields are unique (cf. |43l IV. Theorem 
2.1] with [431 p. 71]) we derive Xo ip^ = ^^(x)- 
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Computing locally, we exploit that A o {nn ) ^ is a Riemannian embedding of -85(0) into 
Wa(jy In particular by [41j IV. Proposition 2.6] the identity 

exp^^^^^, TA«('^))-i(z;) = A««)-i exp„(«) V^; G domexp„ 

holds. In particular the estimates (|6.4.5p and (|6.4.8p hold. With Lemma ID. 0.61 (b) and the 
identity (|6.4.4p for e{ja{i)) on [0, 1] x V^^f^--^, one deduces from the above identity 

exp^^^^^ TAe(7aw)(s)(a;) = cxp^^^^^., TA(r<W)-ir<We(7«w)(s)(x) 

= A««)~iexp„r<We(7„(.))(s)(a;) 
= A««)-i<Wexp^^^^^,,^^ e(7„(.))(s)(x) 
= A««)-i Fllis, <«(a:),7oWN) = A o = ¥.p(,)(s) 
On the other hand, the local formula (|6.4.4p for 6(7^^)) on [0, 1] x V2'^^^-) implies 
exPM/„y) °e(7„(j))(s)(/x(a;)) = ^p(:r)(s) = exp^^^^^^ TAe(7„(,))(s)(a;). 

By construction A(a;) = ii{x) G holds. Furthermore the mappings e(7a(j))(s) and e('ya(i)){s) 
are vector fields which satisfy the estimate (|6.4.5p . Together with these facts, the definition of 
the constants (cf. Construction 16 . 1 J] V . ) yields: 

e(7a(i))(s)(/i(a;)),TAe(7„(,))(s)(a;) G Bp^^, (O^(^), s„(j)) C C)„(^). 

The map exp^y ^.^ is injective on the intersection O^^j) H T^(^^-^Wa(j) ■ Hence from the above 
identity e.{^a{j)){s) ° — Tfi o e(7jj(j'))(s)(x) follows, thus proving the claim. Since Ui is 
contained in D,2,Ks n we deduce that the family {e{'^a{i))\Ui)iei is a- canonical family for an 
or bisection. Thus Remark 14.2.101 fa) shows that this family induces a well defined or bisection 
e(7)(s). Observe that Ac O7([0, 1]) factors through a finite subset of C by [10, III, §1, No. 4, 
Proposition 5] . We derive from Lemma 16.4.31 (b) that there are only finitely many members of 
(e(7Q(i))(s))ie/ which are not the zero-section. Assume that the finite subset F C I satisfies 
e{la{t))\[o,i]xUi ^ 0[/, if and only if i G F. Then supp[e(7)(s)] C Uje_F '^a(i)(W^a(j))- Since 
each ^a{i){Wa{i)) is a relatively compact subset of Q, the orbisection [6(7) (s)] is compactly 
supported. 

We are left to prove that the assignment [0,1] Xorb ((3)c i * is of class C"'+^. 

Identify Xorb {Q)c '^ia A^ with a sequentially closed subspace of ®jg/3£(t/i). It suffices to 
prove that A_4 o 6(7) is contained in C"'+^([0, 1], X (C/i)). The path A^ o 6(7) factors 
through the inclusion ®jg^3£(t/i) ^ Each component is given by the C"'+^- 

path e{pi{j))\ui, whence A^ o 6(7) is a path of class C"'+^ as a map into ©ig/X(C/i). 

□ 

To assure the smoothness of the evolution map on the Lie group, we exploit the patched locally 
convex structure of Xorb {Q)c- Unfortunately C"'([0, 1], Xorb iQ)c) ^iii inherit this structure only if 
Xorb {Q)c is countably patched (cf. Lemma IC. 3. 51 To assure this condition we require: 



Convention: For the rest of this section we let Q be a cr-compact (or second countable) space. 
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6.4.5 Lemma Let Q he a a-compact space and r G Nq. The maps 

c.: C'-([0,1],£) ^C'^+i([0,l],Xort(Q)J,[<T] ^ [e{a)] 
evol: ^-([0, ^ Xorb (Q), , [<t] ^ [e(a)](l) 

are smooth and map the constant path 7 = Oorb to itself respectively to Qorb- 

Proof. For A as in Construction 16.1.11 and C as in 16.1.31 consider the mappings 

Pa : C^+\[0, 1], Xorb (Q)J ^ C'-+i([0, 1], X ([/,)), 7 K> o 7 = (7C/J.6/. 

Pc : C'-Cp, 1], Xorb (g) J ^ ^-([0, 1], X (W^„(,))), 7 ^ Ac o 7 = (7aw).e/- 

The topological space Q is cr-compact and A,C are locally finite, whence / is countable. Corollary 
14.3.61 (c) shows that the mappings A^,Ac turn Xorb (Q)c iiito a patched topological space. As 
r < cxD holds, an application of Lemma IC.3.51 proves: Pa^Pc are linear topological embeddings 
with closed image, whose components form a patchworks, for C"'"''^([0, 1], Xoib (Q)^) respectively 
C'-([0,l],Xorb (Q)J. 

The maps uj and evol are well defined by Lemma 16.4.41 (b) and we claim that they are smooth. 

For i e / let res^^'^^ ' : X (yi2,K5 i) ^ X(t/i) be the restriction map. These mappings are linear 

and continuous by [2S] Lemma F.15 (a)]. Thus := C""+^([0, 1], res^;"^^'' ) is continuous and linear 
by ^1, Lemma 1.2], whence a smooth map. For i G / consider the smooth map uji defined in 
Lemma 16.4.31 By Lemma 16.4.31 (h) the smooth map r.i o uji maps the constant path 7 = Ow„(i) to 
the constant path whose image is the zero-section. From the definitions we obtain 

(r, o uj,),^i o Pclp'^'^' = A^w. (6.4.9) 

Hence u is smooth on the patches and we deduce from (|6.4.9p with Proposition IC.3.71 that w is a 
smooth map. As the evaluation map evi : C^^^^O, 1], Xorb (Q)c) ~^ -^Orb {Q)c : 7 '"^ 7(1) smooth 
(cf. [21 Proposition 3.20]), the smoothness of evol follows from evi ou — evol . The last assertion is 
a direct consequence of Lemma 16.4.31 (b) . □ 

6.4.6 Lemma Let Tip C Xorb{Q)c the open zero-neighborhood of Theorem \6.2.4\ Consider an 
open identity-neighborhood S C E{T-Lp) which is symmetric, i.e. S = S^^ holds. There is an open 
subset Oorb enC8 C Xorb{Q)c, such f/iaf w(C"'([0,l],7^)) C C'+^HO,!], E-^{S)) holds. 

Proof. Consider the C'^-neighborhood of the constant path 7oo,b = Oorb: 

C^+'{[0, l],E-\S)) C"([0, l],E-\S)) H C^+\[0, 1], Xorb (Q)J. 

Specializing to r = in Lemma 16.4.51 uj: C"([0,l],f) C^([0, 1], Xorb (Q)^) is smooth with 
a;(7oorb) = 7oorb- We obtain an open non-empty zero-neighborhood uj^^{C^{[0,l], E^^{S))) C 
C^{[0, 1], f ). The defintion of the compact open topology yields an open set Oorb G 7?- ^ Xorb (Q)ci 
such that 7oo^„ G C°([0,l],7^) C uj-\C^{[0,1], E-^{S))) holds. This set is open in ^([0, 1], f) for 
each r G No and w maps it into C"^+i([0, l],E-'^{S)). □ 
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Observe that by construction we also obtain evol(C([0, 1],TZ)) C "Hp. We shall see presently, that 
with the maps constructed in Lemma l6.4.5l a smooth evolution for the Lie group DifForb {Q,U) may 
be constructed. We would like to apply methods similar to the manifold case (cf. [461 p. 1046]) to 
prove the regularity of Difforb {QM)- However, if {Q,U) is a non-trivial orbifold, it is more difficult 
to verify the existence of right logarithmic derivatives. We need representatives of the orbifold 
diffeomorphisms in S taylored to this purpose: 

6.4.7 Lemma Consider [/] £ S with [f] = [E'^] for some [a] £ Tip. For each [g] € S there is a 
representative Ej{g) with lifts | Ej{g)i j £ / 1 such that the following properties are satisfied: 

(a) for each i ^ I the lift E^{g)i is an embedding in {e'^^ {Ui),Wa[i)) (cf. Lemma \6.1.2\) . 

(b) if [g] = [f]^'^ holds, the lifts are given by Ej{f^^)i ~ {e'^^)^^ for all i ^ I . 

Proof. Let [f^] be the unique preimage of [g] with respect to E. From [g] = E{[t^]) = [expoi-b]°[''^^] 1^ 
we deduce that the claim will hold if there are representative of [expoi-b] and [f^]|^, whose compo- 
sition yields the desired representative. The map [/] is an orbifold diffeomorphism with representa- 
tive E^ = {E'',{e'''\i £ /},[P,i/]). Hence the orbifold charts { ie'^'iU^),G^,^Pa(^)\e''^iu,)) j^gj (cf- 
Lemma r6.1.2p cover Q. Recall the following details from the proof of Lemma [6. 1.21 
By Step 3, ifajj). Ime'^* C fl2,i is an invariant subset, such that Ime"^* is Ha(i)-stahle. Using 

Lemma 16.1.21 iii.. the canonical lifts r^j.^^ map Ime°'' to Oc(i). Thus | '''^(i) li^e"; ?£/| is a 
family of lifts for a representative f' of [rfjp. As Q2,i Q ^a{i) liolds, we obtain an open sub- 
set Tim 6°"* ^ Oa{i} Q domexp^^ ^.^ (cf. Construction I6.1TT] IV.). This set is G^-stable, whence 
exJp^r^^.^ iTime^ino ( ) ^ ^^f^ °f orbifold exponential map expoib- By Remark 15.2.41 fa) there 
is a respresentative expQj.,^ of [expQj.jj], whose family of lifts contains | exp^ ^.^ Irime'^ino ( > }■ 

Composing expoib and f' we obtain a representative of i?([f^]) — [g] whose lifts are the smooth 
mappings 

E(f;E^'), := (exp^.^^,^ |Time".no„<.,) ° r'^^,)\?,;%- (6.4.10) 

As a consequence of the proof of Lemma [6. 1.21 these maps are equi variant smooth embeddings. 
Since e"'' is a lift for [/], for each i ^ I, the map E{f;f^^)i o {e°'') is a change of orbifold charts. 

Hence for each i E I, there is a unique 7/ £ H^^i^ such that 7/ o E{f;f-'^)i = {e"^)-^ holds. 
The family | 7/ « £ / | induces a lift of the identity s by Proposition IE. 3. 31 We obtain another 

representative e o exporb ° of whose lifts E^[g)i :— 7/ o E{f;g)i, i E I are smooth 

embeddings. Futhermore for [g] — [f]~^, by construction assertion (b) holds. □ 

6.4.8 Remark (a) The construction of E{f; g) in Lemma r6 .4 .71 (combine H^i^iy Ime"^* C £72, i with 
Lemma 16.1.21 iii.) shows, that there are well-defined maps E^~ := exp^;;/ ^.^ °'''a{i)\Ha(i).(.ime''i) 
with -E^lirne^i — E{f', f ^^)- As cach TQ,(j) is a canonical lift of an orbisection, from Step 3 in 



the proof of Lemma 16.1.21 we deduce ry o iJ? = E^~ o rj for each rj £ H^f^^y 
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(b) Let [/] = id(Q_2^) and consider 7/ as in the proof of Lemma 16.4.71 then 7-'^"^'"' — idui holds 
for each i G J. To see this observe the identities id(Q.iY) = ^^^q u) ^'^^ ^~^(id(Q.w)) = Oorb- 
For i e I, both lifts constructed in (|6.4.10p coincide as id;/. — exp^r^^,^ °Oui- Thus forcing the 

identity 7^'^''^'"' = idy^. 

6.4.9 Definition For [0] in S let [a'f'] be the unique orbisection with E{[a'^]) — [(/>]. Apply Lemma 
16.4. 71 to [0]^^ G S. By Part (b) of Lemma [6.4.71 we obtain a representative 4> of [(/>]. For each i e / 
the lifts gf := E^_i{(f))i of are embeddings of U^^ := exp^^ ( (^«)) — ^2,i with Imgf = Ui. 

The pointwise operations turn 



into a vector space. Endow this vector space with the unique topology turning the pullback 

(gf)* : X (Ui) cf, CTi I— > Ui o gf into a linear topological isomorphism. We define a mapping 

A[^] : %] := { [-^1 o [0] I [a] £ Xorb (Q), }^^Cf,[a]o [4,] ^ (a, o gf),^j, 

where (Ji is the canonical lift of [a] on Ui. As or bisections are uniquely determined by a family of 
canonical lifts and a diffeomorphism of orbifolds is uniquely determined by any set of lifts, whose 
domains form an orbifold atlas, the map Aj^j is injective. Endow Cj^j with the unique locally convex 
topology turning Aj^j into a topological embedding. 

The lifts gj'^*'^'"' are just the identity on Ui for each i G J by Remark 16.4.81 (b). Therefore Cidjg 
and Xorb iQ)c coincide, whence the mappings Ajd^g „j and A_4 are the same. 



For the rest of this section fix the notation of Definition 16.4.91 We obtain a structural result for 
the tangent manifold of Difforb [QM)- 

6.4.10 Lemma Let [</>] he an element of S with S as in Lemma \6.4-(>] There is an isomorphism 
of topological vector spaces 

"[0] ■ T^^]^iSorb {QM) ImAj^j, 
whence Tj^jDifforb {QM) isomorphic as a topological vector space to C[^]- 



Proof. Fix [0] G 5. As 5 is a symmetric set (i.e. S — S ^), the inverse [0] ^ of [0] is contained 
in S. By construction of S, there is a representative of [4>\~^ with lifts \ {gf)^^ : Ui W^u) \ 

To shorten our notation, we set C/^^ := {gf)~^{Ui) and recall U^^ C f22.i from Definition 16.4.91 
The family of lifts | i G / | uniquely determines a representative of [0] by Corollary 13.1.121 We 
proceed in several steps: 



6.4 Regularity properties of Diffoib (Q, W) 



113 



Step 1: Construct the mapping a^^j. For each [g] G S denote by [a^] the compactly supported 
orbisection with E{[a^]) — [g]. By Lemma [6.4. 71 (a) each [g] G S posseses a representative E^_i{g), 
with lifts {Eyi{g))i := 7^ exp^y^^^^ °'^a(i) It'^.i ■ ^ix i e I,p e U^, and consider the map 

ep:S^W^^,),[g]^E^_,{gUp)- 

We claim that ep is a smooth map. To prove the claim let Tw^^i^ '■ Xorb (<5)c ~^ 3i (Wa(i)) be 
the map, which sends an orbisection to its canonical lift on W^jj). By Definition 14.3.31 (b) this 
map is continuous linear, whence smooth. Choose a manifold chart (Vp^ipp) of the manifold M^Q-(i) 
with p £ Vp. The map ry^ : XiWa^i-^) — >■ C'^{Vp,R'^),X H' X^p^ := pr2T^pX|vp is continuous 
Hnear by Definition IC311 Let e^: C°°(l/p, R'') R'',/ 1-^ /(p) be the evaluation map in p. This 
map is a linear map, which is smooth by |5J Proposition 3.20]. Finally we define the evaluation 
map evp! X (W^ji)) — > TpW^fi-^jX n- X{p). As evp = {Tpipp)^^ o Sp o ry^ holds, evp is continuous 
linear. By construction of Hp, it is contained in the open subset constructed in Proposition 16 . L5l 
(cf. Construction . Hence Lemma [6.1.21 ii. implies that evp maps Tw^^i•, o E^^{S) C Hp to 

the set Oa[i) H TpWa(^iy The image of the smooth map evp o tw^^^^ ° E^'^ls is thus contained in 
domexpiy^^.j r\TpWa{iy By construction of the lifts E^_i{g)i in Lemma [6.4.71 one may rewrite ep 
as composition of smooth maps, thus proving the claim: 

sp = if ° exp^y^^^j |TpW„(,) o evp o Tvi/„(,) o i;"i|5 
Repeating the construction for each pair p G U^- , where i runs through /, we obtain a map 

a;^] : ^Difforb {QM) ^ n(^^-(»))''*' 

V^{T^^^ep{V)\^i,p^u,^ 

and abbreviate its image as V,;, := Imar?, . 



Step 2: Endow Vj^j wif/i a vector space strucure which turns aj^j mfo a linear map. 

The tangent space Tj^jDifforb [QM) is the set of equivalence classes of C^-curves rj-.]— e,e[— !• S 

with r;(0) = [0], where 77 - 61 if and only if [E-^ o r;)'(0) = (£^"1 o e)'{Q) holds. Abbreviate the 
equvialence classes with respect to this relation by \t H- ?7(t)]^. Since each ep is smooth and 77 is of 
class C^, for each i € I,p G Utj,^ the curve e^' o r; is of class C^. Hence the definition of ofj^j yields 

= {[t ^ %-i(^Ki))»(p)]~).G/,pea,^. (6.4.11) 

The curve 77 in (|6.4.1ip passes through [0] for t = 0, whence by Lemma 16.4.71 (b) for i G /, 
E^-i{l{^))i — 9i holds. Therefore we infer from (j6.4.11|) the identity 

C I e ^{TW^(,)f^^ Wi e I,p G C/^„ G T | ■ (6.4.12) 

In particular (j6.4.12p shows that the pointwise operations turn Vj^j into a vector space. Furthermore 
by (|6.4.12p T^^-^ep : Tj^jDifforb {QM) ~^ -^g*(p)^a(i) linear. By definition the map aj^j becomes 
linear, if Vy, is endowed with the vector space structure induced by pointwise operations. 
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Step 3: A formula relating a to ai^^Q Let p^^j : Difforb — > Difforb (Q, Z/^) 7 [V'] [V'loi^] 
be the right translation and define 

Consider [77]^ G JldjQ „jDifforb {Q,U)- The composition in Difforb {Q,U) is continuous, as it is a 
Lie group. Since 77(0) — id(Qx/) holds, we may thus assume [7(<)] o [0] e 5 for all t. By Lemma 
16.4.71 fa), there is a representative of ^{t) o [0] with lifts E^_i{rj{t) o 0)j = 7^ exp^^^.^ '''a(ij°'^l'^*- ■ 
Here cr^('j°'^ is the canonical lift on Wci(i) of the compactly supported orbisection [cr'>'(*)°'^] with 
£:([tT'r(*)o0]) ^ 7(t) o [(^]. The set f/^. is contained in f^2,i C rjs^^. (cf. Construction I6.1.6p . 
Uniqueness of canonical lifts and (|6.1.4[) in Lemma 16.1.71 imply cr^j*]"'^ | c/^ . = '^^a(i) '^'a(i)\u4,- ■ 
Recall that by construction of c^l*) (see ()D.0.17p in Construction ID.OTS)) the identity 

holds. Furthermore gf = E^_i{(f))i = if ° G'y^Vw„(i)°'^'t(i)\u4,i ^™^9i — Ui hold. Hence 

expjy^^.^ °'''a(i)(^<^i) — Ha(i).Ui C f22.i follows. Analogous to Step 2 in the proof of Lemma (6.1.21 
one shows that e Ha{i) commutes with exp^y ^.^ oc^^*! |_f/„(i) .c/i • Summing up we obtain: 



= ([i ^ 7f o exp^^,,, a^g ^^(^^(p)].)^^^^^^^^^ 

= ([i ^ 7f exp^y^^^, a''^*) exp^y^^^, '^^(.) .g,,^,^^. 

= [t^ exp^^^^j cr''(*) 7f exp^y^^^j cr^^,^^ (p)]^ 

V ' 

Hence we derive a^^^ o Tp^^-^Uoma,^^^^^ = C' o a-.^^Q ■ Thus G"^(Md(Q,„)) = % follows, as Tpj_^j 
is a diffeomorphism. 

Step 4: G^lvj^^^ is linear. To see this, let i;,k7 G Tid^p j^jDifForb (Q) and r G M. Since I^P^^j and 
aid(Q are linear, the formula in Step 3 yields: 

G"^("id(Q,u) («) +''"id(Q,„)H) = G'^(aid(Q,„)(w + '^u')) = + 

= '^l,?] (^^[^] (")) + ^"[0] (^^[0] (^)) 
= Gnaid,«,„,(^'))+rGn«id<«,„,M), 
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Step 5: aid(Q u) '^'^ isomorphism of topological vector spaces and VJdjg = Im A^i holds. 
Consider the map h: Xorb {Q)c ~^ '^id(Q „)Difforb {QM) , [o'] n> E{t[a])]. For i £ I we denote 
by (Ti the canonical Hft on Ui of the orbisection [a] . Then (|6.4.1ip together with Remark 16.4.81 (b) 
and (|6.4.10p imply: 

"id(Q,„) ° Hi^]) = i[t ^ cxp^^^^j (tMpWteLpeu, (6.4.13) 

As exp^ ^.^ is the Riemannian exponential map on W^d), the map Ci^p{t) :— exp-^ ^,^{tai{p)) is a 
geodesic with c- ^(0) = cri(p). Therefore ()6.4.13|) yields aid(Q_„) o = (o'i)ie/ = It is 

well known that h is an isomorphism of topological vector spaces (see |50l Definition 1.3.3.]). Hence 
^d(Q,„) = Imaid(Q,„, C ImA^ C 0,g^X(C/,) holds and aid(Q,„, = Aa o h'^ implies Md(Q,„) = 
Im A^ and aidjg „) is an isomorphism of topological vector spaces. In particular the formula shows 
that Q:id(Q „) is a linear isomorphism onto the closed subspace Vid(Q = Im A^ C ^^^J X (Ui). 



Step 6: G"^| J*' is an isomorphism of topological vector spaces. By definition G"^ is the map 

{gf)*(zi and each gf : U^- — > [/^ is a diffeomorphism. The map (gf)* : X{Ui) —> Cf is an isomorphism 
of topological vector spaces by Definition 16.4.91 From |10l Proposition 11.31 8 (i)] we deduce that 

the mapping G'^'j^'^^ ^'^j^^ is an isomorphism of topological vector spaces. By Step 5, Vid(Q is 
a subspace of 0^^/^ (C^i) and V^^^ = G'^{Vid^Q holds by Step 3. Since G"^ maps 0ig7^(J/i) 
into 0jg/C0;, the set Vj^j is contained in 0^^^ Endowing Md(Q with the subspace topology 

of 0jg7 j£(J/i) and Vj^j with the subspace topology of 0jg/Cf, the map G"^!^'* becomes an 

isomorphism of topological vector spaces. By construction for {Ji)iei £ Vj^j there is a unique 

[af] e Xorb {Q)c such that {fi)iei = G'^A^([cr-^]) — (ct/ o gf)iei holds. Hence the elements in Vj^j 

are of the form {ai o gf)j_^jj where Ci is the canonical representative on Ui of some [&] g Xorb {Q)c- 
As a consequence of the definition of Aj^j, as a set ImAj^j and Vj^j coincide. By definition of the 
topology they also coincide as topological vector spaces. 



Step 7: aj^j is an isomorphism of topological spaces for each [(/)] G S. Endowing Vj^j with the 
topology as in Step 6, we obtain a commutative diagramm for [0] e S: 



Tid,g„,Difforb(Q,W) 

Tp,, 



T,.Difforb(g,W) 



As all arrows with the exception of the lower row are isomorphisms of topological vector spaces, so 
is ttr:,. By Step 6, Imar?, — Vf;, = ImA,;, holds, thus proving the assertion. □ 



We are now in a position to obtain regularity properties for the Lie group Difforb {QiU)- 



116 6 LIE GROUP STRUCTURE ON THE ORBIFOLD DIFFEOMORPHISM GROUP 



6.4.11 Theorem Let (Q,U) be a-compact. The Lie group Difforb (Q, i^) is C'^ -regular for each 
fc £ No U { oo }. In particular this group is regular in the sense of Milnor. 

Proof. We claim that Difforb (Q, i^) is a (strong) C°-regular Lie group. If this were true, the 
assertion is a direct consequence of Definition IC. 5. 31 To prove the claim, by Lemma rC.5.4l it suffices 
to obtain a smooth evolution and right product integrals for any zero-neighborhood C*'([0, 1], ?7). 
Let E: Hp — > Difforb {QM) i [o'] — > [expoib] ° I''']!^^ be the manifold chart at the identity introduced 
in Theorem 16.2.41 (cf . Proposition I6.1.5P . Using the map evol introduced in Lemma 16.4.51 we define 
a map 

^1 :=Soevol|co([o,i],K): C"([0,l],7e) ^Difforb {Q,U) , 

where TZ is chosen as in Lemma [6.4.61 with respect to the symmetric subset S C IvciE. By Lemma 
16.4.51 evol is a smooth map, whence Ei is smooth as a composition of smooth maps. Following 
Lemma [C.5.41 the Lie group Difforb [QM) will be (strong) C°-regular if we can show that each 
7 e C°([0, l\,n) has a right product integral ^(7) with P(7)(l) = ^^1(7). 

To this end, consider a C^-curve 77: [0,1] ^ 5 C Difforb (Q, W). For s e [0,1] we let [o-''(")] be 
the preimage E~^{ri{s)) (cf. Defintion I6.4.9p . Recall from Lemma [6.4.71 that for each e [0,1] 
there is a representativ (77(5)) of rj{s). Using the notation of Defintion 16.4.9] the lifts of this 

representative with respect to the atlas | (t^j)(t)i, -ffQ(i).[/^(j). ,Va{i)\u,^^t)- ) |. given as 

The derivative of the lift with respect to s may be computed locally in manifold-charts. To do so, 
we fix (s,p) G [0,1] X t/^(t); for some t e [0,1]: Since C/^(f). ^ ^2,1 holds by Definition 16.4.91 we 

choose and fix a manifold chart (^5"^(i)j '««),*■') G ^ziK^.i) with p e ^ia(i)- Observe that by [251 

Lemma F.6 and Lemma 4.11] the map Kn^^ : ^{v^li.,^ ^ {B^{Q) ^W^) , X ^ X[„^], with 

^[rip] = C'^{{KZ'"p ^)~^jM.'^){9^a(i){X)) is an isomorphism of topological vector spaces. As 77 is of 
class C^, the following composition yields a C^-curve, 

77t.p,, K^l'^ o resj^rf otw^ oE-'orj: [0, 1] ^ C°°(B5(0), R'^). 

Let exp„^ be the Riemannian exponential map induced on 3^(0) by the pullback metric of the 

Riemannian metric on Wa{i) via kZI^\ Since E~^{S) C T-Lp and (^^5"Q(i)j ^^np*') G J'b.K^i, the 
construction of Hp (cf. Theorem 16.2.41 or more precicsely Construction 16.1.61 and Construction 
ID^ shows 77t,p,,([0,l])(B3(0)) C S,„^(0) C B,„^(0), whence 77t^p,,(s) e [^2(0), B,„^ (0)J oc C 
C°°(B5(0),K'') holds for all s G [0,1]. By choice of i^n^, the set ^4(0) x B^^^{0) is contained in 
domexp„^ (cf. Lemma [D.0.6p . We deduce from [55^, Proposition 4.23] that 

(exp„^ ) , : [B^iOj, dom (0) J 00 ^ (i?2 (0) , K-^) , / ^ exp„^ (id^, (0) , / Ib. (0) ) 

is smooth and on ^2(0) x B^^^ (0). We obtain a C^-curve (exp„J, o rjt.p.i : [0, 1] ^ C°°(B2(0), M''). 
Furthermore Lemma [EES (b) yields exp^^^^^^ orK^^*^|B2(o)xi3„„p(o) = i^n^^ ° exp„^ li32(o)xi3„„p(o)- 
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The above considerations did not depend on p G Un(t)i, whence they may be repeated for each 
p £ Un[t)iTi G I- With Lemma [P.O. 6 1 ih) and and the Exponential law |[2] Theorem 3.28] we may 
now compute the derivative as: 

ar,(t)(»/(i + s)) = a,,(t)([s ^ r]{t + s)]^) = {[s ^ E(^^f^t))-i{'q{t + s)),(s)(p)]^),g/,pe(7^(,,, 

= ([s ^ jf'^ exp^^^^j '^a(^'\p)U)^eI..peu^^tu 

= {[s ^ jf^exp^^^^^ T<«(r<«)~i(<«(p),,7^p,.(i + 5)(<^Hp))]).e/.pe£/,<.), 

= (T(7,:'(*)<«)di((exp„J, o,y,^p^,)''(t + s,<'Hp))).e/,pe[/,,„. (6.4.14) 

Let ^ G C''([0, 1], 7^) be some continuous curve. By Lemma 16.4.61 we may consider the C^-curve 
rj := E o Ld{r]): [0, 1] S. To compute the derivative we exploit the identity (|6.4.14p . The 
definition of the mappings implies 

The canonical lift uj{S,)a(i) is uniquely determined, whence w(^)Q,(i) coincides with 0Ji{S,a{i)) (cf. 
Lemma [6.4.3P on 5l2,_ff5 . by the proof of Lemma 16.4.41 Since (1^5"^(i) , '^np*'') G J-siK^j) holds, we 
derive V^^^-^ C i}2.K5,i- Therefore the lift satisfies (|6.4.4p . Summing up for {s,x) G [0, 1] x V^^^-y. 

,7t,p,,(s)(x) = X:f(e(a«)(t)(^) 

= pr2or<«(exp^^^^, IatJ-i o o F1^(s, <«(x),f„(,)[„^]) 

Observe that (exp„J* prj T^^^exp^y^^^^ \nJ~^ = exp„^ rK^|,'^(exp^^^^^ UJ~^ holds. By con- 
struction of Nx (see Lemma FD. 0.61 (h)) we obtain: 

(exp„J,pr2r<(')(exp,^^^^^ UJ"' = exp^^^^^ °(expw„(,) UJ"' - 

Insert this identity and the local formula for rjt^p^i into (|6.4.14p : 

«.(t)(^'(i))= (T(7r^*^«f )-')rfi((exp„J.o^,,,,,)^(i,<Hp))) , 

= (T(7:''*^(<^^)-')rfi(<*H<^^)-'Fl^(i,<«(p),C.(.)[„p]))) ^ 
= (T(7:''*^«^^)-')rfiFlo^(t,<W(p)^^^( 

Fixing Knp*''(p) and ^, the flow FlQ(t, ^"^^''(p), is a solution to the differential equation 

(|6.4.ip . Using the local representative of the vector field, the equation yields 

di Fl^ (t , «^ W ip) , [„^] ) - (Fl^ (i , W (p) , [„,]), [„,] (t ) (Fl^ (i , At^W (p) , [„,]))) 

= o ««)-^(Fl^(i,<«(p),C„(,)[„^])). 
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Since ^{t)a(i) is a canonical lift, it is equivariant with respect to Ha(i)- Thus the last identity proves: 

^I^owWCt^'^^'-I^^^ )-'Fl^(f,<«(p),e.(,)[„,])),e/,per/,,„. 

Furthermore = E^^{ri{t)) holds by construction. Using the notation of Lemma 16.4.71 we 

obtain exp,^ ^.^ ocLi(^)(t)Q(j) (p) = E{ri{t)^^ .ri{t))i{p). On the other hand (|6.4.4p yields the identity 

exp^^^^^ oc.(OW.w(p) = «f )"'Fli$'(t,<W(p),C.(.)K])- 
By choice of 7j''''*'* (see the proof of Lemma [6. 4. 7p we derive: 

We may now use the structural results on the tangent space of DifForb {QM) at 7(t) G S. From 
Lemma 16.4.101 and its proof (in particular the formula in Step 3), we infer 

A~(l)K(t)(^'(0)) = e(t) 0^7(0 = A-(i)(G"(*)aid,^,„,(e(t))) = A-(i)(a,(,)(rp,(,)(e(t))). 

The mapping A^^^^ °Q^r)(t) is an isomorphism of topological vector spaces, whence rj' {t) = Tp^^^i^ (C(i)) 

follows. Recalling the definition of -q we have r]'{t) — {E{uj{S,){t))y = TpE{uj(^)(t)){^{t))- 

The facts obtained so far allow the computation of the right logarithmic derivative of 77 (i) = 

S^{7j){t) = rps(„(5)(,))-i(i?(^(e)(t)))' - Tps(.(c)(t))-rp^(.(O(t))(e(0) = m (6.4.15) 

By construction Ei{£^) — i?(w(^)(l)) = 77(1) holds and Lemma [6.4.51 implies Cl'(^)(0) — Oorb hold. 
Thus 77(0) — i?(a;(^)(0)) = i?(Oorb) = id(Q,t/) holds. Furthermore the computation of the right 
logarithmic derivative (|6.4.15p shows that the curve ^ posseses a right product integral E{u!{£,)) = rj. 
We have already seen that the mapping Ei is smooth, thus the proof is complete and Difforb {Q,U) 
is a (strong) C'^-regular Lie-group. □ 

6.4.12 Remark In general the orbifolds in the present paper are not assumed to be second count- 
able. We had to require second countability of the orbifold, to assure that Xorb {Q)c countably 
patched. In this case we obtain an atlas indexed by the countable set /, whence the map 

iei iei iei 

is an isomorphism of topological vector spaces for r e No (see Lemma IC. 3. 5 1 This fact was crucial to 
prove the smoothness of the evolution map evol. It is known that this map fails to be an isomorphism 
if / is uncountable (a proof for this fact has been communicated to the author by S.A. Wegner). 
Hence our methods do not generalize to the setting of arbitrary paracompact orbifolds. 

Acknowledgement and remark: The author would like to thank Helge Glockner for many helpful 
discussions on the subject of this work. This work is a preliminary version of the authors Ph.D- 
thesis. 
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A. Hyperplanes and paths in euclidean space 



The results in this Appendix are folklore. For the readers convenience we provide full proofs for 
these well known facts. As usual a hyperplane H in euclidean space will be a linear subspace of 
codimension 1 and a path is a continuous linear map from an intervall into M''. 

A.l Lemma Let d e N and X C a linear subspace such that dim A" < d — 2 holds. Consider 
an open and path- connected subset C C R'' and y G C \ X . There exists a path p: [0, 1] C \ A 
connecting x and y. In particular C \ X is path- connected. 

Proof. Without loss of generality we may assume A = M'*^™ x {0} and m > 2. The set C is 
path-connected, whence there is a path q: [0, 1] — C with q{0) = x and = y. If the intersection 
Imq n X is empty, there is nothing to prove. Otherwise we construct a path as follows: 
Consider the projections ttx : K'' M''"'" x {0} = A respectively 7r2 : K'' { } x M™. The 
projections are continuous open maps, with ttx + tt2 = idad. Observe that z G A if and only if 
TT2{z) = holds. The set {q{x)\x G [0, l],TT2{q{x)) = } = IrnqOX is compact and does not contain 
X and y. Therefore we may choose G A, 1 < i < and e > with 



ImqnAC IJ B,{xi) X B,{0) ^ K -.^ \J B,{x,) x B,{0) ^ C \ {x,y} . 



l<i<N l<i<N 



As each closed ball is path-connected the sets B^{xi) x ^^(O) are path-connected. Hence the set K 
is a set with finitely many path-components Ki, . . . , (cf. |19l p. 115]). Each path-component is a 
union Ki = lJi<j<ri ^eixij) x Bs{0) and is thus compact. Furthermore the boundary dK satisfies 
dK = dKi U dK2 U . . . U dKr, since these sets form a finite partition of closed and disjoint sets. 
As Im g n A C K° holds, we deduce that the boundary dKi may not contain elements of Im g n A. 
We construct the path by induction: The set Li := q^^{Ki) is a closed subset of [0,1], which 
does not contain 0, 1 by construction. By compactness of Li we may consider si := min{ a; G Li } 
and ti := max{a; G Li }. For t G } we must have q{t) G dKi. Hence by the argument 

above, q{si),q(^S2) ^ A, i.e. 7r2((7(s)), 7r2(g(ti)) G 'Bjfi) \ {0} holds. Recall that 5^(0) \ {0} is 
path-connected by a variation of [19, V. Theorem 2.2] since m > 2 is satisfied. Furthermore 7rx{Ki) 
is path-connected, whence there is a path 71: [si,ti] — )■ 7rx{Ki) x B^{0) \ {0} C Ki C C with 
7i(si) = lisi) and 71(^1) = ^(^i)- Define a mapping 



qi : [0, 1]^C, t^ 



q{t) t G [0,l]\]si,ti[ 
71 (t) te[si,ti] 



By construction qi is a path with q{0) — x and <7(1) = y. Furthermore Imgi H Ki ~ qi{[si,ti]) 
implies Imgi H Ki n X = 0. In particular the definition of qi yields Imgi n A C lJ2<r<Af 
Assume that for l<«<n<A^we have already constructed a path qi connecting x and y, 
whose image is contained in C with Img^ n A C lJi+i<r<Af Consider the compact set L„ := 
(a^^ o qn-i)^^{Kn) C]0, 1[. If Ln is empty simply set qn '■= qn-i to obtain a path with the desired 
properties. Otherwise we have to construct a path q„ from (7,1-1, such that the image does not 
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intersect {Ki U . . .UKn) HX. Apply the above construction verbatim with Ln 9> and qn-i instead 
of Li and q. Since g„„i does not intersect Ki X for each 1 < i < n — 1, the construction yields 
a mapping g„ with Img^ Ci X C_ Un+i<i<iv-^«- holds and its image is contained in C. Summing 
up, after finitely many steps the mapping p := qn satisfies: hup C C, p(0) — x,p{l) ~ y and 
Imp Ci X C UAr+i<i<Ar = ^- Hencc p is a path with the desired properties. □ 

A. 2 Lemma Let d,m E N, C be an open connected subset of R'^ and {Xi\i ~ 1, . . . ,m} a family 
of vector subspaces of M.'^ with Xi ^ Xj for i j ■ 

(a) For each pair x,y E C \ IJ™ Xi there is a path p: [0, 1] C such that 

1. p{0) = X, p{l) = y, 

2. p([0,l]) nX, = if dimX, <n-2, 

3. pi[0,i])nx,nx, = 9 ifi^j. 

(b) Let k G Nq with with dim Xi = n — 1 if 1 < i < k holds and dim Xi < n — 1 otherwise, the set 
R'' \ [J^iXi with the subspace topology there has 2*^ (path-) connected components. 

(c) If C Q is a convex open subset, then C\1J™ Xi possesses at most 2^ connected components. 

Proof. (a) Since for i j vfe have dimX^ ^ Xj < n — 2, it suffices to construct a path p which 
satisfies Properties 1. and 2. for an arbitrary finite number of subspaces Yi with diml^ < 
71 — 2. Since C is path-connected, C \ Yi is path-connected by Lemma lA.ll Iteratively 
C \ Yi \ ^2 \ • • • \ = C' \ (Yi U . . . U Yjn) is path connected by Lemma [01 

(b) The subspaces Xi are closed in R'', whence := M'' \1J™ is an open set. The components 
of n coincide with the path-components of by |19l V. 5.6]. We claim that there are 2*^ 
path-components. For a hyperplane Xj we consider the two half spaces Hj', HJ such that R'' 
is the disjoint union Hj~ UXjUH^ . The half-spaces are the path-components of R'^yXj. Each 

half-plane is a convex set. We observe that each intersection of half spaces i?^^^-* n . . . fl H^^''^ 
with cr; {l,2,...,fc} {+, — } is again a convex set. From (a) we deduce, that these 
sets yield path-connected subsets of R'* \ Ui<j<m"'^i remove [Jk+i<j<m -^j- Thus the 

number of components does not change if a subspace Xi with dim Xi < n — 2 is removed from 
R" \ lJi=i -^i- On the other hand the number doubles if a hyperplane Xj is removed from 
R" \ IJ'izl Xi. Hence the assertion holds. 

(c) From the proof of (b) we deduce that the components are induced by intersections of k half- 
spaces, which are convex sets. However the same holds for the subset C Pi iJj^ fl . . . n Ci 
Hj n . . . n From part (a) we deduce with arguments as in (b), that all non-empty 

sets of this kind induce the connected components of C \ lJi=i -^i- there are at most 2'^ 
non-empty sets of this kind, the assertion follows. 



□ 
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B. Group actions and Newman's theorem 

In this section we recall several basic facts concerning group actions, orbit spaces and quotient 
mappings to orbit spaces. We are interested only in continuous group actions, whence each group 
action in this paper will be required to be continuous. Several basic results will be repeated for 
the readers convenience and to fix some notation. For further information on group actions and 
transformation groups we recommend |lll[5^ . 

B.l. Group actions 

B.l.l Definition (Group actions of topological groups) Let G be a topological group and X a 
topological space. A G-action of G on X is a continuous map Q: G y. X ^ X, such that: 

(a) 0(1, x) — X for all x X, where 1 is the identity element of G. 

(b) 6(52,0(51,2:)) = 6(5251,2;) for all 51,52 e G and x eX. 

The pair {X, 6) is called G-space and we denote it usually just by the underlying space X. We shall 
abbreviate g.x :— 6(5,2:) if it is clear which action is meant. . 

For X d X the orbit of x is the set G.x :— { g.x\g G G }. Let X/G := { G.x } x E X he the set of all 
orbits and endow it with the quotient topology induced by p: X ^ X/G, x H- G.x. The space X/G 
is called orbit space of the G-space X. 

B.l. 2 Definition (Isotropy Subgroups and Fixed point sets) Let X be a G-space. Define the 
isotropy group Gx •={56 ^15.0; = x} oi x E X . 

For g E G the set of fixed points of 5 will be denoted by "Eg = {x £ X\g.x ~ x}, and we write 

j:g-^{xex\Gx^{i}}= U Eg 

aeG\{i} 

For a subset C X we define g.Y := { g.x\x EY} and let Gs ■= {g E G\g.S = 5 } be the isotropy 
group of S. A subset Y C X is called G-invariant if Gs — G holds. Furthermore a G-stable subset 
S" of X is a connected set, such that for 5 G G either 5. S' = S' or 5. 5'nS' = is satisfied. 

The elegant proof of the following Lemma has been communicated to the author by A. Pohl: 

B.l. 3 Lemma Let X be a manifold, G a finite topological group acting on X via homeomorphisms, 
i.e. 6(5, ■): X ^ X is a homeomorphism for each g E G. For each x E X there exist arbitrarily 
small open G-stable neighborhoods of x, whose isotropy subgroups coincide with Gx- In particular 
the G-stable open sets form a base for the topology on X . 

Proof. Let U be any neighborhood of x and G.x — {xi,X2, . . . ,Xn} be the distinct elements in the 
G-orbit of x, i.e. Xi ^ xj for i ^ j. Without loss of generality x = xi holds. For i = 1, . . . ,n choose 
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an open neighborhood Ui of Xi with the following properties: Ffor i j the sets Ui and Uj are 
disjoint and Ui'^U holds. For i = 1, . . . , n define G\ :— {g & G\g.Xi — x} and set 

:= n n 

l<i<n geG\ 

As G acts by homeomorphisms, the set S" C [/^ C [/ is an open neighborhood of x. Consider h G G. 
If h.x — Xi holds, this implies S G]. Therefore S' C h~^.Ui yields h.S' C Ui. For j ^ 1 we 
deduce from UiDUi = $ and S' C Ui for h as above h.S' n S" = 0. On the other hand for i = 1 we 
have h G Gx and thus 

n n 

h.S' = n n (''9)-u, = n n = s' (b.i.i) 

i=i gsGi i=i geGi 

Let 5 be the connected component of S' which contains x. As X is locally path connected S is an 
open neighborhood of x by |19l V. Theorem 4.2]. Since G acts by homeomorphisms, by ()B.1.1|) Gx 
permutes the connected components of S' and fixes x. Combine ()B.l.ip and the fact /i.S" n S" = 
for h G G \ Gx. We deduce that Gs = Gx holds and 5 is a G-stable open neighborhood of x which 
is contained in S' C U. □ 

B.1.4 Lemma ( [54, Proposition 3.1 and Proposition 3.6]) Let X be a Hausdorff G -space and G a 
compact topological group. Consider the quotient map tt : X — > X/G, x i— > G.x onto the orbit space. 

(a) X/G is a Hausdorff space. 

(b) t: is a continuous, open and closed map. 

(c) t: is a proper map. 

(d) X is compact if and only if X/G is compact. 

(e) X is locally compact if and only if X/G is locally compact. 

B.1.5 Remark Let Diff'^(A/) be the group of C-diffeomorphisms from a C"'-manifold M to itself 
for r £ No U { oo }. To shorten the notation we write Diff(Af) :— Diff°°(Af). The discrete topology 
is the unique Hausdorff topology turning a finite subgroup G of Diff'^(M) into a topological group. 
Any finite group G C Diff''(M) becomes a compact topological group in this way. The natural 
mapping Q: G x M M, {g,x) H> g{x) is continuous since each element in G is continuous and 
G is endowed with the discrete topology. Hence each finite subgroup G of Diff'^(M) induces a 
canonical action of a compact topological group on M. Furthermore the quotient map M — >■ M/G 
with respect to such a G-action satisfies the prerequesits of Lemma IB. 1.41 

B.1.6 Definition Let /: A ^ y be a map, G a group, X a G-space and y be a topologcal space. 

(a) If F is a G-spaces, we call / equivariant if f{g.x) — g.f{x) holds for all x G A and g G G. 

(b) Let H be another topological group such that F is a _ff-space. If there is a group homo- 
morphism X: G ^ H such that f{g.x) — X{g).f{x) holds for all x G A, g e G, / is called 
equivariant with respect to A. 



B.2 Newman's Theorem 
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B.2. Newman's Theorem 

The Theorem due to M.H.A. Newman discussed in this section is an important tool to investigate 
the structure of orbifolds (for a proof see [T5]l: 

B.2.1 Theorem (Newman 1931) Let G he a finite group acting effectively by homeomorphisms on 
a connected manifold M , then the set M \ Yiq of points with trivial isotropy group is a dense and 
open set. 



In the situation of Theorem IB. 2. II the elements of Eg are called singular points and the elements 
of M \ Eg are called non-singular points. We compile several interesting consequences of Newman's 
Theorem. For further information we refer to |48l Section 2.4]. 

B.2. 2 Lemma (cf. |48l p. 36]) Let M he a smooth finite dimensional paracompact manifold, G 
a finite suhgroup of Diff(M) and x M . Then there exists an arbitrarily small G -stable chart 
{W, n) with X € W such that k conjugates the isotropy group Gx to a (finite) group of orthogonal 
transformations on k{W). Furthermore T^g = idr^M implies g\w = idw for each g G Gx. 

Proof. Since G is finite we may choose a G-invariant Riemannian metric on M by |48L Proposition 
2.8]. The group G thus acts via Riemannian isometrics with respect to this metric. Let exp^ be the 
Riemannian exponential map with respect to this metric. By [17' 3 Proposition 2.9], exp^j induces 
a diffeomorphism from an open ball B^{Ox) centered at 0^ in Tx(M) to an open neighbourhood W 
of X, exp^^: B^{Ox) ^ W C M. SAs the metric is G-invariant, each g ^Gx induces an orthogonal 
transformation Txg of TxM . Since expjyj commutes with Riemannian isometrics on its domain, we 
deduce exp^^^ °Tx9\domcxpj^j ^ — 9 ° ^^Pm.x- This formula shows that Txg = id implies g\w — idvK 
and W is Gx invariant. By continuity of exp^^ we may shrink e, such that W is contained in G-stable 
neighborhood of x (cf. Lemma [B.1.3|) . Hence there is e > 0, such that expj^j ^{Bg{0)) = is a 
G-stable subset with Gw — Gx. For such a W define k := {expj^ ^ \w)~'^ ■ The pair {W, k) satisfies 
the assertion. In particular W may be taken arbitrarily small. □ 

B.2. 3 Lemma Let M be a connected paracompact smooth manifold and G be a finite subgroup of 
Diff(M). Denote by T,tg ihe set of of singular points with respect to the derived action G x TM — !> 
TM,{g,X) I— !■ g.X := Tg{X) of G on TM. For each open connected set U C TAL the set of 
non-singular points U \ 'Etg is (path-) connected. 

Proof. The manifold TAI is locally path-connected, whence for open sets connected components 
and path-components coincide by |19l V. Theorem 5.5]. Let C be the family of (path-)connected 
components in U \ Yjtg- To prove the Lemma we have to assert \C\ = 1. Suppose that |C| > 1 holds 
and consider G € C. The boundary dC of G with respect to U is contained in Etg H U . Observe 
that U C TM is open and path-connected and Etg is nowhere dense in TM by Newman's Theorem 
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IB. 2. II Hence dC satisfies 

ac n y dC ^ 0. 

C'ec\{c} 

In other words there are no isolated components of J7 \ Stg, i-e. the boundary of C G C intersects 
the boundaries of other components if there are several connected components oi U \ Stg- 

We claim that dC n dC ^ (in U) forces both components to coincide. Since there are no isolated 
components, if the claim were true U \ Y,tg is connected. To prove our claim, consider C,C' £ C 
with X := {TrTM{X),£^) G dC fl dC . By definition of the derived action for g G G we have 
Tg{X) = g.X = X if g.^TAiiX) = tttm{X). This implies Gx C G^^^,(jf). By Lemma EZJ there 
is a G-stable manifold-chart {W,k) such that TrTM{X) W C U and k conjugates G^^j^(x) to 
a finite group of orthogonal transformations on k{W) = i?e(0^^jj-(x)) Q K*^ for d = dimM and 
some e > 0. Identify TW with an open subset of TU to obtain a chart {TW, Tk) for TU with 
X G Tiy. Since X £ dC (1 dC the open set TW intersects both components. Hence TW \ Y^tg 
intersects both components. If TW \ Stg is a connected set, then C = C follows. To prove 
this, identify Tk{TW) = TBe{0^^„(x)) with B^{0) x M'^ C M^'^. For g G G^^„,(x) let g be the 
orthogonal transformation conjugate to g, i.e. 5 is a linear map with gK — Kg. The functoriality 
of T implies TgTn = TnTg. Taking identifications Tg = {g\Bc(G)id,9) — {9\bc(q)t9 ° W2) is the 
restriction of a linear map. Thus Tn conjugates the action of Gx ^ Gt^^^^^x) on TW to a linear 
action on Tk{TW) = ^^(O) x W^. Since W is G-stable with Gw = G^^^(x), the set TVF is G-stable 
with Gtw = G^^,^j(^x) by definition of the derived action. Hence TW fl Stg C TVF fl Etg„^^^(x) 
holds. Therefore V := rK(Tiy n Stg) = (Se(0) x R'') \ Tk{T,tg^^^^jc) ) Isolds. We claim that V is 
connected. If this were true, the same holds for TW \ Stg, whence the proof is complete. 
Proof of the claim: As Tk conjugates the group action to a linear action, the set Tk{TW D Stg) 
is a finite union of linear subspaces of R^"*. By Lemma IA.2I the set V will be connected, if and 
only if for each g G Gx the fixed point set of the associated linear map Tg is not a hyperplane in 
K^'^. For each g G G^^^^ji^x) \ {idM } a combination of [^S", Lemma 2.10 and Lemma 2.11] implies 
that g is not the identity map. From P2, Proposition 2.18 (1)] we deduce that the fixed points of 
g are contained in a hyperplane H C R''. Each linear subspace fixed by Tg is thus contained in 
H X H and dim_ff x H = d — 2. Hence Tg does not fix any hyperplane, whence Tk{TW \ Stg) is 
connected. □ 
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C. Infinite dimensional manifolds and Lie groups 

In this section we briefly recall the notion of infinite dimensional manifolds and infinite dimensional 
Lie groups. Manifolds and Lie groups modelled on infinite dimensional spaces may be defined almost 
exactly as in the finite dimensional case. 

C.l. Manifolds modelled on locally convex spaces 

C.l.l Definition We recall from [3U] that a manifold with rough boundary modelled on a locally 
convex space £^ is a Hausdorff topological space M with an atlas of smoothly compatible homeo- 
morphisms ip: ^ C/^ from open subsets of M onto locally convex subsets Ucj, C E with dense 
interior. If each is open, M is an ordinary manifold (without boundary). In a similar fashion 
C""-manifolds may be defined for r S Nq. Unless stated otherwise, every manifold will be assumed to 
be without boundary. Direct products of locally convex C'^-manifolds, tangent spaces and tangent 
manifolds may be defined as in the finite dimensional setting. We refer to [50] for details. 

C.l. 2 Notation Let M,N be C-manifolds (where 1 < r < oo), and f : M N a, mapping of 
class C. We denote by Tf: TM ^ TN the tangent map. Abbreviate by T^/: T^M -> Tf,^^)N 
the restriction of Tf to the tangent space TxM of M at a; G M. If is a locally convex space the 
tangent map Tf: TM TN = N x N is given by {x,v) {f{x),df{x,v)) for x e M, v e T^M 
and a map df : TM —i'N. li f : U V is a, C""-map, where U, V are open subsets of locally convex 
spaces E and F, it is convenient to think of df{x,y) as a tangential map. Hence we canonically 
identify T^f/ = E and TyV = F to obtain df{x, v) = T^f{v). 

We let tttm : TM M be the bundle projection. For r = co we denote by X (M) the space of 
smooth vector fields, i.e. smooth mappings X : M — ;> TM with tttm o X = idM- 

C.2. Function spaces and their topologies 

Our exposition of the C-topology follows [2S], but we allow locally convex subsets. Albeit the 
definition of differentiability differs from the one used in [5S], on open subsets of locally convex 
spaces over the field M both coincide by ^5',, Proposition 7.4]. 

C.2.1 Definition (Compact open topology) Let X, Y he Hausdorff topological spaces, K C X 
compact and U CY open. We define the set 

[K,U\ ■.= {f eC{XX)\f{K)CU} 

Then the sets 

lK,,Ui\ n lK2,U2\n...nlK^,Un\ 

with n ^ N, Ki C X compact and Ui CY open for 1 < i < n, are a base for a topology on C{X, Y) 
(cf. |201 Section 3.4]). It is called the compact-open topology and we denote by C'{X,Y)c.o. the space 
C{X,Y) with this topology . 
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C.2.2 Definition Let E, F be locally convex topological vector spaces and U Q E a. locally convex 
subset with dense interior, r G No U { oo }. Endow C^{U, F) with the unique locally convex topology 
turning 

(d(^)(.))No9,<.: C^{U,F) ^ Y[ C{Ux E\F)J^ {S^'> f) 

0<j<r 

into a topological embedding. We call this topology the compact-open -topology. Notice that it 
is the initial topology with respect to the family (d'-'-' (•))N9i<r- 



C.2.3 Remark 



(a) By [22, Lemma 1.14], Definition IC.2.21 coincides on open sets with the definition in [23, Defi- 
nition 3.1]. Hence if U is an open, cr-compact and locally compact subset of a locally convex 
space E and F is a Frechet space, then C^{U,F) is a Frechet space by |23l Remark 3.2]. 

(b) For each compact subset K <Z U and open subset F C F, the set 

[K,V\r ■■= {j e C'{U,F)\j{K) CV} 
is open in C''{U,F) by ^ Lemma 4.22]. 

If s, r e No U { oo } with r < s, by definition then C^U, F) C C"~(C/, F) holds and the topology 
on C'^{U,F) is finer than the subspace topology induced by C^{U,F). Let ft be an open set 
in C'iU, F) , such that n = C"(C/, F)nA holds for some open A C C"'(C/, F). Then we call Q 
a C^-open set in C^{U,F) or a -neighborhood of f e C'^{U,F). 



C.2.4 Definition Let F be a locally convex vector space and M a C""-manifold. Then we let 
C'^{M,E) be the space of all C-mappings ^: M ^ E. The pointwise operations turn C'^{M,E) 
into a vector space. Endow C'^{M,E) with the initial topology with respect to the family 

: (A/, E)^C''{V^,E),^^^\u^oK-^ 

where k: 11^. ranges through an atlas of M. If M is an open subset of a locally convex 

space, |25l Lemma 4.6] proves that this topology coincides with the compact open C-topology. 



C.2.5 Definition 



(a) Let [/ C M" be some open subset n £ No and if C [/ compact. For ^ e C"'(f7,R"), r e 
No U { cxD } and G No with fc < r, we use standard multiindex notation and set 

U\\K,k — ,maxmax||a"^(x)|| 

(b) Let i? be a locally convex space and r G No U {oo}. Endow C^{[0,1], E) with the locally 
convex vector topology induced by the family of seminorms W-W^k ^ defined via 

where p ranges through the continuous seminorms on E and G No with k < r. 



C.3 Spaces of sections and patched spaces 
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C.2.6 Remark 

i. Let U C M" be some open subset n e No- As [/ is cr-compact, there is a sequence of 
compact sets {Kn)n such that U = UneN-^"- ^ variant of ^51 Proposition 4.4], the 

locally convex topology induced by the family of seminorms j.nGN, 0<fc<r| 

on C"'(t/, R") coincides with the compact open C-topology. 

ii. A variant of |23., Proposition 4.4] shows that this topology is initial with respect to the 
mappings ,7 1-^ Sj^j, < k < r, i.e. it coincides with the 
compact-open C"'-topology. 

In particular C"'([0, !],[/) := { 7 e C"'([0, 1], i;)|7([0, 1]) C f/ } = [[0, 1], f/J^ is an open 
subset for each U C E. If £^ is metrizable (respectively complete), C"'([0, 1], E) is metriz- 
able by 2.8 Theorem 1] (respectively complete by [311 Lemma 1.4]). 



C.3. Spaces of sections and patched spaces 



In this section we endow the space of smooth vector fields X (M) on a smooth manifold M with a 
topology. Furthermore we introduce the concept of a "patched locally convex space" (cf. |24II25] 1. to 
obtain a criterion for the differentiability of maps between spaces of sections. We recall the following 
facts from [25, Appendix F]: 

C.3.1 Definition Let M be a smooth manifold modelled on the locally convex space E and 
tttm ■ TM — AI be the bundle projection. Consider a maximal atlas A of M and a chart {V^,ijj) G A 
with iJj: V^p U^. Let prj : x E ^ E he the canonical projection. 

For a vector field X ^ X (M), we define a local representative := proj2 o Ti/j o X\v^ : ^ E. 
In particular X{y) = {y,X^{y)) holds for all y G [/^. 

We endow X (M) with the unique locally convex topology, turning the linear map 
T:X{M)^ H C^{V^,E), X^{X^)^v^^^)^j^ 

a topological embedding. In particular the topology on X (M) is the initial topology with respect 
to the family of linear maps 9^ : X (M) — > C°° {V^ , E) , X 1-^ X^. 

C.3. 2 Lemma ( [25, Lemma F.9]) The topology on X(M) is initial with respect to the family 
{(^(f>)(v^.cf,)eB: where B C_ A is some atlas for M . 

Proof. Combine [25^ Lemma F.9] with [25, Proposition 4.19], which guarantees that the topology 
defined in |25] coincides with our definition of the compact open C-topology over the field R. □ 

C.3. 3 Notation Let M be a smooth manifold and U an open subset of M. We define the restriction 
map res^ : X{M) — > X{U) ,X 1-^ X\u. For each open subsete U this maps is continuous hnear 
by [5S1 Lemma F.15]. 
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C.3.4 Definition A patched locally convex space over R is a pair (i?, {pi)iei), where E' is a topo- 
logical M-vector space and {pi)i^i is a family of continuous linear maps pi: E ^ Ei to topological 
vector spaces Ei, such that 

(a) for each x G E, the set { i e I\pi{x) 7^ } is finite, 

(b) the linear map 

p: E ^ ^Ei, x^ {pi{x))iei = ^Piix) 
iei iei 
from E to the direct sum ®i^iEi (equipped with the direct sum topology cf. [TTT, II. 29. 5 
Definition 2]) is a topological embedding. 

(c) the image p{E) is sequentially closed in 0^^^ Ei. 

The mappings pi: E ^ Ei are called patches , and the family {pi)iei is called a patchwork . If / is 
a countable set, we also say that E is countably patched. 

C.3.5 Lemma Let (E, {pi)i^i) be patched topological W-vector space, with pi: E ^ Ei and p as in 
Definition \ C. 3.4\ For each r G Nq U { cxd }, the map 

p,: C^{[0,1],E) ^ C-{[0,l],^E,),g ^ po g 

iei 

is a linear topological embedding whose image is sequentially closed. If E is countably patched and 
\I\ < 00 or r < 00 holds, the family C""([0, l],Pi) : C""([0, l],E) C"'([0, l],i?,;),7 o 7, iei, 

turns C^([0, 1], E) into a patched topological R-vector space. 

Proof. The maps (C"'([0, are continuous linear and is a topological embedding by |31l 

Lemma 1.2]. Without loss of generality we identify E with a subspace of F :— ^^^j Ei. Let 
(/n)nGN ^ Imp* be a sequence which converges to some / e C"'([0, 1], F). Since E is sequentially 
closed, due to the continuity of the point evaluation maps (cf. [2, Proposition 3.20]) for t € [0,1] 
the sequence {fn{t))ne'M converges in E. Hence the image of / is contained in E. Recall that 
directional derivatives may be computed as limits of sequences. As each element f{t) — lim„gN fn{t) 
is contained in E and E is sequentially close, the mappings d^''^ f < k < r take their images in E. 
Hence / S C"'([0, 1], E) holds and Imp* is sequentially closed as a subspace of C"'([0, 1], F). 

First case: |/| < 00. Since / is finite, the coproduct F in the category of locally convex topological 
vector spaces coincides with the product of the Ei. Hence the canonical projection tt^ : F ^ Ei and 
the canonical inclusion Li: Ei ^ F are continuous linear for iei. From |31', Lemma 1.2] we deduce 
that the mappings 

((^,).e/)* : ^-([0, 1], i?,) ^ C"-([0, l],E,), / ^ (tt, o f \^j, 
iei iei 

C'-([0, llEi) ^ ^-([0, 1], E,), ifi) ^ Y.^iMfi) 
iei iei iei 

are continuous linear and mutually inverse. Thus C"'([0, 1], 0^^^ i?;) and 0,-^^ C"'([0, 1], are 
isomorphic as locally convex spaces, whence the maps {pi)^,,i G / form a patchwork for C""([0, 1], E). 



C.3 Spaces of sections and patched spaces 
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Second case: |/| = cxd and r < oo. The canonical inclusions yield a family of continuous linear 
maps by [31, Lemma 1.2]. As in the first case we obtain a linear and continuous map 

A: 0ig/ C"'([0, l],Ei) F, {J2iei Ti) Z]ie/(''0*(7i)- For t^^e rest of the proof we suppress the 
inclusions Li in the notation. To prove our claim we have to construct an inverse mapping for A. 
To do so pick 7 € C"'([0, l],F). The compact set 7([0, 1]) C is contained in a finite partial sum 
by |10l 3, III. 4 §1, Proposition 5]. As the inclusion of a finite partial sum is a topological embedding, 
from [311 Lemma 1.2] and the isomorphism established for the finite case, we deduce that there are 
unique ji G C"'([0, l],Ei), Vi ^ I with 7 = A((7i)ig/). Hence we obtain a well-defined inverse of A 
viae: C'-([0,l],^^)^e,g,C'-([0,l],ii;0,7^ (7.).G/. 

We claim that A is an isomorphism of locally convex spaces. To prove the dim let be the set 
of all continuous seminorms on Ei. Consider q = {qi)i,zi G F := Ilie/ and obtain a continuous 
seminorm Vq: F ^ [Oj sup { G / } with Xi € Ei. Since the space E is 

countably patched, the topology on F coincides with the box topology by [37, Proposition 4.1.4]. 
Hence the family {rq)q^r determines the locally convex topology on F. By definition of the topology 
on C"'([0, 1], F), the continuous seminorms sq : C'([0, 1], F) [0, oo[, 

Sqil) ■= sup sup rq{-£^j{x)) = sup sup supqj(^7j(a;)), 

0<fe<r 2;e[0,l] 0<fc<r a:6[0,l] iel 

where q ranges through F determine the locally convex topology on C^([0, 1], -F). In the same 
fashion we deduce that the locally convex topology on C"'([0, 1], Ei) is determined by the continuous 

seminorms tq.: C"'([0, 1], [0, cx)[, t,, (74) := supo<fc<r sup^g[o,i] *(^7i(a;))i where qi through 

Fj. The locally convex sum topology, i.e. the box topology on C"'([0, 1], Ei) is induced by the 

family of seminorms Uq : C" ([O7 ^],Ei) — ;> [0, oo[, 

Uq{{^i)i£i suptq^{'^i) ^ sup sup sup qii-^li{x)) 

iGl iel 0<k<r xe[0.1] 

for q — {qi)iei G F. Observe that for each q £ F we have o A = Uq. We deduce that A~^ 
is continuos (cf. [1(T, II, §2 No. 4 Proposition 4]), whence A is an isomorphism of locally convex 
spaces. □ 



If r = 00 and |/| — 00, the map A introduced in the proof of Lemma IC.3.51 still is a continuous 
linear bijection, but its inverse fails to be continuous in general. 

C.3. 6 Definition Let / be some set and {E, {pi)i^i) and {F, {qi)iei) patched topological M-vector 
spaces with canonical embeddings p: E Ei and q: F ®iei -^i Defintion IC.3.41 

(a) A map f : U ^ F defined on an open subset [/ C is called patched mapping if there exists 
a family {fi)iei of mappings : Ui Fi on certain open neighborhoods Ui of Pi{U) in Ei, 
which is compatible with f in the following sense: We have G Ui and /i(0) = for all but 
finitely many i, and qi{f{x)) = fi{pi{x)) for all i £ /, i.e. qo f = {fi)ifzi op|®'^' 

(b) For fc G No U { 00 }, we say that a patched mapping /:[/—!> F is 0/ class on the patches if 
all of the mappings /,; in (a) can be chosen of class C'^ . 
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C.3.7 Proposition Let I be some set and {E, {pi)iei), {F, {qi)i^i) be patched topological 'R-vector 
spaces. Assume that f : U ^ F is a patched mapping from an open subset U C E to F. If f is of 
class (7*^+^ 071 the patches, then f is of class . If E and F are countably patched and f is on 
the patches, then f is of class . 

Proof. For i G / let fi : Ui ^ Fi be the map compatible with /. Consider the box neighborhood 
(BieiUi := {Y\if=iUi) fl (0ig/-Ei) which is open in the locally convex sum (cf. |371 4.3]). The 
compatibility condition yields q o f = {fi)iei o p\®^' . As shown in |24! Proposition 7.1] the map 
{fi)i£i is a C'^-map if each fi is of class C^^"^ (respectively if each fi is a C'^-map and / is countable). 
By definition this is the case if and only if / is a C'^+^-map (respectively a C'^-map in the countable 
case) on the patches. The map {fi)i^i °p\®^^ is of class as a composition of a C'^-map and a 
smooth map. Thus go / is a C'^-map. Since the subspace Imq is sequentially closed, the corestriction 
(go/)p™'' is a map. As gp™"^ is an isomorphism of topological vector spaces, / is a C'^'-map. □ 

C.4. Lie groups 

C.4.1 Definition A (locally convex) Lie group is a group G equipped with a smooth manifold 
structure turning the group operations into smooth maps. Denote its neutral element by 1 and 
recall that L{G) TiG is its Lie algebra, (cf. [^[50] for details) 

C.4.2 Definition Let G be a Lie group. We denote hy pg: G G,h i-^ kg the right translation 
by 5 G G. This yields a natural action of G on the tangent Lie group TG (cf. [9^ IIL §2]) 

V ■ g '■= {TxPg){v) e TgxG for X e G, u e T^G 

The following construction principle for Lie groups will be our main tool to construct Lie group 
structures. A proof for the Banach case is given in [9, IIL §1.9, Proposition 18]. It carries over 
without any changes to the more general situation: 

C.4.3 Proposition Let G be a group and U, V subsets of G such that 1 eV = V^^ and V -V C U. 
Suppose that U is equipped with a smooth manifold structure, modelled on a locally convex space, 
with respect to which the maps l: V ^ V C U and fi: V xV ^ U -induced by inversion and the 
group multiplication respectively - are smooth. Here we consider V as an open submanifold of U . 
Then the following holds 

a) There is a unique smooth manifold structure on the subgroup Gq := (V) of G generated by V 
such that Go becomes a Lie group, V is open in Gq, and such that U and Gq induce the same 
smooth manifold structure on the open subset V . 

b) Suppose that for each g in a generating set ofG, there is an open identity neighborhood W U, 
such that Cg'. W ^ U,h ^ ghg~^ is smooth, then there is a unique smooth manifold structure 
on G turning G into a Lie group, such that V is open in G and both G and U induce the same 
smooth manifold structure on the open subset V . 



C.5 Regular Lie groups 
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C.5. Regular Lie groups 

C.5.1 Definition Let G be a Lie group with Lie algebra L{G). Consider a C'^-curve p: [0, 1] — s> G 
with fc > 1 and recall that 

<5> e C^-\[0, 1], L(G)), (<5» W := p'{t) ■ p{t)-' 

is called the right logarithmic derivative of p. Furthermore we call p a right product integral for 5^ p. 
If q: [0, 1] — > G is another G'^-curve such that 5'^p — 6^q (i.e. both p and q are right product integrals 
for S^q), then q = go ■ p holds for some constant go G G (cf. |46[ Lemma 7.4]) 

C.5. 2 Definition If 7 G G'^([0, l],L{G)) with fc £ No U { 00 } admits a right product integral p, 
we define 'P{'^) p ■ p{0)^^. Thus V{'y) is a right product integral for 7, such that V{'y){0) — Iq 
is the identity element of G. The product integral is uniquely determined by this property. 

C.5. 3 Definition Let fc G No U {00}. A Lie group G with Lie algebra L{G) is called (strong) 
G^ -regular , if for the unit intervall [0, 1] and each ^ G G'^([0, 1], L{G)). the initial value problem 

7(0) = 1g, (C.5.1) 

has a solution ■p(^), which is then contained in G'''+^([0, 1], G), and the corresponding evolution map 

evolG : G^([0, 1], L(G)) ^ G, ^ P(0(1) 

is smooth. If G is G'^-regular, we write 

EvolG:G'=([0,l],L(G))^G^-+i([0,l],G),e->P(0 

for the map on the level of Lie group- valued curves. For more information on regularity see |29| . 
The group G is called regular (in the sense of Milnor) if it is G°°-regular. For k < r the G''-regularity 
follows from G'^-regularity. 



Notice that we have defined regularity properties of Lie groups using the right logarithmic deriva- 
tive. Alternatively one may define left logarithmic derivative, left product integrals and regularity 
properties using these notions. However, it is well known that this results in the same concepts of 
regularity as defined in lC.5.31 See [IB] Proposition 1.3.6] for a proof. 

The following Lemma will be our main tool to prove the regularity of the Orbifold diffeomorphism 
group. Its proof carries over almost verbatim from ]1M Proposition 1.3.10]: 

C.5. 4 Lemma Let G be a smooth Lie group with Liealgebra L[G). Assume that there is a zero- 
neighborhood U C L(G) such that for fc G No U { 00 }, every ^ G G'^([0, 1], U) has a right product 
integral. Furthermore assume that Ei: G'^([0, 1], J7) G, ^ 1— 'P(^)(l) is smooth. Then G is G*^- 
regular. 
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D. Riemannian geometry and vector fields 

In this paper we assume basic familiarity with Riemannian metrics and geodesies. However our 
approach requires standard results from Riemannian geometry as outlined in |17l[551BT] . The goal 
of this section is to fix teh necessary notation and to provide estimates needed in the proof of the 
main theorems. 

D.0.1 Notation The pair (M, pm) will always denote a finite dimensional smooth Riemannian 
manifold M, with Riemannian metric pM- Notice that for each a; € M the Riemannian metric 
yields a positive definite inner product pm,x' T^M x T^M — > R. We usually abbreviate 

Pm{X, Y) := pmAX, Y) VX, Y e T,M 

We define the s-balls with respect to the Riemannian metric in T^M around the origin 0^ as 
Bpf^j{Ox,£) ■= {X E TxM\pm{X, X)}. Recall that on every Riemannian manifold there exists a 
Riemannian exponential map 

exp^,/: TM 2 Dm ^ M 

whose domain Dm is some open neighborhood of the zero-section. Each Riemannian exponential 
map on a smooth Riemnannian manifold is smooth. 

Recall the following standard result of Riemannian geometry: 

D.0.2 Lemma Let {M, p) be a Riemannian manifold with exponential map exjpjyj : Dm — > M and 
K C. M some compact subset. There is e > and an open set K CV , such that the following holds 

(a) for each x eV the map expj^j j^PM (-Bp(Ox,e)) ^ diffeomorphism with open image in M, 

(b) UsGV ^p(Oa:' ^) — is a neighborhood of the zero section on K. 

Proof. Apply |39l Theorem 1.8.15] to each point x G K. Since K is compact, this yields a finite 
family xi^X2t . ■ . ,Xn G K and constants £i, . . . , £„ such that: 

• for each 1 < k < n and y S exp^j(_Bpjj (Oa;j. , 6^) the mapping expM Ispjvf (o^.e^) is an embedding 
with open image, 

• K CV := Ui<fe<„expji,f(Bp^,(0:rfc,efc) holds. 

Set e := min { ei, . . . , e„ }. The pair (e, V") satisfy the assertion of the Lemma since Uxsv Bpi^x,^) 
is a neighborhood of the zero section by the proof of [39, Theorem 1.8.15]. □ 

As a first step we discuss Riemannian exponential maps on metric balls in euclidean space. To 
this end fix the metric ball -65(0) C W^d E N with an arbitrary Riemannian metric. For the rest 
of this section we endow M."^ with the maximum norm IHIq^. We denote by Br{x) the metric ball 
around x G -65(0) with respect to \\-\\^ and r > 0. Endow the space £(M'') of linear and continuous 
endomorphisms of R'' with the operator norm IMj^p with respect to 
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D.0.3 Lemma Consider -65(0) as a Riemannian manifold with arbitrary Riemannian metric. Let 
exp: D — > -85(0) be the associated Riemannian exponential map. For t > there exist e > at > 
0, 1 > (5 > such that 



(a) 54(0) X i?e(0) C D, (j)x exp(a;, OI'b (0^) ^ ^ "^^ diffeomorphism for each x G 54(0). 

(b) Bs{x) C exp(a;, i?£(0)) for each x G -84(0), b: Ws — > B^{0),b{x,y) :— (t)^^{y) is a smooth map 
on the subset Wg Uxe Biio) ^ Bs{x) 0/55(0) x R'^ 

(c) (/)j;(i?crt (0)) C Bt{x) for each x G Bi{Q). For t < ^ we obtain a smooth map 

f: ^3(0) X B„M X B^M ^ BMJ{x.V,z) b{x,4>^^j^y){z)) 



Proof. (a) The set i?4(0) x { } is a compact subset of D. Lemma [P.O. 21 yields a neighborhood 
-84(0) x{0}CVFC£), such that exp(a;, •) restricts to is a diffeomorphism on n T^M 
for X G TTTBr^(o){W). An application of Wallace Theorem |20l 3.2.10]) yields e > such that 
54(0) X Be(0) C W holds. 

(b) We have exp'(a;,0, •) = idjjd for each x in the compact set -84(0) (cf. |39. Proof of Theorem 
L6.12]). Apply the parameter dependent Inverse Function Theorem |28l Theorem 5.13] to the 
exponential map on -84(0) x B^{Q). By compactness of -84(0) this yields some (5 > which 
satisfies the assertion of (b). 

(c) By uniform continuity of exp on i?4(0) x -B£(0), we may choose at with the desired properties. 
If t < I holds, we obtain ^^^(^^^(z) G Bs{x) for each {x,y,z) G -83(0) x Bc^{0) x Ba^iO). The 
assertion now follows from (b). 

□ 

D.0.4 Lemma Consider -85(0) as Riemannian manifold with arbitrary Riemannian metric and ex- 
ponential map exp. Let p > and e,S be as in Lemma \D.0.3[ There exists an open -neighborhood 
Af of the zero map in C°°{B^{0),M.'^) such that £, E J\f satisfies 

(a) (id5j_(g), ^)(_83(0)) C -83(0) X i3e(0) C D and the following estimate holds for each x G -83(0) 
||exp(x,C(x)) <min{i,f 

(b) the map := exp o(idB3(o), CI-B3(o)) '^^ embedding, 

(c) fory G -83(0) the following estimates are available: 

Bi^{F^{y))CF^{Bs{y))CB,jF^{y)), s g]0, 3 - ||y||] (D.0.2) 

Bes-i (0) C F,(BJ0)) C Bms+i (0). sg]0,3] (D.0.3) 

Bsr+i{0)CF^^{Br{0))CBs^{0), ^e]0,2+i] (D.0.4) 

(d) there is a map ^* G C°°(lmF^,M.'^), such that {F^)^^ — expo(idiniF{,C*) is satisfied, 
i^) M* II b2(o) 1 P h,olds for each ^ G M and if ^ = then ^* = 0, 

(f) the map 

/: AA^C°°(S2(0),M''),C^ris.(o) 

is smooth. 
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Proof. We need preparatory estimates to control the derivatives of all relevant maps. 
Since e, d were chosen as in Lemma ID. 0.31 we may consider the smooth map 

a: Bi{0) X Bs{0) B^{0),a{x,y) := b{x,x + y) = ^^(x + y). 

Since exp(a;,0) = x holds we derive a{x,0) — for each x S -64(0). Thus dia{x,0; ■) = holds for 
all X e -84(0). The set ^3(0) x {0} C a^^{Bp{0)) is compact, whence Wallace Lemma ^ 3.2.10] 
allows us to choose < t < min { | , f } with 



a{B3{0) X Bt{0)) C Bp{0) (D.0.5) 

P 
2' 



W{x,y)eBsiO)xBtiO) \\dMx,y; ■)\\^^ < ^. (D.O 



Set m := sup | \\d2a{x, y; OIlop ^ ^ -^3(0), y G -Bt(O) | < 00. It is well known that the invertible 

matrices form an open subset >C(IR'')'^ of >C(M'') and inversion is continuous on this set (cf. \2E[ 
Proposition 1.33]). Hence there is < 7 < i such that for A G C{M.'^) with ||j4 — idRdjl^p < 7, (i.e. 
A e CjR'^ r), we have \\A-' - idR.||^p < 

By Lemma [0.0.31 we may choose trt > with respect to e,6, such that: e > at and (j)x{BcT^{0)) C 
Btix) <Z B . t 1 5_ \ (x) holds for each x G -84(0). We obtain an open neighborhood of the zero- 

map [^3(0), B„^ (0)J C C(g 5(0),R '^)c.oand by construction each ^ G [^3(0), B„^ (0)J satisfies the 
assertions of (a). We shrink [^3(0), Bo-t (0)J to construct TV: 

Consider ^ G [-83(0), (0)J and define the smooth maps := expo(idB3(o),^|B3(o)), ■— — 
idB3(o)- Our goal is to apply a quantitative version of the Inverse Funtion Theorem for Lipschitz- 
continuous maps (cf. |28l Theorem 5.3]). From |22l Lemma 1.9] we deduce that the assignment 
-83(0) — > C (R'') ,x I— > dg^{x, •) is well defined and continuous. Since the domain of is convex, an 
estimate for \\dg^{z, will yield a Lipschitz-constant for g^: 

dg^{z; •) = d{F^ - idB3(o))(2; •) = dF^{z: •) - idRd(-) 

= diexp(z,^(z);-) - idgd (•) + ^2 exp(z, ^(0); d^(z; •)), z G ^3(0) 

" V ' V ' 

Tj(z) T,i(z) 

The map F: -84(0) x B^{0) — > C{R.'^), {z,w) i~> di exp{z,w; •) — idRti(-) is continuous by |28l Lemma 
3.13] with F{x, 0) = for x G ^3(0). Let pr2 : ^5(0) xR'^ ^R'^ be the canonical projection. Then 

Wi := [B3(0),pr2(F-i(sJi'"°''(G)))J C C(B5(0), M'^)c.o. is an open neighborhood of the zero-map. 



For each ^ G [^3(0), S^, (0) J n Wi and x G ^3(0) we derive ||T/(a;)l|„p < i < |. 

Since -83(6) x -8e(0) is compact, there is an upper bound ||(i2 exp(a;, y; •)||qp < C < 00. For each 

( G [bJo), B^,(0)J n Wi and x G -83(0) we obtain the estimate ||T/j(a;) ||^p < C \\dC{x; OH^p- 

The topology on C°° {B^{0),R'^) is initial with respect to the family of mappings d^'') , fc G No by 

Definition IC.2.21 Thus we obtain an open C^-neighborhood of the zero-map in C°° {B5{0),R'^) via 

W2 := {eeC°°(i?5(0),M'^)|dW^G [B;{0)xBA^,B_y{0)\Y 



Define the -neighborhood J\f as follows Af := [^3(0), B,,, (0) J nWiD W2. For each ^ G A/" the 
construction shows Lip(g^) = sup||^||_^<3 11^5^(2:; OILp < 7 < i- 
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Since Lip(g^) < 1 = n ^ n — holds, the Lipschitz Inverse Function Theorem [28l Theorem 5.3] yields: 

11'%'' Hop 

For ^ G A/" the map is a homeomorphism onto its image and ()D.0.2|) is satisfied. Specialising 
(|D.0.2|) to ?/ = together with (a) yields (|D.0.3|) . Apply F'^ to (|D.0.3|) to obtain (|D.0.4p . We 
claim that F^ is an embedding. If this were true (b) holds. To prove the claim note that for each 
z G -63(0) one has j > \\dg^{z; = \\dF^{z; •) — idRd(-)||^p. Hence dF^{z; •) is in C (R'')^ for each 
z G -63(0). The Inverse Function Theorem (see [43, 1,4 Theorem 5.2]) implies that F^ is a local 
diffeomorphism and since it is already a homeomorphism onto its image, F^ is a smooth embedding. 
We are left to prove the assertions (d)-(f). To this end observe that by (c) the image of F^ satisfies 
i?2+i(0) ^ Imfj C ^4(0). Choose x G ImF^ and denote by y := F^^{x) G -83(0). By construction 
of JV, we have ^ {y) G B^^ (0) , whence 

X = F^{y) = G Bt{y) C Bs^{y) (D.0.7) 

and thus y G Bt{x) holds. We may thus define i*{x) :— b{x, F^^ (x)). This assignment is well 
defined for each x € F^ and Lemma lD.0.31 (b) shows that ^2(0) C ImF^ holds and ^* : ImFj — J> R'^ 
is smooth with Im^* C Bg{0). From the estimates above we deduce that i^j* :— exp o(idini_F5 , ■C*) 
well defined. A computation with z G i?3(0) then shows 

F^,oF^{z) = exp{F^{z),C{Fd^))) = (0F,(.)(r^« W) = <t>F,i.){'l>Fli^)P[\Pd^))) = ^ 

Hence (d) holds. Notice that by construction £,*{x) = a{x, {F^)^-^{x) — x) holds for x G ImF^. In 
particular if ^ = 0, then F^ — ids5(o), whence £,*{x) = a{x, F^^{x) — x) — a{x,0) — holds. To 
obtain the estimate for (e), we computes the derivative: 

dCix; •) = diaix, iF^)-\x) - •) + d2a{x, iF^)~\x) - x; diF^^)ix; •) - idR.(-)). (D.0.8) 

By construction we have d{F^^){x; ■) — {dF^{y; ■))^^) with y := F^^{x). By construction of A/", 
WdFdV' •) - idR<i|lop < 7 and we derive \\{dF^{y; ■))-'^ - idRd(-)||^p < 2-(ni+i) - 

Since d{F^^){x; •) — idRd G i?t(0) by (jD.0.7j) . the operator norm of the second summand in (|D.0.8|) 
is smaller than m • 2(m+i) < §■ Likewise a combination of (jD.0.7|) and (|D.0.6p yields that the 
operator norm of the first summand is less than ^. Summing uo ||(i^*(a;; -jl^p < p holds for each 
X G Imi?2(0). As the operator norm an the open set -82(0) were constructed with respect to \\-\\^, 
we derive sup|„|^i II^TIIb^^q ^ ^up^^^g^ Wd^ix; OIlop < P- On the other hand by (|D.0.7|) and 
(|D.0.5|) the estimate = \\a{x, F^^{x) — x)||oo < P follows. In conclusion [[^[[ ^^(o) 1 < P 

and thus (e) holds. 

Recall that Cix) ^a{x,{Ff^\B , (0) - ids 1 (o))(a;)) holds for x G ^2+1(0) C ImFj (cf. (|D331)). 

By construction of A/" we obtain F~^\b^ ,(q) - idg^ ^(0) G [B2{0), Bs{0)\oo C C°°{B^^i{0),R'^). 

Let a* be the map a*: [B^,Bs{Q)\oo ~^ C°° {B2{0) ,M.'^) defined via a4j){x) := a{x,j{x)). This 
map is smooth by |25l Proposition 4.23 (a)] and since C°°(i32+i (0), R'^) is a topological vector space, 
a: C°°(B2+i (0),R'') C°°{B2+i{0),R'^)J ^ f - ids^^^i (0) is smooth. We claim that 

/j: A/-^ C-(B2+i (0),R''),e ^ F^-'\b^^,^o) 
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is smooth. If this were true the assertion of (f) follows, since I = a^, o a o h holds. Remark IC.2.31 
(a) implies that the space C°°(i35(0),R'*) is metrizable. Hence by |25l Proposition E.3] /i is a 
smooth map, if and only if the map h o c is smooth for each smooth curve c: M — > TV. By the 
Exponential law [21 Theorem 3.28], the map hoc: M — C°°(i32+i (0), K'') will be smooth if and only 
if {h o c)^ : R X i?2+|(0) — M.'^, {t,x) i— >■ h{c{t)){x) is smooth. To prove this, we adapt an argument 
from |42l p. 455]: Consider the map 

: M X 1 (0) X ^3(0) ^ (t, X, y) ^ exp(2/, (i, y)) - x ^ {y) - x 

which is well defined by construction of N. Furthermore H is smooth, as : R x i?5(0) — > is 
smooth by [2j Theorem 3.28]. Observe that since Fc(t) ° h{c{t)){x) = x holds for each t G R, a; G 
^^2+1 (0) '^^ obtain the identity H{t, x, {h o c)^(t, x)) — (note that by (c) we may compose H and 
{h o c)^). A computation yields the following estimate for the derivative of H: 

\\d3H{t,x,y; •) - idKd(-)||op = exp{y,c^{t,y); •) + d2exp{y,c^{t,y);d2C^{t,y: •)) - idR^OLp 

< exp(2;, c^{t,yy, •) - idK.||„p + C ■ \\d2c''{t,y; 

7 7 1 1 , 
<-+-<-+-<! 
"2 2-8 8 

Here we used the estimates for Tj, Tjj and d2C^ obtained above. An estimate for is available 
since c{t) € N holds for t G M. We deduces that d^H{t^x^y\ •) is invertible for each {t,x,y) G 
R x B2i(0) x ^3(0). Furthermore for fixed (t,x) G R x -821(0) the map H(t,x, ■) = Fc(t)(-) - x 
is injective on Bs{0). Using the injectivity, we deduce with the Implicit Function Theorem [281 
Theorem 5.2] that (ft, o c)^ is smooth. In conclusion (f) holds. □ 



D.0.5 Lemma ( [43, II. 3 Theorem 3.3]) Let M be a finite dimensional paracompact Hausdorjf 
manifold of dimension d. Given an open covering O of M there exists a locally finite manifold atlas 
V{0) '■— { (V5^fc,Kfc) with the following properties: 

(a) the covering V{0) is subordinate to O and each chart in V{0) is precompact, 

(b) for each k e I one has KkiV^.k) = -85(0) C R'^ , 

(c) the open sets Vr,k ■— '^^ ^(^r(0)) cover M for r G [1,5], 

(d) if M is a-compact, we may choose a countable atlas with properties (a) - (c). 



Proof. The manifold M is locally compact and paracompact. Apply [20, Lemma 5.1.6] together 
with local compactness of M to obtain a refinement O' of the covering O, such that the closure of 
each of the open sets in O' is compact and contained in some open set in O. By Proposition 12.4.21 
each component of M is second countable and thus we may apply [43, II. 3 Theorem 3.3] to obtain 
a (countable) manifold atlas subordinate to O' for each component. Thus the closure of any chart 
domain in this atlas is compact as closed subset of a compact set. Taking the union of the atlases 
for the components, we obtain an atlas V(C') for M with the desired properties. If M is a-compact, 
there are at most countably many components, whence the above construction yields a countable 
atlas. □ 
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We shall combine our observations to construct special neighborhoods of the zero-section in 3C (M) 
for a paracompact Riemannian manifold {M,pm)- Consider some atlas { (V5_fe,Kfc)|fc G / } as in 
Lemma [p. 0.51 on {M,pm)- For each chart (V5^fc,Kfc) we define the puUback Riemannian metric pk 
on ^5(0) with respect to k^^. Then becomes a Riemannian embedding, i.e. 

T«fc'(Sp.(0«,(,),r)) = Bp(0,,r) r>0 (D.0.9) 

holds for X G V^^k- The Riemannian exponential map exp^. associated to the Riemannian puUback 
metric pk thus satisfies rKj7^(domexpj.) C domexp^^ and 

exp^,jTKj:^|domcxp^ =K^^expfc (D.0.10) 

For the rest of this section we endow each manifold chart with the PuUback Riemannian metric 
induced with respect to the chart map. Whenever the constructions require a Riemannian metric 
on a chart, we use the induced metric without further mentioning it. 

D.0.6 Lemma Let [M, pm) be a d- dimensional Hausdorff paracompact Riemannian manifold with 
Riemannian exponential map exp^j and some open covering O of M . Choose via Lemma \D.0.5\ an 
atlas V{0) '■— { (Vs.fcjKfcjfc G / } with respect to O. For each fc G / there is Vk > such that 

(a) for each y G V4^k the map exp^^ is injective on Ny := Une/y '^'^n^ii '^niu) } x B^^{0)) C TyM , 
where the index set is defined as ly := { fc G /[y G V/^^k }• 

(b) We have TKn{Ny) C domexp„, exp„ \tk„{n ) 0,'^ embedding with open image and the identity 
exp„ TKn\Ny — i^n exp^,/ is satisfied for each n € ly. 

If I is finite, we may choose v > such that (a), (b) holds for each k d I with respect to v. 
Furthermore if one applies Lemma \D.O.J\ to each k^l with the additional requirement Sk < v, then 
one obtains a family of open C -zero- neighborhoods Mk C C°°(F5,fc, R'') such that for X G 9;:^iAfk) 

(c) the map expj,^ oX\y^ is well defined, with Imexp^,^ oX|p^ C Vs.fc 

(d) The following estimates are available: expj^^ oXiVs /.) C V2,fe, Vs ^ C exJpJ^.J oX{V2.k) ^ Vs.k 
and -64(0) X B^{0) C domexpj. is satisfied for k ^ I. 

(e) the map F^ exp^j °^\v3 ^ a smooth embedding, 

(f) for each x G V^^fe we have X^^{x) G B^{Q). 

Proof. For each k E I Lemma lD.0.31 allows us to choose v'^, > such that exp;.(x, •) restricts to 
an embedding with open image on i?^^(0) for each x G i34(0). Since V4,k is compact, and the 
covering V is locally finite, there is a finite subset Fk C /, such that Vs.i n Vi^k ^ if and only if 
i € Fk- By compactness of Vi^k H Vij,j G Fk, there is some Vk > such that for each j G Fk, 
one has Tkj o Kk{x) } x B^^{0)) C { Kj{x) } x i?i/j(0) for x G V^^k n Vij. The choice of v'f. 

together with ()D.0.10|) shows that the open sets iV^; induced by the family { i^fe | fc G / } satisfy the 
assertion of (a). Since TKn{Nx) G { } x B,ji (0) holds for each n G by construction, the set 

TKn{Nx) is contained in the domain of exp„ for each n G Ix- Hence (|D.0.10p yields expj^^ = 
expj^j TKjT^ldomoxpfcTKfclAr^ = k'^^ expi^Tnk\N^- We deduce that (b) must hold. 
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If / is finite, choose v := min { t'fcjfc G / }. We are left to construct the open sets Afc. Fix fee / and 
consider the chart (Vs.^, Kfe). Reviewing Lemma [0.0.41 the construction of M[. C C°°(i?5(0), R"*) may 
be carried out using arbitrarily small e, since by hypothesis e must have the same properties as in 
Lemma Id. 0.41 where it may be chose arbitrarily small. The map is a diffeomorphism, whence the 
puUback C°°{Kk,W^): C°°(B5(0), M"*) C°°(V5,fe, M''), / H> / o is linear bijective and continuous 
by a combination of |25l Lemma 4.11] and [3 Proposition 7.4]. Define the open C^-neighborhood 
A4 := C°°(Kfe,M'')-i(A/'^) C C°°(V5,fc,R'^). The Riemannian exponential map exp^^^ is related to 
expj^^ via (jD.O.lOp and the identity in (b) . Hence the properties obtained via Lemma ID. 0.41 for 
vector fields with X^.^. G A4 imply (c) - (f ) . □ 

In the setting of Lemma [D . . 61 consider a compact subset K C M. As V(C') is locally finite, there 
is a finite subset J'5(i^) ;= { (F5,fc,/tfcj|l < j < } of V(0) such that ^5,^ n AT 7^ holds if and 
only if (V5_fe, Kfe) G Fz{K). Notice that T^iK) induces a family of open neighborhoods of K via 

N 

Kcnrj<:^[jVrM. re [1,5] 

1=1 

The set Fz{K) is finite, whence the set :— Uiejr5(if) ^5,* compact. Again we define a finite 
subset J-z{Kz) { (Vs^n, G /, V^^n H 7^ } of V{0) as the family of charts, which intersect 

the compact set K^. As above one defines open neighborhoods fi^.i^s of A'5 for r G [1,5]. 

D.0.7 Lemma Let K C M he a compact set and J-^{K) = { (Vs^fc, Kfc)|l < fc < A^} as above. 
Construct for each 1 < k < N a -zero-neighborhood Afk C C°°(V5.fc, R'') as in Lemma \D.0.6\ 
(c)-(f). Furthermore consider the continuous 

There are open C -zero- neighborhoods Mr Q Afk with E^^k ■= Dfc^iC^fc )"H>'fc) C X{Vtz^K) 
and E := (res^^ ^,)~^(£'5^i<-) C such that Fx '■— exp^^oAjoa ^ is a smooth embedding for 

each A G -E. In addition Fx{^i,k) ^2,k holds. 

Proof. The proof is a variation of [36, 2. Theorem 1.4]. ■— By Lemma lD.0.61 for each X G 
9~l{Nk) the map exp^ oAj-yr-^ is well-defined and its image is contained in V^^k for each (Vs^fc, Kfc) G 
iFz{K). The manifold M is locally compact, whence a regular space. Note that each of the sets V2,/c 
is compact and M \ V^^k is a closed set. Therefore for each (V5^fe,Kfe) G fFb{K) there are disjoint 
open sets Ak, -Bfc C M by UHl Theorem 3.1.6.], such that C Ak and Af \ V^^k ^ -B^ holds. 
Claim: There is a family of neighborhoods of the zero-map Aik C Mk, ^ < k < N, such that for 
X G £;5,if the following holds: Fx(V^nf^2,K) C and Fx(f^2,if \ V's.fc) C for each 1 < fc < A. 
If this were true, then the proof may be completed as follows: 

Let X be contained in E^^k- Observe that the construction of £'5.^ implies that for each 1 < fc < A^ 
the map Fx\v3.knii2.K — -^_xlv3,fena2.fe is an embedding by Lemma rD.0.61 (e). Consider distinct 
x,y G ^2.K and choose 1 < fc < A^ with x G V2, fc. If y G Va.fe we must have Fx{x) 7^ Fx{y) since 
the map is an embedding on VJj.fc. On the other hand, if y G ^2,K\y'i,k Q -^\l^,fc holds, by the above 
Fx{x) G Fx{V2,k) e Ak and Fx{y) G Fx{^2.,k \ Va,^) C Bk. Since Ak and Bk are disjoint, again 
Fx{x) ^ Fx{y) follows, whence Fx\n2 k must be injective. Thus each X E E yields an injective 



139 



local difFeomorphism expj^j oXIq^ i.e. exp^oXlj^^jc is an embedding. Furthermore Fx maps 
Vi^k into V2,k by Lemma [0.0.61 fd). Hence the definition of fli^K and n2,K yield Fx{^i.k) Q ^2.k- 



Proof of the claim: For k ^ j we obtain a sets 

Kkj KkiWi; n M \ V3j) C ^2(0) and Bkj TnkiTV^^k n exp-/(B, n l^s.fe)) 

By construction each set Kkj C -65(0) is compact and each set B^j is an open subset of TB5{0). 
Furthermore set Akk '■= TKk{TV^,k n exp^^"'^(Afc)), for 1 < A; < A^. Recall that for the zero section 
exp^j oOa/ = idAf holds. For (fc,j) e {1 < fc,J < N\k^j} this yields the following inclusions 
Kkj X { } C Bkj and Kkk x { } C Akk ■ For each 1 < fc < we obtain an open neighborhood 

N 

Mk := [B^,Akk\ n fl [Kkj,Bk,] C C°°(B5(0),M^) 

of the zero-map. We obtain a C^-open set Mk C°°(Kfe,R'^)"i(Mfe) n A4 C C°° (Vs^k-.T^'')- 
By construction each vector field X G -£5,^ (defined as in the statement of the Lemma) may be 
composed on fis./f with exp^^^. With the identities ()D.0.10|) and Lemma [P.O. 61 (b) the mapping 
Fx may be evaluated locally on V2,k only in the chart (V5_fe,Kfc) G J^5(if). For any X G E^ k 
we note that G C°° {Kk,^'^)^^ {[B2{0), Akk\) holds. By definition of Akk a computation in 
(V5_fe,Kfc) therefore yields: Fx(V2.k) Q Ak- Furthermore each element y G ^2,k \ V^^k is contained 
in V2,n for some 1 < n < TV. Thus Kn{y) is contained in Knk by construction. Furthermore 
Xi^^ G C'^{Kn,^'^)~^{[Knk,Bnk\) holds. By definition of , a computation in the chart (V5.„,Kn) 
thus yields: Fx{y) G Bk- As y G ^2,k \ V^.k and k were chosen arbitrary, Fx{^2,k \ V^.k) ^ Bk 
holds for each 1 <k < N. □ 



We are interested in vector field, which yield, after composition with the Riemannian exponential 
map, an inverse for Fx respectively the composition FyoFx- In the rest of this section we construct 
C-'^-neighborhoods of the zero-section, whose elements permit such vector fields. Furthermore the 
mappings sending a vector fields to the vector field which induces Fx o Fy respectively F^^ should 
be smooth on these neighborhoods. The leading idea is to construct these fields locally in a cover 
of charts, which will enable us to obtain them as global objects from the local data. For reasons 
which are explained in Section E] we construct a neighborhood of the zero-section depending on a 
open C^-neighborhood of the zero-section chosen in advance and on a positiv constant R. 



D.0.8 Construction Consider the setting of Lemma FD. 0.71 Let K C M he compact and E^^k ^ 
X- {^5.k) an open neighborhood of the zero-section as in Lemma [0.0.71 Fix R > and an arbitrary 
open C^-neighborhood of the zero-section P C X{^5^k)- By construction of the manifold atlas 
^^5,^ Q ^i,Ks holds by Lemma [P.O. 51 fc). As the family J^5(if5) is a manifold atlas for ^s^k^, the 
topology on X (r^i.A's) is initial with respect to the family | O^^^^^^ ^ (Vs.fc, ^k) £ J'biK^) | by Defini- 
tion [C3?T] Thus there is a family of open C^-neighborhoods of the zero-map Wk C C°°(Vi.fc, K*^) = 
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C-(Bi(0),R'^),(^5./c,A^fc) e W^) with (res[^J;;^^)-i(i?5,i^ nP) = n^,(K.)^«.k„.(W^fc)- Since 
-Bi(O) C 55(0) = Kfe(V5^fe) holds, Remark IC.2.61 fa) implies that we may choose t > such that 

for / G B^:' { / G C~(Kfc(T/5,fe), M'') 1 < r } the condition /|b^(o) e T^fc is satisfied. 



iBi(O), 

Shrinking r if necessary, we may assume t < R. Define the open C^-neighborhood of the zero- 

05 



section E' := n^5(i<-5)(Cfc'''' )~^C°°(kj:\R'^)(B^') C ^(rJs^Ks)- By construction the inclusions 
E' C (res^^;-^)-i(£;5,KnF) and (res^^^^^^J-i(i?') C £; n (resoM^)-i(P) hold. 



Step 1: A vector field inducing the composition cxpj,/ oXoFy'- Since the family T^{Kz) is finite, 
we may fix a constant > as in Lemma ID. 0.61 Consider arbitrary (Vs^n, k„) G J^5(-fi'5) and shrink 

the C^-open set i?": Choose £„ > cr^ji > and 1 > (5„ > with properties as in Lemma [P.O. 31 

2 

such that En < minjr, I'} holds. Set ct„ :— asj^ and p„ := min{i/, r}. Apply Lemma ID . .41 with 

2 

the constants e„, (5„, p„ taking the roles of e, S, p to obtain a C^-neighborhood Afn of the zero-map 
in C°°( P5(0), R"). Then each X e C°°(k-i, ]R'')(7V„) C C°°(V5,„,R'') satisfies the a ssertions of 
Lemma [P.O. 61 fcVfe') with respect to v. By choice of the constants (cf. Lemma [D.0.3p . there is a 
smooth map /„ : ^3(0) x Ba„(0) x S^„(0) ^ Be„(0) with 

/„(x, 0, 0) = 0, /„(x, y,0)=y and /„(a;, 0, .z) = z, {x, y, z) e ^3(0) x B,^ (0) x (0). (D.0.11) 

Hence the partial derivative satisfies c?i/„(x, 0, 0; •) = 0, for all x G -63(0). The continuous map 
^3(0) X X {x,y,z) H> \\dfn{x,y,z] ■)\\^^ is bounded on 53(0) x ^£^(0) x Bz^{Q) by some 

tn > 0. As the partial derivative with respect to x vanishes in i?2(0) x { } x { }, a compactness 

argument yields < < min 1 1', | such that for all (x, y, z) G -62(0) x (0) x (0) 

the estimate IMi/nla;, 2;; •) Hop < ^holds. Define the open C^-zero-neighborhood 

K AA„ n { / G C°"(i?5(0),R'^)|||/||^ ^ < M« } C C°°(B5(0),]R'') 

Since /i„ < r holds, we deduce H'^ C B'^. Set := f]^^ (^'S '"' )"^C°°(k„, ]R'')-1(H;) C 
X (ils^ifj) to obtain a C^'^-neighborhood of the zero-section contained in E' . 

Let ^,7^ be elements of Ti.'^. By Lemma [P.O. 41 Fi:{B-:,{Q)) C -83(0) holds, whence the composition 
Prj o F(,\b2(o) is well-defined. Since /j,„ < cr„ holds, we have FrfF^^x) G Bs^{x) for each a; G -62(0) by 
Definition of (t„ = cr (cf . Lemma ID.0.3[) . Therefore for each x € B2 (0) the assignment 

VO^ix) cl>-\F,F^{x)) - /„(a:,e(a:),77(F^(a:))) G B,^{0) C B,(0) (D.0.12) 

is well defined and yields a smooth map 770^: i?2(0) B^^{0) C i3i-(0). Observe that 77,^ = 
implies 770^ = by (jP. 0.111) . For (V"5,„, k„) G T^iK^) and X eH' set X[„] := X„„ o k"!. Consider 
2/ G Vs^n and X G H' . By construction X[„] G 71',^ holds, whence X[„](k„(2/)) G B^„(0) C i?y(0). 
Since {K„(y) } x ^^(O) C TKn{Ny) holds. Lemma P.O. 61 (h) yields for -Fx[„] as in Lemma ID. 0.41 

i^n^Pxi^-fiKniy)) = K,7^exp„(K„(y),X[„](K„(y))) = K,7^exp„TK„oX(7/) 
= expj,^ TK.:^^TKn o X{y) = exp^;,^ oX{y) ^ Fx{y). 
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Furthermore a combination of Lemma [0.0.61 (h) and (c) allows us to compute the identity 

TK„(exp^,^ kJ~^'«,T^|cxp„(TK„(iv„) = (exp„ |t«:„(jv„))"^ 

for y g Vs^n. Set x '■— with y G V2,n- Since e„ < v holds, we conclude {x} xB^{0) C TKn{Ny). 

This yields the following identity: 

(idB^(o),X[„] oy[„])(a;) = (x, /„(a;, y[„] (a;), X[„] (Fyj^, (x)))) = (exp„ |{x}xi3,„(o))"^-Px[„j-PVH(a;)) 

= (exp„ |tk„(jv„))"^^X[„,-^>'h(^) = rK„(expj,^ |jvJ"^'«;:^|exp„(T«:„(JV„))-Fx[„,^i'H (^) 

=rK„(expA^ |jvJ~^k;;^^X[„j oFy|^j(a;))) = rK„(expjv,^ IatJ"^ exp^^ Xk^^^Fyj^, (x) 

=rK„(exp4^ \N^y^ expj^j X exp^,jY{y) = TKn{expj^j IatJ"^ exp^^ oX(i^y (y)) (D.0.13) 

This assignment is well-defined and smooth on each V2,fc by ()D.0.12[) . Hence for X,Y G H' we define 
XoY: ri2,if6 TM,x i— s- (expjyj |7v^)~^(exp^ oF oexp^^ oX)(x). which is an element of X(r22,if5)- 
The ide ntity (|D.0.13p yields X oY^= for X,Y = and (X o |b^(o) = (X[„] oy[„]). From 
(jD.0.12p we deduce 

I|(^<>^)nIIb7(o),o = II^H*^mIIb7(o),o < < ^ < ^- (D-0-14) 



Step 2: A vector field inducing F^^: By construction each H^, (V5_„,k„) G ^^{K^) is contained 
in a set A/'n constructed via Lemma [P.O. 41 such that the assertion of Lemma [P.O. 61 (c) -(e) hold. 
In particular we may apply Lemma IP. 0.71 with K = K^, open covering J^5{K5) and open sets 
{'H'n){V5 „,K„)eJ^5{Ks)- For each chart in ^'^{K^) we obtain an open C^-zero-neighborhood Hn Q 

C-(a«„,R<^)-1(K) ^ C^iV5,n,R'). Then define n(y,,„..„)e^,(x,)(^l''"^ ^ H'. 

By Lemma [p. 0.61 (e) for each X e TL^'"'^^ the map exp^^ °-'^k22 a smooth embedding. 

Consider X G 'H^'^^^ and (V5.„,k„) G F^{K^). By construction of in Step 1 we deduce 
with Lemma lP.0.41 (c) that -B|(0) C Fx[„j(i32(0)) holds. We already established the identities 

Fx{y) = K-^Fxy^^{Kn{y)) and TK„(expjv^ ItvJ"^^;;:^ |oxp„(TK„(Ar„) = (cxp„ |TK„(JVj,))"^for y e V^^n 
and X G H^"'"^". Furthermore Lemma |P231 (c)-(e) yields a map Xj;^] G C°°(ImFxr[„pM'^) with 
Fx* = exp„(idimi^x, ,>^f*„i) = This map satisfies XT , < p„ = min{i^,T} < R. 

l"l ["] l"J '^l"! l"J 52(0),! 

Hence by choice of v we deduce X*^-^{y) G TKn{Ny) and thus Fx* ^{y) G exp^^{T Kn{Ny)) holds for 
each y G Vs . Combining these facts we compute for (Vs.n, G ^^{K^) and y G Vs : 

TK-l(exp„ |T«„(Ar,))"^^X-^,('«n(y)) = (expjv^ \Nyy^ {Fx^^]T^ {Hn{v)) 

= (expM \NyY'^{>in^Fx^^^HnY^{v) 

= (expM |AfJ"^^x^(y) = (exPA/ |wJ~^(expMX|n2,^J~^(y) 

Hence the computation shows that we obtain a well-defined section of the tangent bundle onVLs^^ 
via 

X* : 1^5 ^ TM,X*(y) (exp,, o (exp,, oX)-i(y) 
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Let (Vs^njKn) G 7^5(^5) and y G ^| n- Observe that exp„ |2^K„(JVa) is injective. Furthermore 
^x*^j(Kn(y)) = exp„(K„(y),Xj*„j(/t„(?/))) and ({ K„(y) } , Xj*^](k„(?/))) G TK„(iVy) hold. This nnpHes 
(exp„ |TK„(Ar„))"^-Fx*„,(K„(y)) = (Kn(y),Xj*„](K„(y)), whence the local identity above yields 

X*{y) (expM UX' ° Fx\y) ^ r«-i(ids,(o), for each y e 1/|,„. (D.0.15) 

As is a smooth map by Lemma ID. 0.41 (jP.O.lSp shows that X* is smooth. Hence X* e 
X ^r2| j^j, j follows. In addition for each (V5_„, k„) e ^"5(7^5) by choice of pn 
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-82(0),! 



< p„ = min{i^,r} < (D.0.16) 



holds. Define T-Lr := (res^^ ^, ) ^(7^^^'^^ ) and observe that the estimates obtained in Step 1 and 2 
remain valid for sections in this set. 



Conclusion: We have constructed -neighborhoods of the zero-section 

V(V5.„,K„)e.F5(/<-5) / 

-Hr :=(res^^)"i(H^='-^)CX(A/) 

where F: X{VL5ji^^) — > n(yr „ C°°{V^^m'^''') is the embedding defined in lC.3.1l and each 

T~Ln ^ C'°°(V5_„, M'') is an open C^-neighborhood of the zero map. 

By construction T-Lr is contained in the zero-neighborhood iSs^/f fl (res^^ ^)~^(^) chosen in advance. 
Here E^^k is a neigbhorhood as in Lemma [0.0. 71 and PCX (yi^^K) is an open C^-neighborhood of 
the zero-section. In particular Lemma FD . . 71 implies that each element oiTin satisfies the assertions 
of Lemma ID . . 61 fd) . i.e.: 

For (F5,„, K„) e ^^(^^5) and X e Hr, we obtain X^^{V[J,) C B^{0) with ^2(0) x B^{0) C domexp„. 
For a pair {X, Y) G Hr x Hr there are vector fields XoF e X (ri2._R'5) respectively X* & X (^Q^ i^^^ 
such that the following identities are satisfied: 

exp^joXoY = exp^j X exp^.jY\n2,K!i (D.0.17) 
exp^,oX* = (expA,oX|a,.^J-i|a, (D.0.18) 

We note that if X and 1^ are the zero section, then the local formulas (jD.0.13j) and ()D.0.15p (with 
Lemma FD. 0.41 fe)) prove that X oY respectively X* are the zero section in X{il2,K5) respectively 



The neighborhood constructed in this section is used in Section [6] to obtain symmetric neigh- 
borhoods in the space of compactly supported or bisections. The argument in Construction ID.(]?8] 
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depends only on a finite atlas. Hence the sets constructed are open in X (M) with the topology 
introduced in Definition IC.3.11 Unfortunately the vector fields X oY and X* will thus in general 
not be defined on all of M. Because of this we are not able to prove a statement of the following 
kind: If X,Y E Hr then X oY E E and X* G E. Instead we may at this moment only prove the 
following estimate: 



D.0.9 Corollary Consider the setting of Construction ID.OI and let H„,(V5,„,k„) € ^^{K^) 
and Tin be as constructed there. For each pair r],^ £ Tin, the map ry o ^ : -82(0) — >■ -Bt(O) sat- 
isfies ||?7 o Cll aj^(o) 1 < T < R. Hence by (jD.0.13|) for any pair {X,Y) G Hr x Hr we derive 
||(Xoy)[„]||-g-^^^ < T for each (V5,„,k„) G ^"5(^5)- 



In Section [6] we consider a setting, which allows a unique extension of X o y to all of AI. In this 
case the Corollary will imply the result mentioned above (cf. Proposition 16.1.5)) . 

Proof of Corollary \D.O.!A By (jD.0.14p it suffices to to prove that the norm of the derivative is 
bounded by r. To do so we recall the estimates from Step 1 of Construction ID. 0.81 Let x G 
Bi{Q),y G i?2(0) and consider ^ G Hr. Then F^{x) G i?2(0) and HfHs^j^i < A*" ^^old with 

{) < ^ln < min 1 1/, |. Recall that ||(ii/„ (2/1, 2/2,2/3; Oil op < f holds and <„ is an upper 

bound for ||c;/„(2/i,?/2,2/3; OILp with (2/1,2/2,2/3) e ^ 2(0) x g^^(O) x B^^ (0). As Hn C Nn holds for 
an open neighborhood Nn constructed via Lemma ID. 0.41 we deduce from the proof of the Lemma 
\ > ||dF5(x;-) -idR.^p > ||dfg(x;-)|| „p-l fo r < 3. We obtain the estimate \\d£,{x-y)\\^ < 

||d^(x; -jl^p < 2 for each pair {x,y) G -Bi(O) x -Bi(O) Using the rule on partial derivatives and the 

chain rule with these estimates we compute for {x,y) G -Bi(O) x Bi{0): 

\\d{v o Oi^; y) lloo ax),rjiF^{x)),y, d^x, y), drjiF^{x),dF^{x, 2/)))IL 

< ||di/„(x,e(x),77(F«(x)),2/|L + ||d/„(x,e(x),r/(Fe(x));.)||^p.||dC(a;;2/)IL 
+ ||d/„(x,f(x),77(F^(x));0ILp • ||d»7(F«(a:);-)llop • IM^?(2;;2/)IL 

< ^ + l|rffn(a^,eW,^(fgW);0llopaMe(^;2/)lloo+2|M^(fg(x);-)||„p) 



T T T 
<-H h-<T 

-3 6 3 - 



We derive 



j^rj o ^(x) < r for X G -Bi(O) and i = 1,2, . . . ,d and thus \\ri o Clli37(o) 1 '-' 



D.0.10 Lemma Consider the open zero neighborhoods Hr as in Construction W.0. 8[ The maps 

c: H^'-" xH^'" -^X{n2,K,), {X,Y)^XoY 
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are smooth. 



Proof. Let / be the finite set indexing Tc,{Kc,). Following Definition IC.3.11 and the definition of 
^r,K5 , the topology on X (ri^.i^s) ,t ^ [Ij 5] is defined via the linear embedding with closed image 



Therefore the maps :— X{Vlr.Kr^ ~^ C°"{Vr.k,^'^)TP\{X) n> X^j.lv'^j.jfc G / define a patchwork 
for X{^lr.K^S} indexed by /. 

Define p/x(r!5,i^5)xX(f75.K,) ^ 0,.^, C°°(F5.fc, K'^) x C°"(V^5,fc, ^ ^ {plxpl{X,Y))kei ■ 
Recall that finite products coincide with direct sums in the category of locally convex vector spaces. 
The universal property of the direct sum therefore assures that the map 



is an isomorphism of locally convex spaces. Furthermore i o p = Fs x Fa holds. As F5 is an 
embedding with closed image, the map F5 x F5 is a linear embedding with closed image (identifying 
the domain of F5 via the embedding with a closed subspace of the codomain of F5 this follows 
from |10l II, No. 6 Proposition 8]). We conclude that p is an embedding with closed image and the 
family (p| x p\)k£i yields a patchwork for X{VLz^Kr_,) x ^{^b,Kr_,)- 

We claim that the maps c and t are patched mappings which are smooth on the patches. If this 
were true, then the assertion follows from Proposition IC.3.71 Proceed in two steps and prove the 
claim first for the map c: 

Recall from Construction ID . OTSl that 'Hj^'^^ = Clneii^i^'^'^'' holds. Here each of the sets Tin 

is an open neighborhood of the zero-map with Ua C C°°{K-^,R'^)-^{n'J = C°°{K-'^,R'^){n'J and 
K C C°°(B5(0),M''). We define maps 

hn-. K X K ^ C°°(B2(0),R'^), {v,0^VO^ 

c„ : nn X Tin -> C°°(y2,«, K''), {X, Y) ^ C°°(k„, R'^) o o M"^) x {k-\R'')){X, Y). 

Observe that by Step 1 in Construction ID^ . 81 each map c„ maps the zero map (0,0) G Hn x Tin to 
e C°°(V2,n, R'*)- From the definition of c and the identity ()D.0.13p a trivial computation yields the 
identity c„ o pj^ = p"^ o c for each n £ I. Therfore c is a patched mapping, whose compatible family 
is (c„)„g/. By Proposition IC.STZl the first part of the claim will hold if each c„ is a smooth map. 
However c„ will be smooth if and only if hn'- x Ti-'n C°°(i32(0), R''), (77,0 ^ rjoi is smooth, 
since C°°{k~^^W^) and C°°(k„,M'') are mutually inverse isomorphisms of topological vector spaces 
by |25l Lemma A.l]. Fix n G I and prove that hn is a smooth map: 

To this end recall the constants e„,(5„ obtained in Construction ID. (18] By Lemma [D. 0.31 we may 
consider the smooth maps 



kei kei 




{Xk,Yk)kei ^ {{Xk)kei,{Yk)kei)) 



e„: ^4(0) X S,„(0) ^R^(x,y) ^exp„(x,y) 

a„: 54(0) X B5„(0) B^^{0),a{x,y) bn{x,x + y). 
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By [25l Proposition 4.23 (a)] these maps induce smooth push-forward maps 

e„*: LS^,B,„(0)J ^C°°(B3(0),R'^),e„,(7)(x) -.^ e„{x,j{x)) 

where [^3(0), (O)Joo C C°°(B5(0), R") and [^2(0), (0)J 00 C C°°(B2i (0), R'') are open sets. 
Recall from Construction ID. 0.81 that is a subset of an open set JVn which has been constructed 
by an application of Lemma [0.0.41 Hence rj S H!^ satisfies the estimate ()D.0.3|) . whence 77(53(0)) C 
B^^{0) holds. In other words H'^ C [^3(0), i?£^(0)Joo is satisfied. By definition the identity en*{r}) — 
holds with F,, as defined in Lemma ID. 0.41 Furthermore applying the estimate (jD.0.3|) again we 
obtain e„*(?7) G [-^2(0), i?3(0)Joo- By j25t Lemma n.4] there is a smooth composition map 

6: C°°(i?3(0),M'^) X [B^i^.B^l^ ^ C^{B2{0)X),U,9) ^ f ° 9\B,m- 

We conclude that the composition 6 o (e„H. x e„*) : x T-L'^ — s> C°°(i32(0),R'^) is well defined and 
smooth. By definition of 'H^, we derive for 77 G H'^ the estimate Fjj{x) £ B5j^{x) for 2; G -63(0) (see 

Lemma|Dl3](a)). Th us 9(e„ 4?7), en40)(a;) - x G Bs^{0) holds for a: G -82(0), r/,^ G K- 
Combine the identity (jD.0.12|) with the definition of /„ in Lemma ID. 0.31 (c) to deduce the identity 

hniViO an*(6(e„*(?7),e„,(0) - ids^co))- 

We conclude that /i„ is smooth as composition of smooth maps. Summing up, this proves the first 
part of the claim. 

As a second step we construct a compatible family for t. To this end define maps 
in-.K^ C°"(i?5 (0),R'^),C ^ ris.(o) 

i„ : H„ ^ C°°(t/2,„, R'^), X ^ C°°(k„, R"^) o i„ o C°°(k-\ R''). 

From the identity (|D.0.15|) we derive pni = I'uPn- Hence t is a patched mapping and we have to 
prove that each i„ is smooth. Again i„ will be smooth if i„ is smooth. 

Recall that H'^ C A/'n holds for an open set 7V„ C C°°(i?5(0), R"*) with the properties of the set 
TV in Lemma lD.0.41 Hence the map /„ : 7V,i — > C'°°(i?2(0), R''), ^ H- C*|b2(o) is smooth by Lemma 
|E031(f). Let A: ^5(0) ^ ^2(0) be the canonical inclusion. The puUback C°°(A,R'^) is continuous 

4 

linear, whence smooth. Finally the identity i„ = C°°(A,R'') o assures that i„ is smooth. □ 
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E. Maps of orbifolds 

In this section we recall the notion of an orbifold map in local charts which was introduced in |51| . 
(cf. Section [^31 for details on Orbifold). Our exposition follows j5T] and we repeat basic facts for the 
readers convenience. Orbifold maps in the sense discussed here correspond to maps in a category of 
groupoids. The notion of orbifold map developed here is thus equivalent to other types of orbifold 
maps which are equivalent to maps in the associated groupoid category (cf. [13] for the so called 
Chen-Ruan good map respectively [T] for the Moerdijk-Pronk strong map). 

E.l. (Quasi-)Pseuclogroups 

In this section we let M be a smooth manifold. 

E.1.1 Notation (Transitions) A transition on M is a diffeomorphism f : U ^ V where U, V are 
open subsets of M. Notice that the empty map — is a transition on M. 
The product of two transitions f : U V, g: U' ^ V is the transition 

/K^''"'"' ° 9\,-HunV') ■■ 9-\U n V) ^ f{U n F'), x ^ f{g{x)) 

The inverse of / is the inverse of / as a function, li f : U is a map, we denote by dom / the 
domain of / and cod / the codomain of /. For x £ dom / denote by germ^ / the germ of f at x 
and by A{M) we denote the set of all transitions of M. 

E.l. 2 Definition (Pseudogroup) A pseudogroup on M is a subset P C A{M) which is closed under 
products and inversion of transitions. We call P a full pseudogroup , if for every open subset U ^ M 
the transition idu is contained in P. A full pseudgroup is called complete if it satisfies 

{Gluing Property) For each / G A{M) and open covering {Ui)i^i of dom/ with /[[/. e P for all 
i E I, then / is an element of P. 

The pseudogroup P is closed under restrictions, if for any f £ P and open set U C dom/, the map 
/I^(^^ [/ /([/) is in P. 

E.l. 3 Definition (Quasi-Pseudogroup) A subset P of A{M) is called a quasi-pseudogroup on M 
if the following properties are satisfied: 

(a) For each f E P and x G dom/, there exist an open set U with a; G ?7 C dom/ and g E P 
together with an open set V such that f{x) eVC domg and 

if\u)-'^9\v- 

(b) If f,gEP and x G /^^(cod/ n domg), then there exists h E P and an open neighborhood 
U C /^^(cod / n dom g) n dom h oi x with g o f\u = h\u ■ 



E.2 Charted orbifold maps 



147 



Identities like inversion and composition of elements in a quasi-pseudogroup are only required to 
correspond locally to other elements in the quasi-pseudogroup. For pseudogroups these identities 
have to globally correspond to elements of the pseudogroup. Quasi-pseudogroups are designed 
to work with the germs of their elements. In general quasi-pseudogroups may be thought of as 
generators for pseudogroups in the following sense: 

E.1.4 Definition Let P be a pseudogroup on ilf, which satisfies the gluing property and is closed 
under restrictions. The pseudogroup P is generated by a set ^ C A{M) ii A C P holds and for 
each f £ P and x € dom P there exists g A and an open set U C dom / n dom g with x G U and 
flu = 9\u- 

Consider a subset B of A{M). If there exists a unique pseudogroup Q on M which satisfies the 
gluing property, is closed under restrictions and generated by B, we say B generates Q. 

E.1.5 Remark (a) The set A{M) is a pseudogroup. Each pseudogroup is a quasi-pseudogroup. 
(b) Each quasi-pseudogroup generates a unique pseudogroup, which satisfies the gluing property 
and is closed under restrictions. Vice versa each generating set for such a pseudogroup is 
necessarily a quasi-pseudogroup. 

E.2. Charted orbifold maps 

In this Section we let {Q,U) and {Q',U') be orbifolds. Morphisms of orbifolds will be constructed 
in several steps, since they arise as equivalence classes of certain objects: 

E.2.1 Definition Let V := { {Vi,Gi,TTi)\i e / } be a representative of U. We abbreviate the disjoint 
union of the the chart domains of elements in V with 

F := and set tt: V Q,x i-^ TTiix) Vx e Vi 

Then the subset 

*(V) :={/e^(l^)ko/ = 7r|dom/} 
of all transitions on ^ is a complete pseudogroup on V, which is closed under restrictions. 

The last definition may be used to associate to each orbifold an etale Lie groupoid (as is explained 
in |51l 2.9 and 2.10]). Since we are not interested in the correspondence of orbifolds and Lie 
groupoids, we will not pursue this relation any further. However this relation were invaluable to 
derive the notion of orbifold map introduced in this section. We refer to [51, for further details. 

E.2. 2 Definition Let /: Q ^ Q' be a continuous map. Consider two orbifold charts {V,G,n) G U 
and {V',G',tt') e U' . A smooth map fv ■ V V is called local lift of f with respect to {V,G,tt) 
and {V', G' , n') if tt' o /y = / o Try holds. In this case fv is also called a local lift of / at q for each 
q G 7r(F). 
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E.2.3 Definition (Representative of an orbifold map) A representative of an orbifold map from 
an orbifold [QM) to an orbifold {Q' ,U') is a tuple 

where 



(Rl) /: Q — > Q' is a continuous map, 

(R2) for each i ^ I, the map fi'.Vi VI is a local lift of / with respect to orbifold charts 
(F„ G„ TT,) e {VI, G'^,Trl)eU' such that 

\j7r,{V)=Q 

and {Vi,Gi,TTi) ^ {Vj,Gj,TTj) holds for i,j e I, ij^ j, 
(R3) P is a quasi-pseudogroup which consists of changes of charts of the orbifold atlas 

V:={iV,G,,n,)\ieI} 

of {Q,U) and generates *(V), 
(R4) Set F := l[^eI h - ^ ^ 1J,:g/ ^ U^eI K', x ^ Mx) if x G K;. Then : P ^ is a map 

which assigns to each A G P a change of charts morphism 

KA): {W',H',x')^{V',G',^') 

between orbifold charts in U' such that the following properties are satisfied 

a) Po A = p{X) oPidomA, 

b) for all A, /Lt € P and all x G dom A n dom /i with germ^ A = germ^ /i we have 

germj,(^) i/(A) = germ^(^) 

c) for all X, fi € P, X € A~^ (cod A H dom /i) we have 

germj.(A(x)) ' germ^(a;) = gevmp^^) v{h) 
where h is an element of P such that there is an open set U with 

a: G J7 C A^^ (cod A n dom ^) n dom h 

and jjL o A|;7 = h\ij, 

d) for all A G P and x G dom A such that there is an open set a; G C/ C dom A with \\u — idc/ 
we have germ^^^-, = germ^(^) idu' where U' := V"/. 

The orbifold atlas V is called the domain atlas of the representative /, and the set { (V/, G^, 7r^)|« G / } 
is called the range family of /. Note that the range family is not necessarily indexed by /. The 
continuous map / will sometimes be called the underlying map of the representative /. The map / 
may not be chosen arbitrarily. As |51l Example 4.5] shows, it is not even sufficient to require that 
/ be a homeomorphism, to assure that there is a representative / with underlying map /. 



E.2 Charted orbifold maps 
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The technical condition in (R2) that two orbifold charts in V be distinct is required, because in 
several places / is used as an index set for V (cf. property (R3)). 

In view of the Definition IE. 2. 31 it is useful to have a shorthand for the change of charts associated 
to a given orbifold atlas. Hence we fix the following way of speaking. 

E.2. 4 Notation Let V = { {Vi,Gi,-4'i)\i 6 / } be a representative oiU. Recall from Lemma [4.1.41 
the notation 

Chvi .Vj ■= { ^- Vi D dom A — > cod A C | A is a change of charts } 
We define the set of all change of charts of the atlas V via 

C/iy •= { A : Vi 3 dom A cod A C Vj | A is a change of charts ,i,jEl}= C/iy.^y^ . 

{t,j)eiy<i 

Observe that C/iy is a (quasi- )pseudogroup by Proposition \2.2.'2[ which generates '^'(V). 

E.2. 5 Definition Let / := (/, { fi }^^J , Pi, i^i) and g :— {g, { gi } -^^ , P2, 1^2) be two representatives 
of orbifold maps with the same domain atlas V representing the orbifold structure U on Q and both 
range families being contained in the orbifold atlas V' of {Q',U'). Set F := Yiiei fi- We say that / 
is equivalent to g if f — g, fi — gi for all i £ / and 

germ^(^) vi{\i) = germ^.^^) 1/2 (A2) 

holds for all Ai G Pi, A2 £ P2tX £ domAi n doniA2 with germ^ Ai — germ^A2. This defines an 
equivalence relation the equivalence class of / will be denoted by 

By abuse of notation we denote by / the equivalence class [/] of the representative /, if it is clear 
that we refer to equivalence classes. The equivalence class of the representative / is called orbifold 
map with domain atlas V and range atlas V', in short orbifold map with (V, V) or, if the specific 
atlases are not important, a charted orbifold map. Define Orb(V, V') to be the set of all orbifold 

maps with (V, V"). To shorten our notation we denote an element h £ Orb(V, V") by V V' 
E.2. 6 Remark 

(a) In [51j all orbifolds are assumed to be second countable, since second countability is the 
default setting for Lie-groupoids (cf. |3H])- We only required orbifolds to be paracompact. 
Reviewing the arguments in |51] . it is easy to see that all constructions there remain valid 
under the weaker assumption of paracompactness. Furthermroe [12,32] and the survey article 
by Lerman |44| outline the theory of Lie-groupoids for non second countable manifolds. In 
particular the article by Lerman indicates that all desirable properties on the groupoid side 
are preserved for paracompact orbifolds and manifolds. Hence we require only the weaker 
condition. 
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(b) In Definition lE.2.3l we used quasi-pseudogroups instead of the pseudogroups C/iy or ^^(V) since 
in general, a quasi-pseudogroup P will be much smaller sometimes even finite. Observe the 
following facts, whose proofs we ommit here: 

i. Let (/, { Ji , P, v) be a representative of an orbifold map. Replacing P with a quasi- 
psudogroup P' whose elements arise as restrictions of maps in P (if necessary reducing 
them to open neighborhoods which are stable with respect to the group action), one 
may replace v with a map v' , which maps each elements in P' to an open embedding 
in the range atlas. The pair {P' ,v') may be chosen such that {f,{fi}i^i,P,i') and 
(/, { /; , P' , v') are in the same equivalence class. 

ii. Consider a representative of an orbifold map /: [QM) ~^ ■M, where is a connected 
manifold (without boundary) . The map v may then always be chosen as the map taking 
h e P to idM- 



E.3. The identity morphism 

In this section we construct the identity morphism in the category of reduced orbifolds. 

E.3.1 Definition Let /: Q — !■ Q' be a continuous map between orbifolds {Q,U), {Q',U'). Suppose 
fv is a local lift with respect to the orbifold charts {V,G,tt) E U and {V' ,G' ,tt') £ W. Consider 
embeddings of orbifold charts in U respectively U' 

X:{W,K,x)^{V.G,Ti) and ti: {W , K' {V ,G' ,tt'), 

such that fv{\(W)) C /i(W) holds. Then the map 

g := o fv o X: W 

is a local lift of / with respect to (W, K, x) Etnd {W\ K' , x')- We say fv induces the local lift g with 
respect to A and /i and call g induced lift of f with respect to fv , A and ^. 

E.3.2 Proposition ( jSlI Proposition 5.3]) Let {QM) be an orbifold and fv be a local lift o/ idg 
with respect to {V,G,tt),{V' ,G' ,tt') G U. For each v GV there exists a restriction (S*, Gs,7r|s) of 
{V, G, tt) with V G V and a restriction (5", G' , T^\'gi) of (V' , G' , tt') such that /y If is diffeomorphism 
which is a change of charts from {S,Gst'^\s) to (S' ,G' ,tt'\s'). In particular, fv\s induces the 
identity ids with respect to the embeddings of orbifold charts ids o-^d {fv\s)~^ ■ 

Proposition IE. 3. 21 shows that every local lift of the identity idg is a local diffeomorphism (but in 
general it need not be a global diffeomorphism as [51, Example 5.4] shows). 

E.3.3 Proposition ( |5T1 Proposition 5.5] ) Let {Q,U) be an orbifold and { fi a family of local 
lifts o/ idg which satisfies (R2). Then there exists a pair {P,v), such that (idg, { /i , (P, i^)) 
is a representative of an orbifold map on {Q,IA)- The pair (P, i^) is unique up to equivalence of 
representatives of orbifold maps. 
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E.3.4 Proposition ( [51', Proposition 5.6] ) Let Q be a topological space and suppose U and U' are 
orbifold structures on Q. Consider a charted orbifold map 

/-(idQ,{/.WJ^'H) 

such that the domain atlas V is a representative ofU and the range family V' , which is an orbifold 
atlas, is a representative of W . Furthermore for each i G /, the map fi is a local diffeomorphism. 
Then hi =14' holds, i.e. the orbifolds coincide. 

E.3.5 Definition Let (Q, U) be an orbifold and f = {f,{ fi , [P, ly]) he a charted orbifold map 
whose domain atlas is a representative of 14. The representative / is called lift of the identity id(Q lY) 
if / = idg holds and fi is a local diffeomorphism for each i € I. We also say that / is a representative 
of id(Qx/)- The set of all lifts of id(Qx/) is the identity morphism id(^Q.u) of {Q,IA). 

E.4. Composition of charted orbifold maps 

E.4.1 Construction Let {Q,U), {Q' M') and {Q",U") be orbifolds, and 

be representatives of U respectively of lA' . Furthermore let V" C U" , and V be indexed by / 
respectively V be indexed by J. Consider charted orbifold maps 

/-(/,{/»W'[^/''^/])eOrb(V,V') 

and 

9 ■■= {9A9j\j e J},[P9,'^9]) e Orb(V',V"). 

Define a : / — s> J to be the unique map such that for each i e /, is a local lift of / with respect 
to {Vi,Gi,TTi) and (V^(j), (^^(i) , 7r^(j))- We define the composition of .g and /: 

gof:=h={h,{h,\ieI}, [Ph, i^h]) e Orb(V, V") 

is given by h := g o f and hi := ga{i) ° fi for all i ^ I. To construct a representative (P/i, Vh) of 
[Pfi,i/h] fix representatives {Pf,Vf) and {Pg,Vg) of [Pf,Vf] respectively [Pg,Vg\. Consider ^ ^ Pf 
with dom fi C Vi, cod fi C Vj for the orbifold charts {Vi,Gi,TTi) and {Vj,Gj,TTj) in V. Property 
(R4a) assures 

fjO ^ = l/y(^)/,|domp, 

where G ^{14). Shrinking domains, we may assume without loss of generality that is 

an element of '^{V'). For x £ dom/x set fi{x) G domiy/(/i). Since Pg generates ^(V') we may 

choose ^^i.a; G Pg such that there is an open set y^; G t/^ j, C dom^^ -r ndomi^/(/i) and the following 
is satisfied: 
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Wc may choose an open set x G U^^x C dom/i such that fi{U^^x) ^ U'^ ^ holds. By adjusting choices 
one may achieve that for 111,^2 G Pf and Xk S dom^fc, fc = 1, 2 we either have 

A^ik^^Lxi 7^ Ai2|;7,,2,,, or = Ca^s.^^s (E.4.1) 

Define the quasi-pseudogroup 

Ph ■= { ^J■\u^.:,\^J' & Pf, X € dom/i} 

and observe that it generates '4'(V) as Pf generates ^(V). As property (|E.4.1j) holds, we obtain a 
well defined map 

Since i/g and i/f satisfy the properties (R4a) - (R4d) the same holds for Vh- Furthermore, the 
equivalence class of {Ph, Vh) does not depend on the choices in the construction of Ph and Vh- 

So far we have only explained the composition of charted orbifold maps in Orb(V, V") and 
Orb(V", V"). Obviously we need the composition of maps in Orb(V, V") and maps in Orb(V", V"") 
for arbitrary V", V". The leading idea is to construct a common refinement of the range family and 
the atlas V" together with induced maps, which may then be composed as in Construction IE. 4. II 
Before we introduce the general construction, we define the notion of induced charted orbifold maps: 

E.4.2 Lemma and Definition ( [ST, Lemma and Defintion 5.11]) Let {Q,U) and {Q' ,14') be 
orbifolds. Consider representatives 

V = {(yi,Gi,T:i)\i £ I } of U indexed by I 

V' = { (y/ , G'l, Tr'i)\l £ L} ofU' indexed by L, and a charted map 
/ = (/,{/.W,[/'/,^/])eOrb(V,V'). 

Define 13 : I ^ L to be the unique map such that for each i £ I , fi is a local lift of f with respect to 
(Fi,G'j,7rj) and Suppose there are 

• a representative W — {Wj,H.j,^jj)\j G J} oflA, indexed by J, 

• a subset { (Wj, iJj, |j G J} ofht', indexed by J (not necessarily an orbifold atlas), 

• a map a: J ^ I , 

• for each j G J , an open embedding of orbifold charts 

Xj : {Wj,Hj,il)j) (V„o), G„(j-), 7r„Q-)) 
and an open embedding of orbifold charts 

p.f. {W-,H'^,ipj) (V;^(a(j)),G^(„(j)),7r^(a(j))) 
such that fa(j){^j{Wj) C fj,j[W^) holds. 



E.4 Composition of charted orbifold maps 
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For each j (z J we define the smooth map 

Then the following assertions hold 

(a) £ := (id-Q, { Xj , [Pa i^e]) (with [P^, provided by Provosition lE. 3^) is a lift ofid^g uy 

(b) The set { (W^, H'j,i^j)\j e J } and the family { fij may be extended to a representative 

W ^{{WiHi^'^)\keK} 

ofU' and a family of open embeddings { fik }keK sitc/i that 

e' (idg, , { /i, , [P,, ,v,.\^ Orb(W', V) 

(with \P^i,v^i\ provided by Proposition \E. 5'."^) is a lift of the identity id(^Qi niy 

(c) There is a uniquely determined equivalence class [Ph^Vh] such that 

h (/, { h, j , [Ph, i^h]) e Orb(W, W) 

and f o e — e' o h holds. 
We say that the charted orbifold map h is induced by f. 

E.4. 3 Definition Let {Q,t() and {Q',W) be orbifolds. Further let Vi, V2 be representatives of 14 
and V(,V2 be representatives oiW. Suppose tliat fi e Orb(Vi,Vj'), i — 1,2. We call /i and /2 
equivalent (/i ~ if there is are representatives W oiU and W of U' together with lifts of the 
identity G Orb(yV, Vi), i = l,2 respectively e[ € Orb(W, V-), i = 1, 2 and a map h e Orb(yV, W) 
such that the diagramni following diagranim commutes 




Let {Q,U) and {Q' ,U') be orbifolds. The notion of equivalence of charted maps induces an 
equivalence relation on the set of all charted orbifold maps whose domain atlas is contained in lA 
and whose range family is contained in lA' . To prove this fact we need to clarify the relation of 
induced lifts and induced charted orbifold maps. 
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E.4.4 Lemma ( Lemma 5.13]) Let {Q,U) and {Q',U') be orbifolds and 

be a charted orbifold map, where V respectively V' is a representative of hi respectively hi' . Suppose 
that there are orbifold charts (Vq, Gq, tTq,) G V, a = a,b and points Xa G Va with iTaixa) — tti,{xi,). 
Then there are arbitrarily small orbifold charts {W,K,x) G {W t tX') G ^' c*^'^ open embed- 
dings A„ : {W,K,x) {Va,G : {W',K',x') i^a'^'a'^a) ^^^'^ G Xa{W), a ^ a,b 

such that the induced lift g of f with respect to fa, Xa, fJ-a coincides with the one induced by Af,, /ifc. 
In other words, we obtain a commutative diagram 



Va VL 




E.4.5 Lemma ( [51, Lemma 5.14]) Let {Q,U) and {Q',W) be orbifolds, V a representative ofU, 
and V one ofW. Further let f e Orb(V, V')- Suppose that h e Orb(Wi, W() and g G Orb(W2, W^) 
are both induced by f. 

There are representatives W ofU and W of 14 together with lifts of the identity Si G Orb(W, Wi), i — 
1, 2 and e[ G Orb(>V', W[), i = 1,2, such that a charted orbifold map k G Orb(W, W) exists, making 
the following diagram commutative. 




(E.4.2) 



It follows from the last Lemma, that the relation ^ introduced in definition IE. 4. 31 is indeed an 
equivalence relation. For details we refer to the exposition in |51j . 

E.4.6 Definition Denote the equivalence class of a charted orbifold map / with respect to the 
equivalence relation ^ introduced in Definition IE . 4 . 3 I bv [/]. It will be clear from the context whether 
/ is a charted orbifold map and [/] denotes its equivalence class, i.e. the orbifold morphism, or / 
is a representative of the charted orbifold map and [/] is equivalence class of representatives, which 
by abuse of notation is also abbreviated as /. 
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E.5. The orbifold category 



We have explained how to construct orbifolds and niorphisms of orbifolds. Now we introduce the 
category of orbifolds, which is isomorphic to a full category of certain Lie groupoids (cf. jM] for 
details on this topic). 



E.5.1 Definition The category Orb is defined as follows: The class of objects Ob Orb is given 
by the class of all paracompact Hausdorff orbifolds (as defined in Section I2.3.ip . For two orbifolds 
{Q,U) and {Q',U'), the niorphisms, i.e. orbifold maps from {Q,U) to {Q',W) are the equivalence 
classes [/] of all charted orbifold maps / £ Orb(V, V) where V is a representative of U and V" is a 
representative of W , that is 

/ G Orb(V, V'), V representative of U, V' representative of U' ^ . 
The composition in Orb is induced by the following construction: Let 

[/] e Orb((Q,W), {Q',U')) and [g] e Orb((Q', iY'), (Q","")) 



OrhiiQ, U),{Q',U')) := { [/ 



be orbifold maps. Choose representatives / G Orb(V, V) of [/] and g E Orb(yV, W") of [g]. Then 
find representatives /C,/C',/C" of U,U',U" respectively and lifts of the identity e € Orb(/C,V), 
e[ e Orb(/C',V'], e'2 e Orb(/C',W)> e" G Orb(/C",W") together with charted orbifold maps 
h E Orb(/C,/C'), k E Orb(/C',/C") such that the diagramm 




commutes. Define the composition of [g] and [/] as 

[g] o [/] := [k o h] 



E.5. 2 Proposition ( [STl Lemma 5.17 and Proposition 5.18]) It is always possible to compose two 
orbifold maps in Orh{{Q,U), {Q' ,14')) and Orh{{Q' ,14'), {Q" ,U")) and the composition in Orb is 
well-defined. 



All equivalence classes which of lifts of the identity coincide for a given orbifold {Q,U). Hence 
the "indentity morphism" introduced in Definition IE . 3 . 5 1 is the identity morphism of {Q,U) in Orb. 



E.5. 3 Proposition ( ^51t Proposition 5.19]) Let {Q,U) be an orbifold and e a lift o/id(Qx/)- Then 
the equivalence class [e] of e consists precicesly of all lifts o/id(Q iY). Hence the "identity morphism" 
id(^Q,U) is the equivalence class [e] 
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F. Orbifold geodesies: Supplementary Results 



In this Section we supply proofs for some of the more technical assertions in Section 15.11 



F.0.1 Lemma (Lemma I5.1.4p Let [c] e Orb(I, (Q,W)) he an orbifold path and [a,b] C 2 some 
compact subset. There exists a charted orbifold map g :— {c\]x.y[, {gk\^ < < ^ } liPgT^g)) with 
X < a < b < y and N €N, such that: 

1- [c\\]x,y[ = [a], 

2. dom(7fe =\l{k)^r{k)[ for each 1 < k < N , such that 

X = l{l) < l{2) < r(l) < /(3) < r(2) < • ■ • < 1{N) < r{N - 1) < r{N) = y 

3. -Pg = { id]i(Ar),r(A')[ } u{ id];(fc).r(fc)[, '-fe^"'"i ('-fe^"'" ) ^ 1 1 ^ k < N — 1^ , whcrc t^^"'" is the canonical 
inclusion ]l{k + l),r{k)[^]l{k + 1), r{k + 1)[ 



Proof of Lemma \5.1.4\ Consider a representative = {c, { Ci\i £ I } , (Pc, I'c)) of [c], whose domain 
atlas is contained in Ai- As [a, b] C I is compact, there is a finite subset F C I such that 
[a,b] C [J^^p domci holds. Set x :— inf IJ^^^ domci and y :— suplj^gj^ domci and consider c\-^x.y[- 
By construction for i G F the set domci is contained in ]x, y[. Apply Lemma IE. 4. 21 with respect 
to the family of pairs { (iddomci,idcodci)|* F} to obtain a representative h of [c]|]a;^y[. The family 
of lifts of h is {ci}^^p. As _F is finite, we choose and fix a partition of ]x,y[ by real numbers 
l{ky , r{ky , 1 < k < N ^ N which are ordered as in 2., such that ]l{ky , r(fc)'[C domci^, holds for some 
ki e F. Note that each inclusion tfe : r(fc)'[^ domcij. is a change of orbifold charts. Apply 

Lemma IE. 4. 21 with respect to the family of pairs | (tfe, idcodcij, ) £ N | to obtain a representative 
g' = ic]x,y[^ {g'kl'i- < k < N} ,Pg',iyg,) induced by h. 

Choose^^^ (^Pg' withdom^^^ C]/(fc), r(fc)[ and cod 4+^ ^]l{k+l),r{k+l)[. Set l^^^ — (t^+i)-i, 
:= x,r{N) -.^ y and 

r(fc) := supdom/,^+\/(fc + 1) := inf domtj;^^ for each 1 < fc < iV - 1. 

By construction ]Z(fc), r(fc)[C]Z(fc)', r(fc)'[ holds for 1 < fc < A^. The numbers l{k),r{k) are ordered 
as in 2., since the l{ky,r{ky were ordered in this way. Furthermore ]x^y[— IJi<A;<A']'(''')' 
satisfied. With this choice of i^"*"^ the quasi-pseudogroup Pg as defined in 3. generates the change 
of charts for {]l{k),r{ky\l <k< N}. Define 



idcodci^ if A = id];(fc).r(fc)[) 

Ug,{ct+') if A = 6^1 

[.,,(.^1)-! ifA = (.^i)-i 



to obtain a well-defined map Vg-. Pg ^ ^{U). 

Apply Lemma lE.4. 21 with respect to the pairs {(]Z(fc), r(fc)[^]/(fc)', r(fc)'[, idcodci^^ )|1 < fc < A^} to 
obtain a representative g = (c|]j:^y[, {5fc|l<fc<A}, (P, i^)) induced by g' . Reviewing the construc- 
tion, {Pg,Vg) ~ {P,v) holds, whence we may replace the pair (P, i^) with {Pg,Vg). Observe that in 
each step, we applied Lemma FE. 4. 2 1 Thus [g] = [c]|ij, j,r holds. □ 
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F.0.2 Corollary If [c] G Orh {2, {Q,U)) is an orbifold geodesic and [a,b] C I compact, then the 
restriction [g] ~ [c]\]x,y[ with x < a < b < y constructed in Lemma \5.1.4\ is an orbifold geodesic. 

Proof. As observed in the proof of this Lemma, each refinement has been constructed by an ap- 
pHcation of Lemma IE. 4. 21 In particular the Hfts gk of g are obtained by restricting geodesies 
to open subsets of their domains. Hence each gk is a geodesic, defined on the orbifold chart 
r(A;)[, I id];(fe) ,.(*:)[} 7 S -^Xi where tt^ : ]Z(fc), r(fc)[— > I is the inclusion of sets. We con- 
clude that [g] is an orbifold geodesic. □ 

F.0.3 Lemma Consider representatives c := (c, { Cfc , P, v), c! — (c', { cj, , P' , v') of orb- 
ifold geodesies in Orh {I, {Q,U)), whose domain atlases are contained in Ax. Assume that the 
lifts satisfy codcfc — Uk for {UkjCkTipk) G ^ respectively codc^ — Wr for {Wr, Hr,ipr) G The 
following conditions are equivalent 

(a) [c] = [£'], 

(b) for any t € I, such that t G domc^^ ndomcj, holds for fc G A, r G -B, there is a change of charts 
Xf'^ '. Uk ^ domX^'^ Wr with TtXtCk{l) — TfCr(l) (i.e. the initial vectors coincide) 

(c) for any t £ I, there is a pair {k,r) G A x B and a change of charts Xt : Uk 3 dom At Wr 
such that t G domcfe H domc^ and TtAtCfc(l) — TtCr(l) hold 

(d) There are representatives g — (c, { Ck , Pg, Vg) of [c] respectively g' — (c, { Cfc }kei ' ^9' ^'g^ 
of [c!] whose domain atlases are contained in Ax. 

In particular a geodesic arc in Q is uniquely determined by the initial vector. 

Proof, "(a) => (b)" is a reformulation of Lemma 15.1.31 for orbifold geodesies, "(b) ^ (c)" is trivial. 
To check "(c) (d)" , we construct representatives induced by c and c': The chart domains of the 
domain atlases of c and c' are intervals Ik ■— domcfc, k G A respectively. Jr ■— domc^, r € B. Pick 
some to G I together with a pair (fc, r) G Ax i? satifying the hypothesis of (c). There is At,, €Chij,,,Wr- 
with TtgXtoCk{l) = Ttgc'j.(l). Shrinking domAt^, we may assume that the set to G domAto is Gk- 
stable. Thus it induces an orbifold chart (dom At^ , G/c^dom At^ i ^fcldom At^ ) G i^- As Ck is a geodesic, 
we may choose et„ > with Cfc([io — £to j + etol) ^ dom Atp and [io — £oi + £o] 'i= Jr- The change 
of charts At^ is a Riemannian isometry, since {Q,U,p) is a Riemannian orbifold. In particular 
Ato maps geodesies of the totally geodesic submanifold domAtj, C C/j, to geodesies of Wr. Thus 
Xta o Ck'. ]ta — Sta,to + St„[-^ Wr is a geodesic. Uniqueness of geodesies in Riemannian manifolds 
impHes that At^ o Ck\]to-Eta,to+etol = Cr\]to-et„,to+et„l holds, as their derivatives coincide in tg. For 
the trivial orbifold I the set Ctg ■=]to — £to,tQ + eto[^= ^fc ^ Jr induces an orbifold chart via the 
inclusion of sets. Set a(to) '■— k and /3{to) '■— r and define change of orbifold charts iJ,to,a- Ctg — )> 
Ia{to)j Mto,0- — >■ Jp{to) and vto.a- dom Atp — i> Ua(ta) via the inclusion of sets. Furthermore set 
vto,p — Xta. Reviewing the construction, Ca(to)lJ-to.a C Imi/t^^a and c^(t,j)Atto,/3 C ImAt^ = 1mPto,i3 
hold. This implies 

'^t^!aCa(to)Aito,a = ^^t^ !/34(to) A^*o ,/3 • (F.0.1) 

With respect to the pair {Ct„, { idcj^ } , Cto ^ I) and (dom At^ , Gfc^dom At^ , V'fcldomto ) the lifts of c 
and c' coincide. The construction did not depend on to and may be repeated for each t G X. In this 
way we obtain a (possibly infinite) subset i? C I, such that IJtefl Ct = I and Ct ^ Cs holds if i ^ s. 
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Since these sets cover X, the construction yields an orbifold atlas C C Ai for I. It may happen 
that the charts (dom At, Ga(t) _dom At ' V' alt) |dom At 

) an d (dom , Ga^s),dom \, , i^ajs) Idom ) coincidc for 
s t. To satisfy the requirement (R2) in Definition IE. 4. 21 we redefine the charts: Set dom As x { s } 
and redefine the group action, change of charts etc. in the obvious way. Without loss of generality we 
may thus assume (dom At, G'a(i), dom At , ^Q(t) Idom At ) ^ (dom A^, Ga(s),dom a, , V'a(s) |dom a J for s t. 
Using Lemma FE . 4 . 2 1 1 he charted maps c resp. c' induce representatives h respectively h' with respect 
to C and the atlas W { (dom Af, G'Q(t), dom At j "00(4) Idom At )) |^ £ R} QU. From (|F.0.1|) we deduce 
that the lifts of h and h' coincide. The set I is paracompact, second countable and a metric space 
with respect to the absolute value. Hence we may choose a refinement of the domain atlas of h as 
follows: There is a sequence of real numbers in I 

• • ■ < < r(-2) < 1(0) < r{^l) < 1(1) < r(0) < /(2) < r(l) < • • ■ 

such that ]l{n),r{n)[ is contained in some chart of the domain atlas of h for each n G Z. Apply an 
argument as in the proof of Lemma 15.1.41 fcf. Lemma F.0.1 in Appendix [FJ to obtain an (at most 
countable) covering of I by intervals indexed by Z, such that the following is satisfied: 

L Ik n /, 7^ if and only if j e { fc - 1, fc, fc + 1 }, fc, j e Z, 

2. h induces a representative g :— (c, { gk ^^ei ' ^9' '^^ I^l ^'^^^ ™duces a representative g :— 
(c',{g;},g2,P;,i/;) of [c'], such that Pg - Pg, and Pg - { id]i(fe),,(fc)[, (.^+i)-i|fc e Z} 
hold, where 4+\,(ife+^)-^ are defined as in Lemma [5.1.41 

3. As the lifts of h and h! coincide, for each k G Z the lifts gk,g'k £^re given as restriction 
gk-. ]l{k),r(k)[-^Vk, (Ffc,Gfc,^fc) eWof aliftof /i. 

Shrinking the sets ]/(n), r(r7,)[, n e Z, we may assume that the images gk(\l{k + l),r(fc)[) and 
gk{\l{k),r{k — 1)[) are contained in stable subsets of Aor[vVg{L^^) n domi'g'(i^'''^) respectively of 
domz/g((t^_-^)^^)ndomi'g'((i^_j^)~^) for each k G Z. Restricting the change of charts to these stable 
subsets, by Defintion IE . 2 . 5 1 the pairs {Pg, Vg) and (Pg, Vgi) may be replaced by equivalent pairs, such 
that the maps Vg{X),Vgi{X) are embeddings of orbifold charts with domz^g(A) = doming' (A) for each 
X E Pg. Unfortunately Vg and i^g' need not coincide. However since the lifts coincide we obtain 

^§('-fc ) ° 9k\]i{k+i)M^ 9k+io ^k =^g'(''k ) ° 9k\]i{k+i)M 

Hence both geodesic arcs coincide and it is uniquely determined by the intial vector. As i^gii-k^^) 
and Vt/'ii-k^^) embeddings of orbifold charts with the same domain, for each fc G Z there is some 
7fe+i e Gk+i with Vgiil'^^) = 7fe+i.i^g'(t^+^). 

"(d) (a)" Consider representatives g of [c] and g' of [c'] as constructed in Step "(b) => (c)" . We 
claim that [g] — [§'] holds. To prove the claim, consider the case that the geodesic arc Imc contains 
non-singular points. Hence there are fc G Z and z £ I such that c(z) — TipkCk{z) is non-singular. 
Each component of Eg^. is a totally geodesic submanifold of {Vk,Pk) by [101 II. Theorem 5.1]). 
Assume that there is an open, non-empty set U such that Imcfc H C/ is contained in a component 
of '^Gk- Then the image Imc^ is contained in this component (cf. |39| Proof of Theorem 1.10.15]). 
This contradicts the choice of (z) , whence the non-singular points must be a dense subsete of Im Ck 
with respect to the subspace topology. Change of charts morphisms preserve non-singular points. 
Hence the same argument may be repeated to prove that the non-singular points must be dense in 
the image of each c^, fc G Z. In conclusion we have to consider two cases: 
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Case 1: The geodesic arc of [c] (or equivalently the arc of [c']) contains a non-singular point. The 
preparatory considerations show that the non-singular points are dense in the image of each lift. 
Hence jk+i-i^gii'^^^) = '^g'ii-k^^) implies gk+i — id 14^.1, V/c G Z as Imcfe+i contains non-singular 
points. We deduce i^g = Vgi, whence g = g' follows. 

Case 2: The geodesic arc of [c] (or equivalently the arc of [c']) is contained in the singular locus of 
Q. We construct a representative of [c] which coincides with g'. Apply Lemma [£.4.21 with suitable 
change of charts to g and g', such that (14, Gkjipk) 7^ {Vj, Gj, tpj) holds ii k ^ j. Observe that for 
each choice {rjk & Gk }kei pairs | (id];(fe)_r(fc)[, ?7fe) induce another representative h of [c] by 
Lemma IE. 4. 21 Recall from the construction oi h — (c, {rjk o Ck }k£z ' ^'i' '^h) the following details: 
As rjk e Gk is defined on Vk , we may choose — Pg and Uh is uniquely determined by the identity 

We claim that it is possible to inductively choose the family rjk, such that rjkCk = Ck and Vh = ^'g' 
hold. Begin with k — 0. Since dov[iVg{L^_i) = dom Vgi{L^_{) holds (and these maps are embeddings 
of orbifold charts by Step "(c) ^ (d)" ), by Proposition 12 2.21 id) there is 70 € Go with v~g{i°_i) = 
7o.fg' (t^i). The isometry 70 fixes the geodesic cq pointwise on the set Imcg r\codvg'{L^Li) as 

7oCo|]!(0),r(-l)[ = 70^'g'('--l)c-l|]/(0),r(-l)[ = i'g (i- 1 )C-1 l]UO),r(- 1) [ = Co|];(0),r(-l)[ (F.0.3) 

holds. Thus E-yg contains Imco H codi'g'{i^_i) and each component of is a totally geodesic 
submanifold by |39l Theorem 1.10.15]. Hence 70. co — cq follows (cf. the proof of |39l Theorem 
1.10.15]). Set 770 ■= 7o~^ ^"^d ?7-i := idy_j to obtain rjQ.c^ ~ cq and rj-\.C-\ = c_i. Furthermore 
(|F.0.2p yields Vh[i^^^i) = '7(7^'^g('--i) idv_i = la'^^gi'^^-i) = ^'g'(''-i)- Proceed by induction on fc > 1: 
Consider fc > 1 such that for < ^ < fc elements r;; e G; have been chosen with 

rji.ci = Q and Vh{i^\-i) = ??r^-^9(^;-i)'7i-ildomL.<;(t|_J = 

We have to choose rjk with 77fc.Cfc = Ck and i^/i(t^_]^) = rj^^Vg[i'l_-y)rjk-i- Argue as in the case fc = 0: 
Since the embeddings of orbifold charts share the same domain, there is 74, G Gk with ^k-Vg{L'l_-^) — 
Vgi{i\_i). A computation as (jF.0.3|) shows that 74, fixes Imcj, pointwise. Since domfg(t^_-^) is Gk-^- 
stable and rjk-i fixes Imcfe„i pointwise, rjk-i{domVg{J^__^)) = domfg(i^_-^) holds. Thus we consider 
the embedding of orbifold charts A := i^g{t'k~i)''lk-i\donii^g(il J- Since domA — domjki^g'{i'k-i) 
holds. Proposition 12.2.21 (d) yields unique hk E Gk with A = hk-'^k-'^g'i'-k-i)- F)efine rjk via the 
formula rjk '■= hk ■ "fk E Gk- We compute the following identities: 

= Vk^ ■'^g{4-l)Vk-l\dom^siL^,_,) ^ Vk^^ = Vk^-Vk-l^c/'it-l^l) = i^s'(4-l) 
'nk-Ck\]l{k),r{k-l}[ = Vk-Vg'{l\-l) ° Ck-l\-\Hk) ,r{k-l)[ = (4-l)^fe-l -Cfe-l |];(fe),r(fe-l)[ 
= ^gilX-l) ° Ck-l\]l(k),r{k-l)[ — Ck\\l(k),r{k-1)[ 

Thus the isometry rjk fixes the geodesic Ck pointwise on Imcfe H codvg'{L\_-^). whence rjk fixes all 
of Imcfe pointwise. We may thus inductively choose elements in Gk,k > 1, with the required 
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properties. Observe that by (R4) (c) and (d) of Definition IE.2.31 iyf,(L'^r^]\i^;.^i^.k ^ = i'§(tfe_i)^^ 
holds. Instead of choosing rjk for fc < such that ilk+i'^ai^'k^^)^k\^oy^^.(^^i'+i) = '^g'i^'k^^) holds, it 
suffices to choose r]k with ?7fc Vg(4+i)?/fc+i|dom;/g(t^_^j) = '^g'i'-k+i)- If we require that rjk fixes Ck 
pointwise, then an argument as in the case fc > 1 allows us to inductively choose 77^ for fc < — 1 
with the desired properties. Summing up, there is a family { rjk }kei-' such that h ~ g' holds, where 
h was constructed via Lemma IE. 4. 21 with respect to the pairs { {id]i(^k),r{k)[:ilk) } ^ez' Lemma 
IE. 4. 21 a h = g'. Hence in both cases [c] — [g] — [g'] = [c'] follows from Definition IE. 4. 31 □ 



F.0.4 Lemma (Lemma HXH) Let [c] G Orb(I, (Q,W)) and [c'] e Orh {T,{Q,U)) be orbifold 
geodesies, such that for some xq G X HI' their initial vectors coincide. There is an unique orbifold 
geodesic [c V c'] G Orh {I U I' ,{Q,U)), such that 

(a) [cVc']|i' = [c'] and [cV c']\x = [c] hold, 

(b) let K C I be a compact set and c G [c] . There is g G [c V c'] together with an open set 
K C U ^ T, such that gjj and c\u are equivalent as charted maps. Here gjj is the charted 
map, whose lifts are the lifts of g with domain contained in U and c\u G [c\\u is obtained by 
Lemma \E.4--2\ with respect to the pairs (U ndomck ^ domcfc, idcodcfc)) Ck is a lift of c. 



Proof of Lemma \5.1.9[ As a first step, we construct an orbifold geodesic on TUl', with the same 
initial vector at xq: If I C I' holds, we set [c V c'] := [c]. If I' CI holds, set [c V c'] := [c]'. For 
these cases, assertion (a) follows from Proposition 15.1.81 (h). Interchanging the roles of [c] and [c'] if 
necessesary, it suffices to consider the case X —]a, b[ and I' =]x, y[ with a < x < b < y. 
Fix to C]x,b[ with to > xo- We construct an orbifold geodesic by gluing several pieces: Choose 
representatives c = (c, { Cfe j^^^ , [Pg, i^c]) of [c] and c' = (c', { 4 l^gs > [Pc',i'c']) of [c']. Since the 
initial vectors of [c] and [c'] at xq coincide, they coincide at each point in InX =]x, b[ by Proposition 
15.1.81 Combine Lemma fF.0. 31 fd) with Lemma|EA2]to obtain ktg G A,rt„ G B with to G domc^j^ = 
domcj,^^ C]a;,6[, such that c^^^ = Cfe^^ holds. Lemma FF. 0.31 fc) implies that 



cVc': ]a,y[-^ Q,t^ 



c(t) t e]a,b[ 
c'{t) t<=.]x,y[ 



is a continuous map, as the arcs of [c]|]2,_b[ and [c']|]a;_f,[ coincide. Restricting the lifts Lemma FE. 4. 21 
allows us to obtain representatives c|]a,t(,[ induced by c and c'|]t(,.j,[ induced by c': 
By construction c\]a.to[ = (c|]a,to[) { 9k }feg_R , {P\a,tob ^^m)) obtained by restriction of all data to 
the open set ]a, to[j i-e: There is a map a : R ^ A, such that the lifts satisfy gfc = Cjj(fc) |domcQ(fc)n]a,to[- 
Each element in P\a.to[ constructed as the restriction of an element in Pg to an open subset of 
its domain and J^]a,to[(Mldom/xn]a,to) '■= ^c{lA- As Uto ■= domcfe^^ n]a, to[7^ holds, this chart is 
contained in the domain atlas W]a,to[ of cjja^igj. Let i: Utg domcfc^^ be the inclusion of sets. 
Define change of charts as follows: For A G P\a,tol E^nd W G W]a,to[ we define 

( A o (j|i""n*(domA)^-i -f ^ ^ Chu.^^^w 
Ato := < i o A if A G Chw,Uto 

[ioXo (i|Im«n«(domA))-l ^^^^ Chu,^,Uto 
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Each of these change of charts is well defined and A 7^ /i implies Af ^ 7^ fito ■ Thus we may define 
^toiK,) '■= ^a,to\W- Furthermore set J^to (iddom c^, ) := idy, , vtoii) ■= idy^., and i^to{i^^) ■= 
idvfc ■ We obtain a set of change of charts 

Since P]a,to[ ^ quasi-pseudogroup, the construction implies that C := Cf,, U P]a.to[ ^ quasi- 
pseudogroup which generates '^(W]a,x[ U | (domcfc^^ , | iddomcfcx | , domcfcj;^ ^]a, sup domcfe^^ [) |)- 
Our previous observations imply that the map 



vtoW if A GCto 

(A) ifAe/^„,4„[ 



is well defined. Consider Ca^tQ ■ — ('^|]a,supdomcfc, 

, { dom^fc U { Cktg } , C, i^c)- The map !^]a,to[ 
satisfies property (R4) of Definition IE. 2. 31 Together with the definition of Xt^ and vc this implies 
that vc satisfies the property (R4). Hence Ca,to is a representative of an orbifold map. such that 
each lift is a geodesic defined on a chart in A]a.supdomck^ [■ other words [ca,to] is an orbifold 
geodesic, whose initial vector at any point in its domain coincides with the corresponding one of [c]. 
Note that in the domain atlas of Ca^to only (dom c^j:^ , | iddom c^a; |,domc/cj^^ ^]a,supdomcfe^^ [) 
intersects [^o, b[. We may thus interpret this chart as an "adhesive joint" . 

Repeat the construction for c': We obtain ctg^y (c'|] inf domc^, ,yu{f^k}kes ^ 1 '^n ( t^t'^d)- 
Again only the chart with domain domcj,^^ domc^j^ in its domain atlas which intersects ]a,io]- 
We will glue the geodesies Ca,to, Ctg^y at their "adhesive joints" to obtain a geodesic on ]a, y[: With 
the exception of iddomct = iddomcr i ^^e quasi-pseudogroups C and D contain only change of 
charts, whose domains are contained in ]a,io[ (for C) respectively in ]to,y[ (for D). In particular 
C n D — ^ iddomcfcj I holds, whence we obtain a disjoint union: 



CUD = 



Consider X, iJ, G C U D. li X E C \ D and E D, such that the composition is defined on some 
open subset of their domains, then /i — iddomcfc G C follows. Vice versa an analogous condition 
holds for elements in D \ C. Thus any pair in C\DxD\C may not be composed on any open 
subset of their respective domains. As both sets C,D are quasi-pseudogroups, P* := C U D is a 
quasi-pseudogroup which generates the change of charts of the atlas whose domains are given by 

{dom/is|s e S}U {gk\k € R}U ^ domc^^^^ |. Define 



udW ifXeD 
i^c(A) if A e C 



As i/c'(idcj.^ ) — id\4j — idv^j = '^oi^'i-Ck^ ) holds, the map v* is well defined. Since vc and 
I'D satisfy condition (R4) the same holds for i^* with respect to the lifts {/is|s£S'}u{ c^^^ } U 
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{gk\k e i? }. Hence c* := {cV c' ,{hs\s G S} U { Cfc^^ } U { g^lfc G -R } , ^'*, i^*) is a representative of 
an orbifold geodesic on ]a, 

Observe that the intial vector of c* at xq coincides by construction with the intial vector of [c] at xq. 
As the initial vector of [c] coincides with the one of [c'] in xq, [c V c'] :— [c*] satisfies the assertion 
(a) by Proposition 15 . 1 . 8l To prove assertion (b), construct a representative of [c V c'] by gluing: 
There is some orbifold geodesic [g] on ]a,y[ whose initial vector at any point of ]a,b[ coincides 
with the one of [c]. Let K C]a, 6[ be a compact subset and c € [c] with c = (c, {ck j-Pc^^c)- 
Enlarging isT, we may assume K = [01,02] for numbers a < ai < a2 < b. Choose e > 0, such 
that a<ai— e<a2+s<b holds. For i = 1,2 there are ki ^ I such that ai — e G domc^^ and 
02 + £ G domcfc^. Choose bi G domcfc^fljai — e, 02 + e[ and 61 < ai — | < 02 + | < 62- Since 
[^]|]oi-e,a2+e[ — [c\\]ai-e,a2+e[ holds, we apply Lemma IF. 0.31 to choose a representative g of [g] with 
the following properties: There are intervals ai — £ G Ji C domcfc^nja, 6i[ and 02 + £ G J2 Q]b2; y[; 
such that Cfc. I J; is a lift of g for i = 1, 2. 

Define m :— min { 62, sup domcfej } and M :~ max { 61 , inf dom Cfej }. Then the estimates 62 > m > 
bi and bi < M < 62 hold. As in the proof of (a) we construct representatives of orbifold geodesies 
ga.m on ]a, m[ respectively gM,y on ]M, y[ such that the following holds: 

• [ga.m] = [g]\]a.m[^ [gM,y] = [g]\]M,yl, 

• For i = I the map Ck-^\]iniJi,m[ is a local lift of ga.m and it is the only lift whose domain 
intersect ]ai — e,y[. 

• For 1 = 2 the map c^^ |]jv/,sup J2[ is a local lift of gM,y and it is the only lift whose domain 
intersect ]a, 02 + £[. 

Furthermore let c|]f,j be the representative of [cJlj^^ f,2[ which is obtained via Lemma [E.4.21 with 
respect to the pairs (dom CfcH] 61, &2[^ domcfc, idcodcfc)fee/- Arguing as in the proof of (a), we 
construct a representative h of [c]|]int j^^gup J2[ from cjjbj^ such that the only charts in the domain 
atlas of h, which intersect X U X'\]6i , 62 [ are dom Ck^ H] inf Ji,m[ and dom c^^ n]M, sup J2 [. The lifts 
on these charts are given by the restriction of the maps Cfe^ , i = 1, 2. Gluing together the three parts 
ga,m, h, gM,y, One obtains a representative k of an orbifold geodesic on ]a,y[. The initial vectors of 
k coincide on ]6i, 62[ with the ones of [c], whence /i is a representative of [c V c'] by Lemma [F. 0.31 
Consider the family of charts {Ik }kes ^-'^ ^^'^ domain atlas of h, such that Ik Q]bi,b2[ holds. By 
construction the family {Ik} covers ]6i,fe2[, since this holds for the domain atlas of cjjjj^ Set 
U :=]6i,62[. Then K (- U C]a, 6[ holds. Replacing the pair (P^,,i/j,) with an equivalent pair, we 
may assume that P^, contains only change of chart morphisms. Then Pf.^^ :— Pj, H "^{{Ik }kes) '^^ ^ 
quasi-pseudogroup which generates '^{{Ik }kes)- ^ku ''~ ^k\-^ku ^"'^^ denote by gk the lift of k 
on Ik- Observe that by construction of the representative k, each gk is a lift of c|]f,j We obtain 
an orbifold geodesic ku '■= (c|]bi,62[' idr Ires ' ^-^ku'^ku^^ ]&i,&2[- By construction the lifts of kjj 
and of c|]{,j^i,2[ coincide and the pairs (Pcij^^ ^^hti b^i^ ^^'^ ^-^ku^ ^ku^ ^'^^ equivalent Hence kjj and 
^I]bifc2[ ^'"^ equivalent as charted orbifold maps. 

If j^^j contains only change of orbifold chart maps, the above construction even yields Pc\]b_^ [,21 ~ 
P; and vi = ^ ,. □ 
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List of Symbols Sg [m] Orb((Qi,Wi),(Q2,z^2)) EM] 

Sq [m Orb(V,W) EM 

Fi^ m ^orb(Q) m 



Bp{0.,e) m2\ 



chu,v ma 

chv [nsi ''^W'") 



cod/ [US 



K. 



5 



Difforb(Q,Z^), EZl [K,U\, 



lK,r 



Xorb(Q)e M 

Xorb (Q);f [Ml 



c(M,£;)c.o [Mi ^^^j ^ '^HQ,;^) ^ 



*(V) [TTfl 



BiSorb{Q,U)K ISZl _ res^ [Ml 

A m 

Difforb(Q,z^)o m 5- [Tnn 

Av MM 

Difforb(Q,z^) m 

dom/ [HSI 

u<^v [m 

wev [m 

Evoi [nn 



^(7) [m TQ [Ml 

^(M'^) inn 7; [m 

r;,(g) [ini [Ml 



X(M) [Ml 



evoi [m] [Ml Ml 

^ ° ^ [7H1[TM1 ^o>^ [Ml 

J"5W [751[IM1 ^r,K, [Ml [Ml a:* [Ml 



Index 

canonical family see orbisection, can. lifts 



compact-open topology 11251 
C'-topology \VM 

domain atlas 11481 

equivariant map 11221 
with respect to a morphism 11221 

geodesic arc [M] 
germ of / at x 11461 
group action 11211 

derived |411 

isotropy group 11211 

isotropy group of a set 11211 

isotropy group [TO] 

Lie group 11301 

C'=-regular [TOD 

regular (in the sense of Milnor) 11311 

local group [TO] 
local Uft [TT71 
logarithmic derivative, right 11311 

manifold 

with rough boundary 11251 

non-singular [TT] 11231 

orbifold [7] 

dimension [5] 

formal tangent vector [3T] 

open suborbifold \Tl\ 

reduced [5] 

Riemannian 1571 

tangent space [21] 

orbifold atlas [7] 

equivalence [5] 

locally finite [T3l 

reduced [8] 

refinement [TO] 

representative [5] 



orbifold chart 

change of charts 

set of all change of charts 

compatibility 

embedding 

reduced 

restriction of 

orbifold geodesic flow 
orbifold map 

bundle projection 

charted 

corestriction 

diffeomorphism 

exponential map 

geodesic 

identity morphism 

induced lift 

isometric 

lift of the identity [TOT] 

open embedding 

orbifold isometry 

partition of unity 

preserving local groups . 

representative 

smooth path 

initial vector 

tangent map 

tangential map 

underlying map 

zero orbisection 

orbisection 

canonical lifts 

compactly supported . . . 

support 

topology 

compactly supported . 

orbit 

orbit space 

partial derivative 
patched locally convex space 
countably patched 
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patched mapping 11291 
patches 

patchwork 11281 
product integral, right 11311 
pseudogroup 11461 

closed under restrictions 11461 

complete 11461 

full rm 

generating subset 11471 

quasi-pseudogroup 11461 

range family 11481 
reduced orbifold structure |8] 
Riemannian metric 

metric ball 11321 

Riemannian orbifold metric [S7] 

exponential map [7T] 

domain [71] 

pullback [Sni 

Set 

G-invariant 11211 

G-stable \m\ 

of change of charts [33] 

of charted orbifold maps 11491 

of fixed points 11211 

of formal tangent vectors [3T] 

of orbifold diffeomorphisms supported in 

K M 

uniformized [5] 

singular locus [TT] 
singular point [TT] 11231 

Space 

of orbisections [SH] 

of orbisections supported in [3^] 

of smooth vector fields 11271 

ofcompactly supported orbisections . . . 1391 

tangent orbibundle [3^ 
transition 11461 
trivial orbifold structure [T7] 

vector field 

/-related M 



